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1. INTRODUCTION

We introduce a new notion $‘(\check{\mathrm{C}}\mathrm{e}\mathrm{c}\mathrm{h}$-complete map”, and investigate some basic
properties, invariance under perfect maps, relationships between (locally) compact
map, \v{C}ech-complete map and $k$-map, and characterizations by compactifications of
\v{C}ech-complete maps.

Motivation and significance of \v{C}ech-complete maps are:
(1): The notion of \v{C}ech-complete maps in the fibrewise category $TOP_{B}$ is corre-
sponding to the notion of \v{C}ech-complete spaces in the topological category TOP.
In fact, we can prove the following:
Compact $\mathrm{m}\mathrm{a}\mathrm{p}\Rightarrow \mathrm{L}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ compact $\mathrm{m}\mathrm{a}\mathrm{p}\Rightarrow\check{\mathrm{C}}\mathrm{e}\mathrm{c}\mathrm{h}$-complete $\mathrm{m}\mathrm{a}\mathrm{p}\Rightarrow k$-map.
(2): The notion of \v{C}ech-complete maps is a new idea in General Topology. So,
General Topology becomes plentifully by this notion.

For an arbitrary topological space $B$ one considers the category $TOP_{B}$ , the objects
of which are contin,uous maps into the space $B$ , and for the objects $p:Xarrow B$ and
$q$ : $\mathrm{Y}arrow B$ , a morphism from $p$ into $q$ is a continuous map A : $Xarrow \mathrm{Y}$ with the
property $p=q\mathrm{o}$ A. This is denoted by A : $parrow q$ . A morphism $\mathrm{A}$ : $parrow q$ is said
to be onto, closed, perfect, etc., if respectively, such is the map A : $Xarrow \mathrm{Y}$ . A
continuous map $p:Xarrow B$ is called by a projection, and $X$ is called by a fibrewise
space over $B$ or (X, $p$) is called by a fibrewise space. Further we call $\mathrm{A}$ : $Xarrow \mathrm{Y}$

a morphism when we write ) : $parrow q$ , and we also call it a fibrewise map when we
write $\mathrm{A}:(X,p)arrow(\mathrm{Y}, q)$ .

Throughout this paper, we assume that all spaces are topological spaces, and all
maps and projections are continuous. For other terminology and notations undefined
in this paper, one can consult [3] about TOP, and [5] and [8] about $TOP_{B}$ .
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2. PRELIMINARIES

In this section, we refer to the notions and notations in Fibrewise Topology.
Let $(B, \tau)$ be a fixed topological space $B$ with a fixed topology $\tau$ . Throughout

this paper, we will use the abbreviation $nbd(s)$ for neighborhood$(s)$ . We also use that
for $b\in B,$ $N(b)$ is the set of all open nbds of $b$ , and $\mathrm{N},$ $\mathrm{Q}$ and $\mathrm{R}$ are the sets of all
natural numbers, all rational numbers and all real numbers, respectively. Note that
regularity of $(B, \tau)$ is assumed in Theorems 3.7 and 3.10, further first countability
of $(B, \tau)$ is assumed in Theorem 3.10.

For a projection $p:Xarrow B$ and each point $b\in B$ , the fibre over $b$ is the subset
$X_{b}=p^{-1}(b)$ of $X$ . Also for each subset $B’$ of $B$ we regard $X_{B’}=p^{-1}(B’)$ as a
fibrewise space over $B’$ with the projection determined by $p$ . For a filter $(\mathrm{b}\mathrm{a}s\mathrm{e})F$

in $X$ , we denote that $p_{*}(\mathcal{F})$ is the filter generated by the family $\{p(F)|F\in F\}$ .
First, we begin with defining some separation axioms on maps.

Deflnition 2.1. A projection $p$ : $Xarrow B$ is called a $T_{1}$ -map, $i=0,1,2$ , if for all
$x,$ $x’\in X$ such that $x\neq x’,$ $p(x)=p(x’)$ the following condition is respectively
satisfied:

(1) $i=0$: at least one of the points $x,$ $x’$ has a nbd in $X$ not containing the other
point;

(2) $i=1$ : each of the points $x,x’$ has a nbd in $X$ not containing the other point;
(3) $i=2$ : the points $x$ and $x’$ have disjoint nbds in $X$ .

Definition 2.2. The subsets $F$ and $H$ of the space $X$ are said to be respectively:
(1) $nbd$ separated in $U\subset X$ ,
(2) functionally separated in $U\subset X$ ,

if the sets $F\cap U$ and $H\cap U$

(1) have disjoint nbds in $U$ ,
(2) are functionally separated in $U$ (i.e. there exists a map $\phi$ : $Uarrow[0,1]$ such

that $F\cap U\subset\phi^{-1}(0)$ and $H\cap U\subset\phi^{-1}(1))$ .

Deflnition 2.3. A projection $p:Xarrow B$ is called completely regular (resp. regular),
if for every point $x\in X$ and every closed set $F$ in $X$ such that $x\not\in F$ , there exists
a nbd $W\in N(p(x))$ , such that the sets $\{x\}$ and $F$ are functionally separated
(resp. nbd separated) in $X_{W}$ . A completely regular (resp. regular) $T_{0}$-map is called
$\infty chonoff$ or $T_{3_{3}^{1-}}$ (resp. $T_{3^{-}}$) map.

It can be easily verified that every $T_{j}$-map is a $T_{i}$-map for $j,$ $i=0,1,2,3,3 \frac{1}{2}$ and
$i\leq j$ .
Deflnition 2.4. Let $p:Xarrow B$ be a projection.
(1) The map $p$ is called a functionally $T_{2^{-}}map.\mathrm{i}\mathrm{f}$ for all $x,$ $x’\in X$ such that $x\neq x’$ ,
$p(x)=p(x’)$ there exists $W\in N(b)$ such that the sets $\{x\}$ and $\{x’\}$ are functionally
separated in $X_{W}$ .
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(2) The map $p$ is called functionally normal (resp. normal) if for every $b\in B$ and
every two disjoint, closed sets $F$ and $H$ in $X$ , there exists $W\in N(b)$ such that
$F$ and $H$ are functionally separated (resp. nbd separated) in $X_{W}$ . A functionally
normal (resp. normal) $T_{3^{rightarrow}}\mathrm{m}\mathrm{a}\mathrm{p}$ is called a functionally $T_{4}$ -map (resp. $T_{4}$ -map).

It can be easily verified that (1) every $T_{4}$-map is a $T_{3}$-map, (2) every functionally
$T_{4}$-map is a $T_{3\frac{1}{2}}$ -map and every $T_{3\frac{\iota}{2}}$ -map is a functionally $T_{2}$-map. However, note
that every $T_{4}$-map is not necessarily a $T_{3\frac{1}{2}}$ -map. For this, see the remark in this
section.

We now give the definitions of submaps, compact maps [9] and locally compact
maps [7].

Definition 2.5. The restriction of the projection $p$ : $Xarrow B$ on a closed (resp.
open, type $G_{\delta}$ , etc.) subset of the space $X$ is called a closed (resp. open, type $G_{\delta}$ ,
etc.) submap of the map $p$ .

Definition 2.6. (1) A projection $p:Xarrow B$ is called a compact map if it is perfect
(i.e. it is closed and all its fibres $p^{-1}(b)$ are compact).
(2) A projection $p:Xarrow B$ is said to be a locally compa$ct$ map if for each $x\in X_{b}$ ,
where $b\in B$ , there exists a nbd $W\in N(b)$ and a nbd $U\subset X_{W}$ of $x$ such that
$p’$ : $X_{W}\cap\overline{U}arrow W$ is a compact map, where $p’$ is the restriction of $p$ and $X_{W}\cap\overline{U}$ is
the closure of $U$ in $X_{W}$ .

Note that a closed submap of a (resp. locally) compact map is (resp. locally)
compact, and for a (resp. locally) compact map $p:Xarrow B$ and every $B’\subset B$ the
restriction $p|X_{B’}$ : $X_{B’}arrow B’$ is (resp. locally) compact.

Definition 2.7. (1) For a map $p$ : $Xarrow B$ , a map $c(p)$ : $\mathrm{q}Xarrow B$ is called a
compactification of $p$ if $c(p)$ is compact, $X$ is dense in $\mathrm{q}X$ and $c(p)|X=p$ .
(2) A map $p:Xarrow B$ is called a $T_{2}$ -compactifiable map (resp. $T_{3_{2}^{1}}$ -compactifiable
map) if $p$ has a compactification $c(p)$ : $c_{\mathrm{p}}Xarrow B$ and $c(p)$ is a $T_{2}$-map (resp. $T_{3\frac{1}{2}}-$

map).

Remark: (1) The compactification of a map was studied by Pasynkov [7]. In
James [5] Section 8, there are some basic study of compactifiable maps, but note
that in [5] he uses a terminology “fibrewise compactification”. For other study of
compactifiable maps, see [1] and [6].
(2) Note that we must consider both $T_{2^{-}}$ and $T_{3\frac{1}{2}}$ -compactifiable maps because,
unlike the case of spaces, there exist $T_{2}$-compact maps which are not $T_{3}$–maps ([4]
4.2 or [2] Example 3.4).

Deflnition 2.8. For the collection of fibrewise spaces $\{(X_{\alpha},p_{\alpha})|\alpha\in\Lambda\},$ t.h$\mathrm{e}$ sub-
space $X= \{t=\{t_{\alpha}\}\in\prod\{X_{\alpha} : \alpha\in\Lambda : p_{\alpha}t_{\alpha}=p_{\beta}t_{\beta}\forall\alpha, \beta\in\Lambda\}$ of the Tychonoff
product $\prod=\prod$ { $X_{\alpha}$ : a $\in\Lambda$ } is called the fan product of the spaces $X_{\alpha}$ with respect
to the maps $p_{\alpha},$

$\alpha\in\Lambda$ .
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For the projection $pr_{\alpha}$ : $\prodarrow X_{\alpha}$ of the product $\prod$ onto the factor $X_{\alpha}$ , the
restriction $\pi_{\alpha}$ on $X$ will be called the projection of the fan product onto the factor
$X_{\alpha}$ , $\alpha\in$ A. IFlrom the definition of fan product we have that, $p_{\alpha}\mathrm{o}\pi_{\alpha}=p_{\beta}\circ\pi_{\beta}$ for
every $\alpha$ and $\beta$ in A. Thus one can define a map $p:Xarrow B$ , called the product of
the maps $p_{\alpha},$

$\alpha\in\Lambda$ , by $p=p_{\alpha}\circ\pi_{\alpha},$
$\alpha\in\Lambda$ , and (X, $p$) is called the fibrewise $p7oduct$

space of $\{(X_{\alpha},p_{\alpha})|\alpha\in\Lambda\}$ .
Obviously, the projections $P$ and $\pi_{\alpha},$

$\alpha\in\Lambda$ , are continuous.

Proposition 2.9. Let $\{(X_{\alpha},p_{\alpha})|\alpha\in\Lambda\}$ be a collection of fibrewise spaces.
(1) If each $p_{a}$ is $T_{i}(i=0,1,2)$ (resp, functionally $T_{2}$ ), then the product $p$ is ailso $T_{i}$

$(i=0,1,2)$ (resp. functionally $T_{2}$ ).
(2) If each $p_{\alpha}$ is a surjective $T_{3^{-}}$ (resp. $T_{3_{2}^{1}}-$ ) $\mathrm{m}\mathrm{a}\mathrm{p}$ , then the product $p$ is also a $T_{3^{-}}$

(resp. $T_{3\#}-$) $\mathrm{m}\mathrm{a}\mathrm{p}$

(3) If each $p_{\alpha}$ is a compact map, then the product $P$ is a compact map.
(4) If each $p_{\alpha}$ is a $T_{2}$-compactifiable map, then the product $p$ is a $T_{2}$-compactifiable
map.

We shall conclude this section by defining the concept of b–filters (or tied filters)
which plays an important role in this report.

Definition 2.10. ([5] Section 4.) For a fibrewise space $X$ over $B$ , by a $b$-filter (or
tied filter) on $X$ we mean a pair $(b, F)$ , where $b\in B$ and $F$ is a filter on $X$ such
that $b$ is a limit point of the filter $p_{*}(F)$ on $B$ . By an adherence point of a -filter $F$

$(b\in B)$ on $X$ , we mean a point of the fibre $X_{b}$ which is an adherence point of $F$ as
a filter on $X$ .

3. SOME PROPERTIES

Definition 3.1. Let $X$ be a topological space, and $A$ a subset of $X$ . We say that
the diameter of $A$ of the space $X$ is less than a family $A=\{A_{\mathit{8}}\}_{s\in S}$ of subsets of
the space $X$ , and we shall write $\delta(A)<A$ , provided that there exists an $s\in S$ such
that $A\subset A_{\partial}$ .
Definition 3.2. A $T_{2}$-compactifiable map $\mathrm{p}:Xarrow B$ is \v{C}ech-complete if for every
$b\in B$ , there exists a countable family $\{A_{n}\}_{n\in N}$ of open (in $X$) covers of $X_{b}$ with
the property that every $\mathrm{b}$-filter $F$ which contains sets of diameter less than $A_{n}$ for
every $n\in \mathrm{N}$ has an adherence point.

Since the real line $\mathrm{R}$ with the usual topology is \v{C}ech-complete, $p$ : $\mathrm{R}arrow B$ is
\v{C}ech-complete where $B$ is a one-point space. All rational numbers $\mathrm{Q}$ , as a subset
of $\mathrm{R}$ , is not $\check{\mathrm{C}}\mathrm{e}\mathrm{c}\mathrm{h}$-complete, thus $p|\mathrm{Q}$ is not \v{C}ech-complete though $p|\mathrm{Q}$ is open and
closed. But we have the following results.

Theorem 3.3. For a \v{C}ech-complete map $p$ : $Xarrow B$ , if $F$ is closed subset of $X$ ,
then $p|F:Farrow B$ is \v{C}ech-complete.
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Theorem 3.4. For a \v{C}ech-complete map $p:Xarrow B$ , if $G$ is a $G_{\delta}$-subset of $X$ and
$X$ is regular, then $p|G:Garrow B$ is \v{C}ech-complete.

Theorem 3.5. Let $\{(X_{n},p_{n})|n\in N\}$ be a countable family of fibrewise spaces and
$( \prod_{B}X_{n},p)$ be the fibrewise product space. If every $p_{n}$ is surjective \v{C}ech-complete,
then $\mathrm{P}$ is \v{C}ech-complete.

Theorem 3.6. Let a fibrewise map A : (X, $p$) $arrow(\mathrm{Y}, q)$ be a perfect map, and
$p$ and $q$ be $T_{2}$-compactifiable maps. Then $p$ is \v{C}ech-complete if and only if $q$ is
\v{C}ech-complete.

Theorem 3.7. Suppose that $B$ is regular. For a $T_{2}$-compactifiable map $p:Xarrow B$ ,
the following are equivalent:
(1) $p:Xarrow B$ is \v{C}ech-complete.
(2) For every $T_{2}$-compactipication $p’$ : $X’arrow B$ of $p$ and each $b\in B,$ $X_{b}$ is a $G_{\delta^{-}}$

subset of $X_{b}’$ .
(3) There exists a $T_{2}$-compactipication $p’$ : $X’arrow B$ of $p$ such that $X_{b}$ is a $G_{\delta}$-subset
of $X_{b}’$ for each $b\in B$ .
Theorem 3.8. Every locally compact map, $T_{2}$-map is \v{C}ech-complete.

Definition 3.9. (James [5], Definitions 10.1 and 10.3) (1) Let (X, $p$) be a fibrewise
spsce. The subset $H$ of $X$ is quasi-open (resp. quasi-closed) if the following condition
is satisfied: for each $b\in B$ and $V\in N(b)$ there exists a nbd $W\in N(b)$ with $W\subset V$

such that whenever $p|K:Karrow W$ is compact then $H\cap K$ is open (resp. closed) in
$K$ .
(2) Let a projection $p$ : $Xarrow B$ be a $T_{2}$ map. The map $p$ is a $k$ -map if every
quasi-closed subset of $X$ is closed in $X$ or, equivalently, if every quasi-open subset
of $X$ is open in $X$ .
Theorem 3.10. Suppose that $B$ is first countable and regular. Then a \v{C}ech-
complete map $p:Xarrow B$ is a k-map.

REFERENCES
[1] I.V.Bludova and G.Nordo: On the posets of all the Hausdorff and all the Tychonoff compacti-

fications of mappings, Q&A in General Topology, 17(1999), 47-55.
[2] J.Chaber: Remarks on open-closed mappings, Fund. Math., 74(1972), 197-208.
[3] R.Engelking: General Topology, Heldermann, Berlin, rev. ed., 1989.
[4] M.Henriksen and J.R.Isbell: Some properties of compactifications, Duke Math. J., 25(1958),

83-106.
[5] I.M.James: $Fibn\dot{w}se$ Topology, Cambridge Univ. Press, Cambridge, 1989.
[6] G.Nordo and B.A.Pasynkov: Perfect compactifications, Comment. Math. Univ. Carolinae,

41(2000), 619-629.
[7] B.A.Pasynkov: On the extension to maps of certain notions and assertions concerning spaces,

in: Maps and fhnctors, Moscow State Univ., Moscow, (1984), 72-102. (Russian)

53



[8] B.A.Pasynkov: Elements of the general topology of continuous maps, in: (D.K.Musaev and
B.A.Pasynkov) On Compactness and Completeness Properties of Topological Spaces, Tashkent,
“FAN” Acad. of Sci. Uzbekistan Rep., (1994), 50-120. (Russian)

[9] I.A.Wainstein: On closed maps of metric spaces, Dokl. Acad. Sci. USSR 57(1947), 319-321.
(Russian)

54


