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B’E
£ERARICBLTRIEWICEENENEBELZESIC stationary set(EHES) LHIN 3
bOMH B, FWBITIE stationary set ICBIL T, Kz T HATA stationary set OHEMNE, B

REH L OBYMR, GCH(—REMARR) & Oﬁﬁﬁ%&: HBEEHOETEIET). £, PAD
stationary set DD FIEOBEDHERIC OV THHHAT 5.

1 8A
RIEE, BEBFIC 2T Kunen [17], Kanamori {14] %’C“’bﬁbﬂf v 5E$E§7§:¥>®’2ﬁ')7§‘

MEDEHDO=DICENS ZFIEL TBK.

e HMEXITHLT, | X|TXDMERKT.

e ordinal y £ X C 7 ke /L T, X 3¢ 7 C unbounded & & Yo € v38 € X (a < §) £ ¥

zet.
s BAX, Y RHLCXY ={f: fiRX 55 Y ~DB%K},
o cardinal p, v ITHL T,
- =1yl
= |Uacs “Hl-

e ordinal v IZXL T, cf(y) =
cf(y) X v D cofinality & PRI T\ 5.

min{|X|: X Cv,X & v T unbounded}.

— 7 iZ regular <= cf(y) =
— 7 i& singular <= cf(v) <4.

Fact 1.1 (1) regular ordinal i¥ cardinal Td 3%,

(2) successor cardinal (X regular T®H 3.
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(3) cardinal p XL T, p®W > p. O

Cardinal & ¢ strong limit & i3 Yo < k(2% < k) 2Wifz§Z &L TH%. %7z, weakly inaccessible
cardinal & i regular limit cardinal ® Z & T% D , strongly inaccessible cardinal & i regular strong
limit cardinal DZ &L TH 5.

Gédel DRZLUEEEFRCHBICZ 22 LTk H 505, ZORJITREIC “AER ZFC 3 EF
BTH2” LREL, PEHRZVED BSICHEL V. £, ‘GE o BRFETH D" LHICE
7e L T ENIE ZFCIC o 2 AT MAZBERBFETH I L2 BEKTEHDLETS.

BB BT ¢ 2 EARYS Fact DFEBEIZ Kunen[17], Kanamori[14] SiTZIEF&TRBI LT
3. Rk F-hi-HRgEankl.

2 Stationary set and club set

¥ ' BAIC, regular uncountable cardinal O stationary set DBE&, KU EXREH L saturated
ideal & DEAN BRI OWTHERT 2.

WED 7, 2 b, KBV Y ik « IZ 8T regular uncountable cardinal Z2R¥ &
T3,

Definition 2.1 Limit ordinal v & X Cy ML T, X #* v T closed <= Va < vy(a 1% limit
ordinal 2 X Na #% a T unbounded = a € X).
CCyIRNLT,Ciky®club < C i v T closed > unbounded. ]

Definition 2.2 limit ordinal ¥ & S C v I L T, S #% v T stationary <= SNC #0 2%y
DERD club C oL THIT 5.

S i non-stationary <= S i stationary T&\, HIH, H3 clubset CTCNS =0 1 AYACE
3.0 ‘ '

bhbh o FkiZ, regular uncountable cardinal @ stationary set T® 3 DT, XAk 5 ¥
5 A club, stationary SICBL T “6 T (D) 2BRL X I LT 3.

ERENCE AT, s D club set 13 & DB EETRKEVWHESTH D, BT non-stationary set X/
E WA, stationary set XN K BWEESTH 5.
BT, 2 0EEENIST 3 club, stationary DERKEE 2 FIET 3.

Fact 2.3 (1) x B#IX club TH 3,

(2) L C,D C k B3WA L b club set THBR6IE,CND bE clubset THB. koTHIC,
club set i stationary set TH&H 3.

(3) S ¢ stationary set, C 3% club 2 51 SNC b stationary TH 3,
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(4) YL S C k %5 stationary set % 513 S i3 unbounded TH 3. k2T |S|=k &% 3. 0

stationary set Ic WL TIREF VERNZEBOTRTE 3. ROBEIBYUEHEETH ), £
BROPAICB TR ELRD X H I TWw 3.

Fact 2.4 SC R ICNL T, KIZAETH 3.
(1) S iZ stationary,

(2) EEO—RIHESEBME M T CMERBLDIIHL T, WENRBIME N <M T
NNKeSEtLBLbDONELETS. O

EDOEEID, club set iICL THEAREEBNREZIoNS: X C kdfclubset ZHOMELL T
BOortl bo—HAUBEEEEE M TkCMPO{NNKer: N<M}CX LEBHDNEF
ETHZLIEAMTH 5.

%72, “Fodor DHE” L L THISN TR A2ROBRELLARFRICELTHRELN I HOT
H35.

Fact 2.5 (Fodor(3]) S C & % stationaryset £ $5%. %L function f : § — k¥ Va € §(f(a) < a)
2T 26, 55 < ENLT {aeS: fla) = B} P3E T stationary &% 3. O

EPRIZIE, S C k IKRNL T Fodor DHEMNR Y D Z & L § 45 stationary TH B Z LIIFERMEL
%t 3. FEESBENC I stationary set DEEAIZ, Fodor DFEEMELD MO D BB +3E&MAL L THA
INTw3.

Fact 2.6 SC kICHL TRIZFEMETD %:
(1) S i3 stationary,

(2) fERBD function f: S = K ICHL T, bL YVa € S(fla) < a) EMATELIEHB <K I
ML T {aeS: f(a) =} 23 unbounded &% 3. O

T T'T, stationary set Dl H %2 HoH»HIFTHL.

(1) « B,

(2) {a < k: a i limit ordinal},

(B) {a<k:cfla)=p}, TTTu< k13 % 5 4EMR cardinal TH 3.

(1) BBEETH 3. (2)IK2VTR, clubset C C xBEX 5N 725 C DT, AEVRIEIPH
A TwoTwBBOTEEZNE X\, C 8 closed ® X, £ limit ordinal 272> TV 3. (3)
2owTR, TRAoHAT uBBOTTEEI T X\,

EOEEID RO BT3B,
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o fEED wy) & D KE\ regular uncountable cardinal s 13 =2® HV> I 7% stationary set %
FoTw3: {a<k:cf(a) =w} & {a<k:cfla) =w}

o b L x # weakly inaccessible cardinal % &1, x HD A\ ITHEL stationary set 3% 5:
{a< k:cf(a) =p}, 2T T u< kixH 3 regular cardinal. O

IR X DRD X L ERISEL 3.
Question 2.7 k DIERD stationary set iz Z DD HE > iC ¥z stationary set iZHIC O FITETH
25?7 bo VAL k ECSHTETDH 2H?

Z ORif8iZ Foder-Hajnalld] iz X > THH Eif s hTw 3. XEX T2 BiFhid i Btk
MAEhERVEEETS D, EBE Foder-Hajnal TOERD ZZicdH o7, Lo L, TOMER 60
ERUBRBL TE-EAXREERLBO TR L, BRSO EREEX 2O NE:Z 2
REhicizoT 3.

BT, cofBLEARBEERLBLED LY cEboTu D2 RTw LY, 207012, BE
TREAEEEROPHKEZ R T3 ideal BROAER R OMHERL T (.

Definition 2.8 infinteset A & I C P(A) IKXL T, I 2% A LD ideal LIZREH:TILETH B:
(1) VX € VY e PUAYY C X > Y € 1),
(2) VX, Y e I(XUY €),
@) beldo Adl,
) Vac A({a} ). O

(1)-(3) 1%, I B/ —NRE P(A) LD proper ideal TH 3 Z L 2 ERL T 3. —REZ7— AR
BTk () REEINW VY, EAEEER TR INEZHRKET S L AL LA K. MT, ideal iz
WL T LB EREZIT).

- Definition 2.9 infinite cardinal g & A LE® ideal I IZXL T, I #* u-complete & i3 VB C
I(Bl<p—-UBel)Z®kt3IL. 0

Definition 2.10 A L@ ideal I iI&XL T,
o I* =P(A)\I. I+ DTt I-positive set & IS,

e XeI*KMLT, IX={YCA:YNXel}. X RIDX E~OFIRLMIN, RiLH
ALE®Dideal £22. O

stationary set DRf & FIfE, Z Z T ideal DEGBHEEZ 3.
o I, ={X Ck: XX xTbounded} ix xk _ED r-complete ideal ZELL T\> 3.

o NS, ={X Ck:X & kT non-stationary} i x £® k-complete ideal ZHL TV>%.
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I, 1& bounded ideal, ‘NSN i3 non-stationary ideal & ZNEFNFIN TV 3. EEIY, IT
unbounded set 24, NS? 1% stationary set 2kic —3$T 3 Z L hi9d 3.
T T Tarski iZ & > TH A XNz “saturated ideal” DEEEZ BAT 5.

Definition 2.11 (Tarski[27]) cardinal & A £ ideal I IZHL T, I I p-saturated <
VBCIt(B|2p=3X,Y e B(X#Y AXNY € I+).

KRz, A Lo ideal T 2% 2-saturated T&H % Z L i3 I 7% maximal ideal TH 5, HIb VX CA(X €
IVA\Xe) 232 tRAETHD, HSHic A EDOY A% ideal b (214)*-saturated TH 3.
INSDT EHhSBAHN BA8, saturation DEERIZ ideal H3E 1771} maximal ideal IZHEV D, &
WIHIERERBZ LN TES.

Fact 2.12 Stationary set S C x & cardinal u < s IR L T, NS,|S #% p-saturated THBHZ L &
S B8 p BDE\ITHER stationary set (CQETE oW LIXFAMTHS. O

ZHiT & b, stationary set D HRIEIX saturated ideal DFFEITBITT E 5.

Question 2.13 » 3 stationary set S C & IZXL T NS,|S %% 2-saturated (¥ 7ziZ x-saturated)
BT LD BEN?

bHLAA, CNRAFREZSBRALDDIBERVY, COLIRBFBIETIZEITEKD
SFE L EAREBER L OB@ER I ) AR TR L HfEAMND 2. L IDb, EREKD
Bo»id b 2EELICROEER D 2-saturated ideal BEET 3” LI TEBRIN TV S
DoETHBL 22T, 2DE I bR TREIL D DTH % measurable cardinal 2 F X 3.

Definition 2.14 k % measurable cardinal &I} x FiC 2-saturated x-complete ideal 23FFZET
BZLTHA.

ROEEIZ, measurable cardinal BEAESE L THRIAZLWHDTHE Lt 2ARL T3,

Fact 2.15 x % measurable cardinal 3 5.
(1) & % strongly inaccessible cardinal T&% %,
(2) {a < Kk :a i strongly inaccessible cardinal} {& unbonded T %. O

E{HSNTW 3B & 5 strongly inaccessible cardinal DFFFE & h ZFC DEEE T NV DFFE
REND. —HT Godel DB -AFFZLHEHICL D, ZFC 2513 ZFC DHMAEET VDO FEIREHN
TERV. X T, ZFC % 513 strongly inaccessible cardinal DFFER AT E RV, T, ZOW
R hbhbhiEROREBELNTE 3.

133812 ideal TiZ% {, WAHEETH 3 filter Z AVTERT 20, ZAEALZBLIER V.

2RO L T BRG5>S, “TFC WEFE L 51X ZFC I strongly inaccessible cardinal DFE% 11 MA = HEY
¥MPETH L LESREN ZFC » S THEFAMTH 5. —HT “ZFC BHFIE72 51f ZFC IT strongly inaccessible
cardinal DFEFEE I MA TR G FABFETH 5" 13 ZFC THHATHTH 3.

39



Cor. 2.16 “® % stationary set S C k T NS,|S #% 2-saturated 27 37 & \» 9 @iEIX ZFC 95
FEEARHIRETH 5.

Proof: %L HEEBHAIBETH 572 51F, £l ZFC 25 measurable cardinal DEEDSIEETE T
LEIZLRBKRLTEY, 2hidAmeesic KT 3. O

BlEIR &Y “ZOI IHATIEER stationary set DFEIX ZFC 5> 5 iZFEARTRE” L\ 5 —IED
IR Bo NI, Ll 225 Thid “ZoIcrHIARTRER stationary set BREEL 2V LB H @
BB IFCHOHMPTELLEVIZLTIRARW., EEDOLIARE Y RDTH A I H»?

Hix, k B% successor cardinal DHFA X H AL Ulam matrix 2 BHT 3 2 & TROERISMH
ZfRohsZeBmonTns,

Fact 2.17 (Ulam[28]) L & %% successor cardinal %2 5%, x L k-complete k-saturated ideal
REFEL R\, O |

k L@ ideal 23 k-saturated 72 5 I MR k1 -saturated THHBDT, T DT L5 successor cardi-
nal k ? stationary set (¥ HiC s EICTHARTH 2 Z LR TE 3. BINRIEIX k2% weakly
inaccessible cardinal DFETH 545, 2 b Solovay I K> THREINT WS,

Fact 2.18 (Solovay[25]) Stationary set S C & iU T, NS.|S i k-saturated Tidk7z\>. X oT
KFIT, stationary set S (& x D E\IZF72 stationary set IC O HETARETH 3. O

Solovay i, k L@ k-complete 2-saturated ideal (2 % D & i measurable cardinal) DFFFED & K
13 X9 2BHEDS { B k-complete k-saturated ideal DEEDL S DWIF B L2 RL, #h b
% VT ED Fact 218 2/RL T\ 3. T 2Tk (ZFC L izrk) EXES» o FHEL E&kE2 A
WTZFC DEBEMBI OGNS, L WHRBBLERNAEL T3, ZHicHL T, Kanamori 2RD
X Y iIcBR TV 3 (Kanamori[15]):

NS DERR, EXEEOBROMERZEL THRINLEMcLY, EARKLIE
BLRBEROLVWEAROBERLERENBON TS, L LIHIRKT, ZOHKRD “EH
MR EECOBANE 2EETIHDLL->TW S,

T, UER2ZLEDZI LT, bbNIZROBKNLERCIRT 2 L3 TEL.
Cor. 2.19 {£E®D &k D stationary set & x D HE V2 ¥ stationary set ICOFEBETH 2. O

ZORRR, BETREREASOEROBERNLERL ZoTWV 3,

3 k*-saturation and GCH

k BNDODHAREEIC DV TIZ ZFC DEBTH B Z LB 27biFTH 38, HAREL TRD
X 2BROSERBENBRIN TV 3,
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Question 3.1 & 3 stationary set S C k T NS, 2% xt-saturated £ 25 EiZH D X 507

Z 2 TRE kt-saturated ICFEHT 2050 FHET 3. HfioRB TR L TH S8, s ki
k-complete k-saturated ideal 23FFE T3 & 13 “I31F " measurable cardinal € FEZ T &V, LL
%h 6, Hid k-complete kT -saturated ideal IFFET B L\ 9 T LT T, k¥ %2 D measurable
cardinal 123V, 725 B measurable cardinal DFED 5 G SN B HEE OB OH D8 kT -saturated
ideal DHEE»SBIEHE 2D TH 3. Tibb, k-complete kt-saturated ideal BEFEEL TV 5 &
Dz ki3 BENL EREREARES. »

¥ 72, measurable cardinal & #iC inaccessible cardinal D7z ®, 7 & Xif w; EiT Ry-complete
2-saturated ideal IXFFFEL 72 \> (Ni-saturated b FAIEETH %). —H T w; LIC Ry-complete Np-
saturated ideal ZFEL I 2D TH 3. TD & H I kt-saturated ideal I3/ S EH LT HFEL
Z, ZOWKT “X D —RLeh i EREHERERIMT 52 L BARRDOTH 3.

BE% NS., 5 \2i3 NS, |S ¥ kt-saturated 12 D J 2L I »ickKs. "FHEECBL TIRX
D & ) 2 RERY, ZFC DWFET VERE forcing B2 flAaGbE I LiICkDRENTV S,

Fact 3.2 (Jech-Magidor-Mitchell-Prikry[12]) XX equiconsistent T& 5.
(1) measurable cardinal 25T 3,
(2) 5% siTWL T k LD s-complete kT -saturated ideal HSFLET 3.

T, BB T L T 8 equiconsistent TH B & i3 “THEFETHII L L T"BRFBETHSC
LIRFAMETH 2" LEIREN ZFC O L AT TH 22 L TH 3. O

L 7985 THRIZ, NS, |S % xt-saturated LhBE5h stationary set S DFFLEIX ZFC H 5 138
BAARAIEETH 5. — AT, HASDERHUAEIC L > TRMRINTV 3.

Fact 3.3 (Shelah[22], Gitik-Shelah[10])
(1) k> w1 BSIE NS, (2 kt-saturated TR\,

(2) p < & D% regular cardinal T ut < k 251, NS,|{a < & : cf(a) = u} I k¥ -saturated Tid
2w, O

INSDRERICED, k > w DRIX NS, ®, NS, 2 HAR% stationary set EICHIRL b D
it x*-saturated IZ1X7% 5 2\, TR, NS,, 4% Ro-saturated I27%2 5, BV ik £ > w) T NS,)|S #3
kt-saturated IR B X IR BB BZDTHBZDH»? CORMWcHTIEZIZ, EARKERLHE
HEORRBIZL>TA SN,

Fact 3.4 BULBEAEBLBEORFBEELRKEL O, ROEV/FETH 3.
(1) NS, %% Rp-saturated,

(2) k> wy 2% % stationary set S C k T NS«|S 4% kT-saturated &72%. O
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(1) ¥ Steel-Van Wesep[26], Foreman-Magidor-Shelah(7], Shelah([23] iz X &R TH D, (2) i&
Foreman[5], Jech-Woodin([13], Gitik[9], Shelah(23] &ic & 2 b DTH 33,

Fact 3.3 D (2) i= & D, stationary set S T NS.|S 435 xt-saturated K2 B H{ETH, S i {a <
k:cf(a) =p} D& IBHBIANLFEZ TSI LIZTER . FEIC Fact 3.4 D (2) T saturate L T
W3 Sk {a<k:cf(a) =pu} DEDsubset ER5TW3. YD X 7 stationary set S &2 51
NS« |S 2% kt-saturated 12 DR RET A LIZSBIIRIN-EELBETHILEBDNS. ¥
72, Fact 3.3 CHREINT WS k= ut TNS|{a < k: cf(a) = u} A% x¥-saturated iz D ) 35?
E ) RIED HIETRBRTH 3.

Z 2R DL E R T, saturated ideal & GCH & OBIEIZ DV>TAliNL 2. measurable cardinal
DEEVBEBOECHNL TH2EOHNZ BT LHHALERL L TAonTWwS, 3T, [
Bl TV2 3 T & 7908 measurable cardinal > 5 §| ¥ ¢ 5 #8513 saturated ideal »5 b 5| & i
3 (ZEHH3B). L7dEo T saturated ideal DFEEDVEBORICH 2BWOFKIZ b6 T L 88
FHTES. EREINIZIELVWPETH S.

Fact 3.5 b L x EiZ s-complete x*-saturated ideal BFLEL T, Va < k(2% = o) BEET S
2o, 28 =kt HBRILTB. O

INREREEHRKE L TIS BN IKBEFEHETHD, FoFRINBILTIRHB. 20L& %
¢, Woodin I X BRDERIZZD LI LRBRFEBLIZE -7 (IDRKRTH Y, saturated ideal
RBELTFEEZC Lo Hlle b o L 7.

Fact 3.6 (Woodin) NS, %% Ry-saturated TH B LT 3. 51X HL b measurable cardinal 237
TR Mo>NTh3. 0O

“measurable cardinal BFELET 5" L W H{EBIZRPPEMNLENRD D, ThHEAIETH 2H
REBLRBRIPETSH 2. 20 TIKBRTE A, GCH & “dH 3 stationary set S C x T NS,|S
2% kt-saturated TH 5” T L i, (HULZERBHABOBRFEELZRETHE) BFETH 3.

Fact 3.7 BULZEABBRNBEORFEEEZKETS. DL B,

(1) 2% = R, & & % stationary set S C w; T NS,,|S ?% Ry-saturated &% 5 Z LIZEFET
b3,

(2) k> w;y INL T, GCH & & 3 stationary set S C kT NS,|S %% xt-saturated & 72 % b DhS
FETHILRE\FPETHS. O

(1) 1% Shelah[7] I £ 2 bDTH D, (2) IcDWTid, Fact 34 DEF LM ZRICE STV 3.

3(1) c:owcﬁAMSﬁUm::bio'cwamt, ﬁE%cﬁbhfz BEREBABOEENREABEALMEBD SN TR
TH5. (2) IOV TIRBEAIML I k L stationary set ICHL TEFILEZHMRL TWELSTHS.

IERE2 BB H 2T TIRRVA, EABM « TRUL TOL AR, £ DD VH ZEMETHHFIMCRILL T
6%& FoBKR. WA Fact 2.15 ThH b, measurable cardinal ? strongly inaccessible #4f k & D /M &\ cardinal
i LTwa.

42



43

4 Stationary set of P\

S ¥ T £k D club $ stationary set ICDWTEBRTHTERY, T2 XD P LWHINZHE
KDOWTEZTWERZL, PAREABREERORBE LODICFEEINTELEBETH D, s DRA
REHRB PACNL THRICEHRTE 3.

Definition 4.1 A Z k LEOBEKL T3, Z DR,
PAr={z C\:|z| <&}
BIg, MBED 7201 A IZHW k BLED cardinal 28 TdHDET 3. £, RicEEL T8(L.

Note 4.2 (1) [P A =A<*TH D,
(8) cf(\) < K2 BIZ ASH > A,
(b) GCHOT Tz cf(V) > k B SIF A< = A, of(A) <k B SIE A=At TH 3. O
P ST 3 club, stationary i3 Jech IZ & D RD & I RBTEBATR T3,

Definition 4.3 (Jech[11]) X C P A ITXL T,
o X i3 P.A T unbounded <= Vz € PAIye X (z Cy),
e Xidclosed <= YY CX(|Y|<kAVz,yeYIzeY (zUyC2) =Y € X).

C C P club < C iZ P\ T closed 2 unbounded.

S CPAIIHL T, S8 P T stationary <= SNC # 0 2 £&D P D club C iI¥L
THRMYT 3.0

k DIFL R, XD SO L 213 “P T HIZZBT 3.
DX I RHTHEAZINT P D club, stationary iZ3EH D club, stationary £ FIU & 5 2R
ZFOTVRARTEBRINTVES,

Fact 44 (1) bL C,DCPIAMEAHLE b clubioiF CND bEclubTH3. XoTHIC
club {3 stationary 84 TH 3,

(2) L S 2% stationary % 5iF S i2 unbounded,

(3) X %% unbounded 261F | X| > ATHD, cf(\) < s 6T | X|>ATH3. 0

F7, ROEEE D, P D stationary, club 22 k DENDIKRIC R > TV B LHbH 3
Fact 4.5 (1) kD clubid Pk D club TH 3,

(2) CHRPhrDclubZbi CNEiZsDclubicik 3. O

ROBERS E 1=, P D stationary set 2% x D—RILTH 22 L ZRL TV 3.



Fact 4.6 S C P A IR TRiZFAE:
(1) S X stationary,

(2) ERDO—HEIHEEMEM TACMR23bDINL T HENEITREN <M TNNKeEK
PO NNAES ERBHLOMUFET 3. O

Fodor DEHE®D PO RD & I B THIALT 3.

Fact 4.7 (Jech[11]) § C P.) % stationary set & 35. T DR function f : § - AT Vz €
S\ {0} (f(z) € ) 2T HDIHL T, B< AT {z € S: f(z) =} BHV stationary 723
SOVFET 3. O |

—HT, kDL % LIZB Foder DEEDRRILL stationary TH 5 Z L DEEHEIZER D L7 7%\,

Fact 4.8 (Menas[21])) A>k & T 53. 2D L ¥ P\ D unbounded 72%% non-stationary set TXRD
HHEEZMWN-THOBHFEET 3: £8P function f: S > ATV e S\ {0} (f(z) ex) M THD
KHLT, H20<AT{zeS: f(z) =0} %3 unbounded i % 3. O

DX 53BN HBIZL TH, P D stationary & « O stationary RIZIERL & 5 EH%
FoT15, ZDT L6, P D stationary set DTHFIREIEIC DV TH k DBEOHEHES S, K
D& TFRBBRCITOoNBZZ L LR 5:

P DEEED stationary set & A<” fHD stationary set iZ FHIARETH 5.

T#id Menas21] IC & > TRBIN: T &5 5 Menas’ conjecture L FFHEN TV 5. & T A%,
TDEIRERMTRPLEFOMENEL TLE S, 2% > R, BEFETH B, 2OL 2tk
[Po,wi] = RSN > 2% > Ry BB, —HT P,,w; iCIZHMEE R, O stationary set BFET 3 = L A2
IR B0, WAL DS Z D stationary set i3 RZ™M AIcH#T 22 LRATARTHS. 2Dk
9 i BB KBk 81F 5 7- 012, Menas’ conjecture Z:RD & ) RMICHBERLL TA 3:

Pe) DEERD stationary set S i3 min{|SN C|: C i& PA D club} D
statinary set IS HAIBETH 5.

IS TIZ 2 |SNC| 2EX TV EDIZRD L 5 L EHIZ & 3: stationary set S35 = SoU Sy, Sp
1% stationary, Si i3 non-statinary 7543 [Sy| < |S1| D &k I LW BT E 2 H{E, 2D S |S| D
stationary set IZ X D FAABHETH 3. :

LEBD & ) BT D Menas's conjecture 2 EZ 3 &, BOICZDTFRIR A=k DPSIIETH 2.
FEETARER, COBRLFPENKRIIKE (HB TV L2 Gitik I k> THHAINZ LT
H5. TOBRITOVTREABT 3.

X912 x DIRFE FRIC stationary set D FITTREMESS ideal P saturation IBTTHATH Y, Zh
W& D ZORIEN ZFC 5 5 EARTRETH 2 Z Licfh TH (.
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Definition 4.9
NS, = {X C P, : X i non-stationary}.
NSk 1F P LD k-complete ideal TH 5. [

TN NS, DEALILETH D, NS, IKHL TH NS, & FRIC saturation & AR TEEIZHE
EHRTIRETH 5.

Fact 4.10 S C P\ % stationaryset £ L, u % p < A% 5 cardinal £ T3. TDL E, NS,,\|S
B8 p-saturated TH BT L L S B p BOEVCHE stationary set ICIHAARETH 5 LIXFAMA
THh3.0

Fact 4.11 HL “% 3 stationary set S C P I2XL T NS |S 2% At-saturated & 7% 5” H3f&F
J&7% 51, “measurable cardinal BELET 2” b EFETH 5.

Iz & b, k O stationary set DA & AR, Po) D stationary set T A I D HARTEER S D
DELETZZ LIE ZFC 5 ABAFRTEETH 5. X 51C, Solovay I2 & % Fact 2.18 DREZWRT
B EICED, ROBSHT 3.

Fact 4.12 ‘(G’itik[S]) HEED P\ D stationary set ix x EDE> T ¥ stationary set iZ I WATHE
TH3. 0

XKIZ, Menas’ conjecture #2 ZFC L #£#FARETH 52 L 2R T. ETFHDIC, A BE~OITH TR
HIZOWTHEZ 3.

Fact 4.13 (Baumgartner) S = {z € P A :|z|=|zNk|} £ T 5. TDLE,
(1) S % stationary TH 3,
(2) bL & 2% successor cardinal % 51 S i club set 2RSS L L THE,
(3) FEED S O stationary subset 13 A fHDE I ¥ stationary set iICHFARETH 3. O

E® Fact 4.13 12 X b, k2 successor cardinal TH 3% 5ITRD X I R ERRBONS.

Cor. 4.14 %3 successor cardinal 7z 51 P )\ DIERD stationary subset & A ﬂﬁ@ﬁ‘lﬂ;ﬁﬁ
stationary set (KK TRETH 5. O

¥, ROZEBFENTVS,

Fact 4.15 (Baumgartner) Gédel @ constructible universe DT, {x € P : |z| = [z N k[} X
HiC club set ZHEEL L TH2. O

Cor. 4.16 Goédel ® constructible universe D H T, P A DIEED stationary subset & A B0l
V312 F72 stationary set I #ITITH 5. O
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GCH DITT, cf(X) > & 2 5iF P D stationary set DWEIR A it 5. Lo T, AIZIE Godel
@ constructible universe DHTIX cf(\) > k% 5 P KK L ik Menas’ conjecture 235K3ILT %
Briks.

KiZ cf(\) < k DBAZEZT0. cf()) < k DBEIL P D stationary set DEBEEIZHIT AT I
EcZB0T, A &) bRECEENOSETRENEZ OGNS, RERZNEIBERZ AITHL T
BIEL W I EMBRIN T3S,

Fact 4.17 (Matsubara[18], Matsubara-Shioya [20], Matsubara-Shelah[19]) L X %% strong limit
singular cardinal 7% 513, fEED P\ D stationary set & A<* D EV>iC FE2 stationary set 17
HAETH 5. X5 TRTD stationary set S IZNL T NS, |S i At-saturated iZ7 572\, [

Pl E%FE %3 LT, Menas’ conjecture DEFEENRINS.

Fact 4.18 (Matsubara[18]) Menas’ conjecture & ZFC L &FETH 5. EHRIC Godel D con-
structible universe ¢ Menas’ conjecture iZRT®H 5. O

SHEREMC DWW T D, EREMADKERICOWT S #0511 TE { . Donder-Matet[2] iX 2<% < A
EVHREDPS PADTAXPEVFFERLMINZDOBRILT AL RRL TR, FHUc &Y
P Lthht A<k Bic Y HTERETH 3 2 L 2RL T 3. 7, Shioya[24] i3, FAIDEE S AVTIC,
P Lt A BICHHMTETH 22 L2 RL TV 3. £, Shioya[24] i of(\) < k R 51 Pe 1%
#iz At {8 stationary set ICFHAIRETH DI L HRL T 3.

DWTIT, NS,y D saturation i 2V T H N TH (.

Fact 4.19 (Burke-Matsubara[l], Foreman-Magidor[6]) & = A = w; TRWZSIE, NS,y i3 A*-
saturated TiZ72V>. 7=, cf(A) < K 92 k> w; B 6T NS,y & Mtt-saturated TiZ72\>. O

Foreman-Magidor[6] D FFCi, NS, |S 4% At-saturated 2% 5 22 \> & 9 % stationary set DR
g o2 dbiTon T3,

XT, Z 2 CRIAL 72, Menas’ conjecture D KFHZ DTN 3.

Fact 4.20 (Gitik[8]) GCH 2{RET 3. k % A-supercompact cardinal® £ §%. ZD& &, forcing
extension TR % §i7: $ b DBFLET 3:

P\ D stationary set T T RIS DEATREL b OREET 3. O

FEEHTAREIR I T ICHERTVL S THRE B, P D stationary set DIED v+ X DHE
URIAELTCEZIC LML T st BT O RURTHRIETHS. 2D Gitik DEFIVIZHE
HIZ V> Menas’ conjecture DRI 2> T 3.

L LS Gitkk DEFMICBRT 2> A Lo THEH GCH REN T 3. Fact 417IC &
b, A A2 singular cardinal % & 1F NI AR ABRZRITH 5. TiX X 28 regular DJEFRE 527

5 \-supercompact cardinal {* measurable cardinal IDROEAENTH S, BLLERSI: Kenamori[14] S8
BEniw,
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Question 4.21 (Gitik[8]) GCH ® T, regular A iZ L T P\ O stationary set T st fEIC I H
FHREZODOBFET I LIXBFETHEH?

¥ 7=, Fact 4.171C & ) GCH 75T A 78 singular cardinal DFiZ, fEE D stationary set S i<Xf
L T NS,A|S 13 At-saturated i72 & %2 \>, \ 25 regular DFEHRE I TH 5 I 97

Question 4.22 GCHO TC, regular A i L T P, A D stationary set S T NSyx|S 43 A*-saturated
CRDODOPBHFETIILREFETHD2H?

IhS DRIEICNL TRESVOBREBBOINTVE. 2D LIV THHET 3.
Definition 4.23 regular cardinal A {2 %L T,
S(k,A) = {z € Pe): ot(z) i regular 2 z i3 sup(z) T stationary}.
CCT&W@ﬂx@ﬁﬁﬂﬁw@”ix@ﬁ$tﬁ?55.D
7 S(k,\) DEXFLEELZ B OLBFEHL TH 3.

Proposition 4.24 P, A\ S(x, ) i& stationary TH 5. O

B, 7 e Sk, 25 |zN k| <ot(zNk) <ot(z) = |z| LBBDT, S(k,A)N{z € P |z| =

lz Nk} = BHRILTB. X >T Fact 4.13 £ b P2\ S(k, \) 2% stationary TH 5 Z LBTH 5.

%7, Fact 4.15 L &b¥ 3 &, S(k,A) 243 L b stationary set iIC% 3 L IZRS RV L3793,
S(k, ) D& D 2EMALEELZEZ ZBHO—DIRRICH S,

Proposition 4.25 (Usuba[29]) A\ % regular &L, § % PxA O stationary set LF3. bL S\
S(k, \) D8 stationary % 51, S i3 A BOE iK% stationary set ICOHAIETH 2. O

INEMIZWEIE, ot BICYFRTEEY stationary set 12 () 2 regular 2 51F) HiZ S(k,\) D
subset IZ DTV B I LD 5.
T, 2D Sk, A KRNLTRD X I RBERBBOATVS.

Theorem 4.26 (Usuba[20]; A = «t IZfL T Krueger(16]) GCH 2{R%ET 5. £ & A-supercompact
cardinal & L, A % regular cardinal & 3 3. Z® & ¥ forcing extension TX%Z #7 3 b DYBELE
T5:

e NS.,|S(k, ) i& At-saturated,
o GCH HEiz. O

X >T GCH t stationary set S T NS,|S #% A\t-saturated iIC% %5 b DOEERZEFBETDH 5.
Z DFERIZ Fact 4.17 £ HEAITH D, ) A regular > singular T P B MRICENLT 5 C
EERL T3,

¥ 72, Gitik DRIEIC N L TRERD & ) 2 HBIBBBLNT V3.



Theorem 4.27 (Usuba[05]) GCH 2{RZE T 5. £ %# A-supercompact cardinal & L, A Z regular
cardinal £ ¥ 2. p% cardinal T < p < A% B3bDET B, DL XE forcing extension TR% i
T THONREET S:

o NS, |S(k,A) i& pt-saturated,
o IEED cardinal v Tk <v < pRBHDIINL T2 =vt BRELTS. O

FIZIE, S(k, £TF) B2 kT EDENITH stationary set IS BRARER DS 2% = x+ LB 2 L
BREFETDHS.
b5 3 A, Theorem 4.27 1¥ Gitik DRIEDFLEAMEICIE B> TRV, —HT, Fact 4.17®
Donder-Matet[2] DFERD X 52, GCH & #I AT 8% stationary set DOEEIR, F VAN
OB H 3. 7z, GCH &\ ) RERL REREASOERGEORBZREL TLE )
ERBRWEELLTASATYS. MERBEIT, bhivbhlidRD & ) RBEZ N7 Menas’
_conjecture % REL T DORFLZHALVER ).

GCH O F Tk, P DERD stationary set 12 A<~ HDOE > 2 stationary set I
AHETETH 3.
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