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The box complexes of graphs without 3 and 4-cycles

R KRE HEDERENER L3I B (Akira Kamibeppu)

Institute of Mathematics, University of Tsukuba,

FRESV(HEALE) L VOITHIRENORDEEGIES) LM G = (V,E) %
graph £\ 5. V(G), E(G) TENEN, graph G DTHALES, DBAEEHT - Lict 5. ZOF
BHLLND LI, graph IBEDRON—T 2 EE 2. LUF I A 2 #f2 22V graph &
Z2%. graph G ® k-F & (k-coloring) & 1%, {u,v} € E(G) 12 51% f(u) # f(v) W4T EH
FiV@) = (L K} DI RN, DL X, BAK

x(G) :=min{keN | Gl k-Fai&o}

% graph G DA% (chromatic number) &\ 5. x(G) D TR 523 F¥ED 1oL LT, graph
G @ box complex & FEiTh 5 BikEBE B(G) DAARMER L ¥B 2 AV 3 FERMONT
W3 . E£TB(G) DE#LEX, EOFEERNTE-D0MELT 5.

Gagaph b L, ACV(G) £F5. ¥Dac AR LTS, {v,a} € B(G) ThHb v € V(G)
% A ® common neighbor & FE5. A @ common neighbor €& 572 584 % CNg(4) TET.
BEL, ONg(d) = V(G) L BT 5. A = {u} DL &, CNg(A) i1 G ILBIF B u € V(G) ®
neighbor N L2 5HRETHDHZ L ¥bh 3.

Ar, Ay CV(G), AN Ay = $ICH LT,

V=A,UA,, E={{a1,02} | a1 € Ay, a3 € Ay, {a1,05} € E(G)}

TEHIN S G O bipartite subgraph (V, E) & G[A;, A;] TRT. G[A;, A;] 4% complete TH 5
L 1%, RO (a1, a3) € A x Ay W3R L, {01, a5} € B(G) BRI B2 L 205 . BEE, G[4, Ay
& G[A1,¢] %H c0mplete THDHEMREZ LIZTB. A1,A2 - V(G) oxt L/,

AW Ag = (A x {1}) U (42 x {2}) (S V(G) x {1,2})

LEBRTS.
graph G 23t L C, V(G) x {1,2} O LA K

B(G) = {A1 ¥ Ay | Ay, Az C V(G), AiN Az = &,
G[A1, Ag] : complete, CNg(41) # ¢ # CNg(42) }

TEx b 5B EANEAES G D box complex L1 ).

X UL L, vov =idx 2/ TRMEER Y : X - X # X LD Zy-action & FEWK, 48
281 & Zo-action & DXF (X, v) & Zy-space & FES. BiE K ||B(G)|| IXRBIR & Ff 72720 ) Zy-action
& LT, RCEH SN 3 simplicial map v @ affine extention %2 #& %, Z,-space IZ72 3 : £&D
vEeV(G) XL T,

v:V(B(G)) = V(B(G)) ; {v}¥dr ¢u{v}, g {v}— {v}¢.
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IDEE, ZEE ||B(G)|| ~E3E ST Zy-action IZBI L T ||B(G)|| @ Zo-index NEHTE 5.

220 Zg-space (X,vx) & (Y,iy) DEIOEMER f: X > Y T, v o f = fovy 2= T
bD%EXNDY ~D Zy-map & FES. LLTF T, k RITTERE S* £ D Zy-action i2% 12 antipodal
map #&E X5 LIZT B, —MRIZ, Zy-space (X,v) D Zy-index IFK TEBENLS -

indz, (X, v) := min{ k| Zy-map f: X — S*BEE}.
x(G) DFRIZ, box complex @ Zy-index TH X b D T ENHBA T3,
Theorem 1 (J. Matousek-G. M. Ziegler [4]:p.125). {£&®D graph G IZ# L T,
X(G) 2 indg,(||B(G)I]) + 2.

DK D RBFFEIL, graph DRESUZBIT D Kneser 48 ([4], p.b7 2B ) S T¥ %
ISRALTHRASh I L08R 3 ([3],(6) #BM ). —F Tgraph G 52 b & %, box
complex [|B(G)|| DA% EDEEA HEBEM S Z & 1T (complete graph 72 E4#5i72 b D % &
W) BELV. LU TI, [[B(G)|| A6 MHM 2 S BIC R LTB DN R EBAS.

connected graph G iX¥% ® spanning tree T IZW K O DR EMEITRT I ENTEEIND
IB(G)|| DELABZ BN D 7= DIT, RO 2 DD BERTHI LN TES

* tree @ box complex DLAEZ 3.
* graph G @ spanning tree T % & ¥, B(G) % B(T) # A\ T& 7.

(I) tree @ box complex DALARIZ DOV T :

ACXETD. fo=idy, fi(X) = A, fila = ida THT,EEDt € [0,1] IR LT, J; :
X = X X Zymap TH3BE 7% homotopy {f; : X = X} BHEHETHELE, A% X D Zy-
deformation retract & VY5 .

Theorem 2 (tree  box complex). T % tree &3 3. tree T ™ box complex ||B(T)|| i 2>
DFI#E7R component 2>572 5. & HIZ T % 1 KT simplicial complex & B2 LT, ||B(T)|| »%&
component ~E DAL Z L B TE, £DMRIL ||B(T)|| @ Zy-deformation retract Tdh 3.

INETRTEDIZIR, RO2ODEEL A WA,

Theorem 3 (box complex D% #EE®E). graph G ® subgraph Gy,-++ ,Ge B G =, Gi &
WL, BICRO&ME

G[My, My] % complete T 3 & 5 REBDOERHIES My w M, CV(G) x {1,2}
2 LT, Gi[My, My] 3 complete ThD L 572 ie {1, --- ,k} BEETS
¥WT LT 5. 20L&, BG) =L, B(G:) B 2.

G DTHR v € V(G) Tuv @ neighbor AM— 2 LARNE & v Z GDWMERL V). BYEE
ACV((G)DED2RY G DB THERRNWE &, A1 G TMI (independent) THB LV 5.,

Theorem 4 (BAYEDHEEER1). 220 graph G & H OFTHRYE S graph G U H IZHBW
T, GNHM
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V(GDH):{UI)' y Uk, V1,0 )vk}a E(GQH)={{%,U,}| 7;-':1,"' ,k}

ERINTWT, ROZGE2HI-TLT5:
(D{wi,v;} ¢ E(GUH) (i#37), (2) uy,- - ,up 13 H DIEA,
(3) vy, -, U 1T G DA, (4) {w," - ,ux} 12 G T,

Zok &, B(GUH) = B(G) UB(H), B(GN H) = B(G) NB(H) &Y 1.

GUH G

() graph G ® spanning tree T % & ¥, B(G) % B(T) £ AV TH T :

G % connected graph T rank Hy(G) = k T#H 5 & ¥ 5. G O spanning tree T & E(T) U
{er, -+ ,ex} = E(G) 27T k@D e, e, eV, ZDOBBIECTIDEMELBI L %
#iéﬂﬂfb Go =T & L,%ir— 1,'“ ,k‘:ﬁbf, graph Gi ’5.’

V(G:) =V(T)(=V(G)), E(G:) =E(T)U{ey,"- e}
LEETSD. E7, graph G, ERO L HICEHT S :
V(Ge)) = {m, v} UCNe,, (1) U N, , (1),
E(Gei) = {{ui’m} l S CNGi-—l ('U,,)} U {{vi’y} |y € CNG;‘—1 (vi)} U {ei} :

CNeg,_,({ui,v;}) = ¢ D L &, graph G, iX tree iZ723 Z L b2 3.

Gi
Ge‘-

ZDLE,Gi=GinUGy =---=TUU;_, G, ThH 5. GBEEN4LLUT D cycle & E R

LE RDOFERERD.
Theorem 5. G & S 4 LA T D cycle 28 ¥ 72V connected graph &3 %. G ? spanning tree
TiZHL, e, e T E(G)\ E(T) = {1, , e} 2WcT kBORLTH. LTEHELE
graph G;_; & G, DI TCRIND graph G, =G UG, £ Fi=1, - ,kIZXFL,
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B(Gi-1UG,,) = B(Gi_1) UB(G,,), B(Gi-1 N G,,) = B(G;_;) N B(G.,)

BALY S, Liedi> T, B(G) = B(T) UL, B(G.,) #3HLY 3.
DI EIL,ROEREZANTHLNS.

Theorem 6 (Y &hEEE2). graph HIZHAEARV(H) = {uy, -+, up,u, vy, - UL, v},
AREH |

E(H) ={{w,u}|i=1,  k}U{{v,0}|j=1,--- 1} U {{u,v}}
TEBENT tree L T5. 220 graph G & H OFITHYE S graph GU H KBV T, 250
graph G & H D3L@E# 4y 48

V(GNH) = {uy, -+ ,u,u,v1, - ,u,v}, E(GNH) = E(H)\ {{u,v}}

ERENTVT, RO (1)~(3) #/i-T LT3
(1) ONg(u) = {u1, -, u} (= CNg(u) \ {v}),
(2) CNg(v) = {1, ,u} (= ONg(v) \ {u}),
(3) {w1,++ ,uk,v1,-- ,u} % G Tindependent.

ZD k&, B(GUH) = B(G)UB(H), B(GN H) = B(G) NB(H) B& Y 5.

UEDZENBB(G) 2 B(T) £ BG,,) (i=1, - k) OFaCRS = L R TX 7= graph G At
& S 4T D cycle 8/ i2it i G, 13 tree 72525 ||B(Ge,)|| 1% 2 DD FI#E%2 component 7> &
12%. LORERERANT BG)| OMHEROLSICLTHARI LN TES. G E2RTEES
% B(G) @ 1 &3t simplicial subcomplex & 3 5:

G={{u}wg, {v} e, v {u}, g1 {v}, {u}w{v}, {v} & {u}| {u,0} € EG)} C B(G)
IB(G)|| £ Zy-action % ||G|| ~#ifR$ 5 = & T, ||G|| LD Z,y-action 23E SN 3.

Theorem 7. G & S 314 LLF D cycle & %72V connected graph & §5. 2D & &, |G|l ES
IB(G)|| @ Z;-deformation retract Téh 3.

|G|| @ homotopy type XKD & 5 172 5.

Theorem 8. G % conected graph & L, rank Hy(G) = k TH B L T5. 2D L %, |G| izoW
TR L.
(1) GIZEEh 3 cycleid, TRTEBEOB S 2SR BIT,

IGl| =~ \/S1 11\/31
(2) G R EBHEKD cycle £H72< L b 1 2BLRD,

1G] = \/ s

2k-1

G BREE 4 AT D cycle & £ 724> connected graph D34, LE D Theorem 7 & 8 125
IB(G)|| ® homotopy type BRETX 3.
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Corollary 9. G ZR &2 4 LA T D cycle & ¥ 72\ connected graph & L, rank H,(G) = k T
HBHETH.ZDL X, box complex ||B(G)|| IZ2WTHKARK Y L.
(1) GIe&END cycle 1, TR TBEDE S 287 b,

IB@)I = \/ s m\/s",

k k

(2) GIIRIVFHED cycle 2R L b 1 2ELR2 b,

IB@G)I =~ \/ s

2k—1
ET,BREN4LUTD cycle & £ 722\ connected graph G IZxf L, Theorem 7 %> 5 ||B(G)|| »*
5G| ~D Zy-map BB Z RO D. ZDL &, Zy-index DEHEN D,
indz, (IB(G)]l) < indz,(||G|)

ChB. £ COEEND, [BC)| LD Zy-action ¥ |G| EicHIlR L b o, [T LicFH
B EFF2\ Zy-action 25 %2 5. G 4 1 IR IT simplicial complex T# % = L 25,

indz,(||B(G)|l) < indz,(|G]l) <1

285, LIz#85 T, indg, (|B(G)]) +2 < 3 B 2.

—7%, Exdos DER ([1],p.11N 2LV, FEOEDEE LIz LT, BEMN ELUT D cycle 2
BFT, x(G) > k THD X 57 graph BFEET 555, —ARIZ Theorem 1 Tik~7 graph DF
&3 DT R indz, (|B(G)|]) + 2 & graph G DAL x(G) L DEIFIWW LTHLREL LY S 3
¥ oY L

BEiZ, J.W.Walker [7],§1212 & o T, B EB 4 LT D cycle # & £ 72\ graph DEEKROT
RENAHEIC MG T 5 L. Lovasz B L BBEFEDOHFHBICIEBANRH 3 LIEH I TV 5. 2002
£, J. Matousek, G. M. Ziegler [5] I & T, & E B 4 AT D cycle & %72\ graph T, x(G) &
indz,(IB(G)|]) + 2 DERWVW B THRESRY 53T LHRBHINT VB, EiZ 2004 1
P.Csorba [2] iZZ D & 5 22 graph Db 5 —2>DH % 52 T 5,
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