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On the defining group of a category of systems of linear inequalities
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During today’s talk, the speaker gives a partial answer to a question

about systems of linear inequalities. It was raised by the speaker himself
3 years ago [1] in this same seires of workshops.

(The speaker had expected 30 minutes would be appropriate to explain
his result and its background. In reality, it was too short. He had
to abridge an initially prepared draft and is afraid the audience did
not get a perspective of the treated subject. The speaker apologizes
for his insufficient preparation. An unabridged transcript of the draft

of the speech is presented below. He hopes it would help the people
understand the way in which our example introduced there has relation

to a general theory.)

Notation L:=RNQ

System of lin. ineq.

o Linear fD’fla"' ’fn EL[TO,TI;“- )Tﬂ]
JoAfih---ANfa#0

e c(0),¢(1),...,c(n)€Z

Fixed § € Ry and variable @ € R,

Rl < Q¢ (i=0,1,...,n)

Example (n=1) a€L

Ifol = 1To] < Q¢
fil=Ti—aTo] < Q¢

Let’s first recall the problem of our interest.
For brevity, we call L the field of real algebraic
numbers.

By a system of linear inequalities, we formally

mean a pair of data: One is

o a family of linear forms fy, fi,...,fn with
coefficients in L and in the indeterminates
To, T4, ... ,T,. We assume they are linearly inde-
pendent. In other words, the volume form they
define does not vanish. The other datum is
e a family of rational integers ¢(0),c(1),... ,¢(n).
More intuitively, with the help of an arbitrarily
fixed positive real number § and a variable real
number @ larger than 1, it’s a system of linear in-
equalities . ..

A typical example with n = 1 is attached to a
single real algebraic number a. In this example,
(for small §,) the actual inequalities are ...
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Associated filtered vect. sp

V= QT()@QTl@"'@QTn
{w(l) <.+ < w(s)} = {c(O),c(l), cee »c(n)}
VeeL D VvvW)

= (il e(d) 2 wi))e

VeeL=v*®3...ov¥® 30

Example (continuation)
VL=V 12V=L.-(Ty-aTp) 20
Cat. of lin. ineq.

{filtr. vect. sp as above}
{Q-lin. filtr.}

= {Q-lin., preserving sols.}

Obj(C)
Hom(C)

it

Cy': full subcat. of C

Obj(CY') = {semi-stable of slope 0}

Thm (former (3][2]) 3 an affine gp scheme G/Q s.t.

Repy(G) ~ C5'
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When we took up simultaneously all the systems
of linear inequalities, we did not directly handle
those raw data. We have introduced an equivalence
class. Namely, we have associated each system with
a filtered vector space in the following way:

We call V the vector space of rational linear
forms in Ty, T,... ,Th,.
The symbols w(1),...,w(s) are strictly increasing
rational integers such that as a set, it is identical
with the set of ¢(0),¢(1),...,¢(n). An L-vector
space V¥U) is defined to be the subspace of the
scalar extension of V to L, spanned by all f;’s with
c(3) at least w(y).
Thus we obtain a descending filtration on the scalar
extension of V.

For our example, the whole space is V1. The
only nontrivial filter is V!, which is generated over
L by Ty — oT5.

These filtered vector spaces make up a category
C. The morphisms of (' are Q-linear filtered maps.
Intuitively they can be said to be preserving solu-

tions to the relevant systems of linear inequalities.

What we are concerned with is the full subcate-
gory C%° consisting of semi-stable objects of slope
0. Here the condition of slope 0 is the same as
the sum of the numbers ¢(0),¢(1),... ,c(n) of the
system béing 0. Under the condition of slope 0,
semi-stability is equivalent, by the subspace the-
orem of SCHMIDT, to the classical condition that
the system of linear inequalities is a general ROTH
system. By definition, a general ROTH system has
only finitely many solutions in Z.

Our former result [3][2] was the theorem which
says that there exists an affine group scheme G over
Q such that the category of finite dimensional rep-
resentations over Q of G is equivalent to the cate-
gory C¥.



Problem G =?

Thm (today’s) V 1-dim. anisotropic torus G/Q
which splits/L is a quotient gp of G!

‘anisotropic’ <=> Homg(G, Gm) = 0

‘split/L’ +=> G xqQ L ~ Gm xg L

Explicit str. of G (omitted in the speech)
3 a,b €Qs.t.

G ~ Spec (Q[To, T1]/(T? + aToTy + bTE — 1))

T} +aToTy + 4T = (Ti - aTo)(Ty — BTo)
a,feL

G(Q) ~ {z € Q(a)* | Norm(z) = 1}

Character of G xg L (also omitted in the speech)
Q[T, T~!): ring of fn on G,

TP—)-Tl—aTo
X: GmxgL &G xgl

Hom (G xq L, Gm Xq L) = ZX
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A natural question, which was touched upon at
the beginning of the talk, is that what is the group
scheme G7

And today’s main result is that any 1-
dimensional anisotropic torus G defined over Q
which splits over L is a quotient group scheme of
G!

In the statement, the word ‘anisotropic’ implies
that G has no character over Q other than the
trivial one. The phrase ‘split over L’ signifies G
becomes isomorphic over L to the standard (1-
dimensional) multiplicative group Gm,.

We next give the detail of the relation of GtoG.

An explicit structure of such a group G as in the

theorem is known. We recall it (omitted in the
speech).

There exist two rational numbers @ and b that
give an isomorphism of G to the spectrum of ...

On our assumption, we have in L[T,, T1] a fac-
torization of the quadratic form ... into a product
of linear forms ... The numbers o and # are nec-
essarily real and quadratic.

In this connection, the group of Q-rational points
of G is identified with the multiplicative subgroup
of the quadratic field Q(a) whose elements are of
norm 1.

Using this description, we fix a character of Gxgq
L. It’s needed for our purpose.

As usual we regard Q[T, T-!] as the ring of func-
tions over Q of Gy,. Here T is another indetermi-
nafte.

Over the field L, we map T to T} — oTp in the
ring of functions on the scalar extension to L of G.
This yields an isomorphism x over L of G xgL onto
Gm xq L. The character group of G over L is the
infinite cyclic group generated by x.



Filtr. on rep. sp
V: fin. dim. rep./Q of G

V ®qL D Vy: eigensp. of wx (w € Z)

|4 ®Q L= @wEZVw

V“ = @wzin
Example (conti.; omitted in the speech)

V = QheQh
— Q[To, Tu)/(T? + aToTy + bT; — 1)
= ringoffnon G

Two filtr. coincide!

Prop. V: Vrep. = s.-s. of slope 0

Obj (Repq(G)) — Obj (CP)

Hom (l_i‘;e_;pQ(@)) — Hom (C¥

Th The functor

Repy(G) — O = Repy(G)
is fully faithful.
Cor.
G « G: epi

The choice of the character x makes it possible
to define a filtration on representation spaces.

Call V a finite dimensional representation over
Qof G. Asis well-known, the representation is
diagonalized over L, Namely, denoting by V,, the
eigensubspace of the character wy, we have a direct
sum decomposition of V ®q L by V,,’s.

Along with the decomposition, we get a filtration
on V g L, whose i-th filter is the partial sum of
Vw'’s with the index w at least i.

The Q-vector space V of our example is embed-
ded in the ring of functions on G. This is a repre-
sentation space of G by the translation of G. Thus
we have another filtration on V ®¢ L defined by G
as above. Then the old filtration defined by linear
inequalities and the filtration defined by the repre-
sentation coincide! (This paragraph is omitted in
the speech.)

We are able to obtain a proposition which states
that if a Q-vector space V filtered over L is derived
from a representation of G as above, then it is semi-
stable of slope 0. ;

In this way, the objects of the category MQ(@) of
finite dimensional representations over Q of G are
mapped to objects of C'.

In addition, G-homomorphisms preserve eigen-
spaces, so filtrations as well are preserved. Thus
the morphisms of B_;e;_pQ(@) are also mapped to mor-
phisms of C¥'.

Obviously the correspondence is functorial and
faithful. In fact, we can prove a theorem. It says
that the functor is fully faithful. In particular, the
category m@(@) is regarded as a full subcategozy
of B.EEQ(G) The restriction on objects of EA;EQ(G)
of the action of the defining group G of R_,egp(G)
factors through the action of G. The group G is a
quotient group of G.

The proof of the theorem depends on a simple Ga-

LoIs argument.
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Rem. (omitted in the speech) In more general set-
tings,

V anisotropic torus/V number field

appears [4].

Rem. (also omitted in the speech) Repu(é)’s with
varying G do not cover RepQ(G).
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(The following paragraphs are entirely cut in the
speech.)

I would like to close my talk by making a few
remarks.

In more general settings, any anisotropic torus
of any dimension appears. Base fields can also be
arbitrary [4].

On the other hand, the subcategories _139_20((3')
with varying G do not cover the total category
Repy(G)-

The concluding remark: the whole story may re-
sult in a variant of a classical fact in Number The-
ory. But we are hoping that the story gives us a
wider view and a deeper understanding into the
theory!
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