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THE EXISTENCE OF MULTIPLE SOLUTIONS FOR NONLINEARLY
PERTURBED PARABOLIC-ELLIPTIC SYSTEMS OF KELLER-SEGEL
TYPE IN R?

AEEE

MICHINORI ISHIWATA
MATHEMATICAL INSTITUTE, TOHOKU UNIVERSITY, SENDAI 980-8578, JAPAN

1. INTRODUCTION

This is a joint work with Professor F. Takahashi (Osaka city university) and Professor
T. Ogawa (Tohoku university).

The motion of slime molds controlled by some chemical substance is referred as chemo-
taxis. This phenomena is described by the system of parabolic equations called the
Keller-Segel system (see Keller-Segel [10], Herrero-Veldzquez [8],[9], Nagai [14], [15], Biler
[1], Nagai-Senba-Yoshida [17], Nagai-Senba-Suzuki [16] and Senba-Suzuki [18]). Among
them, a simplified model

du— Au+V(uVv) =0, t>0, z€R?
~Av+v=u, t>0, z€R? |
u(t, z), v(t,z) >0,
u(0,z) = ug(z) > 0
has been considered by several authors. The system (1.1) describes the case where the
diffusion of the chemical substances is much slower than that of chemotaxis ameba.

For (1.1), the existence of a blowing up solution corresponding to the concentration of
ameba and that of chemical substances is well known (Herrero-Veldzquez (8], [9], Nagai

[14)).

Later Chen-Zhong [5] introduced the perturbed system
Ou— Au+V(uVv) =0, t>0, z € R?
-Av+Fw)=u, t>0, z€R?

u(t, z), v(t,z) >0,

u(0,z) = uo(z) 2 0
with F'(v) = v +9? (p > 1). This model can be interpreted as describing the chemotaxis
with nonlinear diffusion for the chemical substance. It is known that the system (1.2)
with the particular choice of F((v) = v + v” has a close nature of the original system
(1.1). Indeed, one can show the local existence theory and finite time blow up with

mass concentration phenomena in the similar way to (1.1), see for Chen-Zhong [4] and
Kurokiba-Senba-Suzuki [13].
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In this note, we are concerned with the case where F(v) = v — v in (1.2):
Ou— Au+V(uVr) =0, t>0, te€R?
—Av+v—vP=u, t>0, z€R?
u(t, z), v(t,z) > 0,
(0, z) = uo(z) > 0.
Different from the case where F'(v) = v+v?, it is not the case to consider that our system

is a simple perturbation of the original system (1.1) because of the nonmonotonicity of
- F(v) = v — v?. Actually, the elliptic equation

(1.4) ~Av+v—vP=f, zeR?

has at least two positive solutions when f is a sufficiently small nonnegative nontrivial
function, while ' '

(1.3)

~Av+v+vP=f, zeR?

‘admits only one solution. Moreover, for the equation (1.4), it is also known that if the
external force f is large in an appropriate sense, then there is no positive solution. Hence
one may even wonder whether the finite time blow up in the usual sense occur in (1.3) or
not. In this sense, the structure of the time dependent positive solution of (1.3) seems to
be very much different from that of the original system (1.1) or perturbed system (1.2)
with F(v) = v + vP. '

In this note, we shall consider solutions of (1.3) in the following sense:

u € C([0, 00); L*(R?)) N C*((0, 00); L*(R?)) N C((0, o0); H*(R?)),
v € C((0, 00); H'(R*)) N C((0, 00); W**(R?)).

For a small nonnegative initial data, there exists a global-in-time solution for (1.3) which
is, in a sense, “small” one, see [12]. On the other hand, as is mentioned above, the
perturbed nonlinear elliptic equation :

—Av+v—vP=f, zeR?.

admits at least two positive solutions for small and nonnegative f. So it is natural to ask
whether the time dependent equation (1.3) also has the second positive solution or not.
The main issue of this note is to obtain for example a radially symmetric positive solution
of the nonlinearly perturbed system (1.3) which is different from the solution obtained in
(12]. Namely, we show that the ezistence of two time-dependent solutions for the system
(1.3): '

Theorem 1.1. (Multiple existence) Let 1 < p < 0o. Then there ezists a constant C,, > 0
such that, if the radially symmetric nonnegative initial data ug € L? satisfies

lluollz < Cuu,

then there exist two positive radial pair of solutions (uy(t),vi(t)) and (ua(t),va(t)) for
(1.8). One of them is different from the solution obtained in [12).

The main idea for the construction of the second time dependent solution relies on the
variational structure of the elliptic part of the system. The v-component of the solution
obtained in [12] is corresponding to the solution of (1.4) which is bifurcated from the trivial
solution of the elliptic problem (1.4) with f = 0. On the other hand, it has been known
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that the problem (1.4) with f = 0 has a unique positive solution w (cf. Berestycki-Lions
[2], Gidas-Ni-Nirenberg [7] and Kwong [11]). This solution is obtamed as a mountain pass

critical point of
_— l 2 1 2 1 p+1
) =5 [ 19oP+ 5 [1oP = — [P

Then, if the second variation of the functional I at w, namely, the Hessian operator of I
at w, is not degenerate and if f is small (in an appropriate sense), we may construct the
solution v of (1.4) bifurcated from the mountain pass solution w. Of course, this is not
possible in general since the kernel of the Hessian (V2ly),, of Iy at w may be nontrivial.
However, since the structure of the kernel of (V21,),, is well-understood, we may construct
the bifurcation branch from the nontrivial solution of (1.4) under the restriction of the
radial symmetry. Therefore, there is a possibility that we can construct the second local-
in-time solution of (1.3) if we restrict the class of initial data appropriately. In this note,
we shall show that this is indeed the case.

2. VARIATIONAL STRUCTURE OF THE LAGRANGIAN FUNCTIONAL
The existence of multiple positive solutions for the semilinear elliptic equation
(2.1) ~Av+v=1v"+f, zeR?

is known for small nonnegative nontrivial external force f in H™!, see e.g. Zhu [19] and

Cao-Zhou [4]. According to their results, there exists a solution of (2.1) for small f (in
the H~! sense), which is not the local minimizer of the functional I;(u) where I; is given
by

1 1
Ip0) = G+ 30l ol - [ feds, ve HERD)

In this section, we give some analysis for the dependence of this nonminimal solution to
f. In order to analyze the continuous dependence of the nonminimal solution branch with
respect to f, we need to refine results of Zhu [19] and Cao-Zhou [4] from a bifurcation
theoretical point of view. As is mentioned in the mtroductlon, it is well known that the
nonlinear elliptic problem (2.1) with f =0

(2.2) —-Av+v=1v", z€R?

~ has a radially symmetric positive solution w which is unique up to translation {2, 7, 11].
This solution is obtained as a critical point of the va.riationa.l functional

1 1,
Io(v) = 5IVllz + -2-|_Iv|I§ vl

by the well known mountain pass lemma in H!. Note that the Hessian operator (V2I),
of this variational functional Iy in H! at u € H' is L, := —A + 1 — p|u|P~! (we regard L,
as an operator from H! to H™1).

Since the problem (2.2) is invariant under the translation with respect to space variables,
w(- — y) is also a solution of (2.2) for any y € R2. Hence, it is reasonable to think that
L,, has some degeneracy. Indeed, the following is well-known.

Proposition 2.1 (Kernel of the linearized operator). Foru € H!, let L, :== —A +1 —
plulP~! with 1 < p < 0o. Then for the solution w of (2.2), the kernel of the operator L,
ts spanned by 0;,w and 9, w.
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By making use of these facts, we can construct a solution branch of the nonminimal
solution of (2.1) with the aid of the implicit function theorem. Hereafter H! denotes the
subspace of H! which consists of radially symmetric functions and (H})* its dual.

Proposition 2.2. There erists § > 0 and h € C(Bsuy)-; Hy) such that h(f) is a critical
point of Iy and h(0) = w where

Bsmy- = {f € (HY)"; || fllaz)- < 8}-

Moreover, h is a Lipschitz continuous mapping in Bj g1y, namely, there exists C > 0
such that , '

(2.3) Nh(f1) = h(f)llm < Clify = follar)s, Vfi, f2 € Bsayy-
If f >0, then h(f) > 0 holds.
The following corollary immediately follows from Proposition 2.2.
Corollary 2.3. There erists p > 0 such that the conclusion of Proposition 2.2 holds
Bysymye and (H})* replaced by
Borz:={f € L} (|fll2 < o}

and L? respectively, where L? denotes the subspace of L? which consists of radially sym-
metric functions.

3. PROOF OF THEOREM

In this section, we give the proof of Theorem 1.1.
Let 1 < p < co. We choose M with M < p where p is the number which appears in
Corollary 2.3. The solution of (1.3) will be constructed in the complete metric space

X = {6 € C(0,T); L) N LX0, T; H'); 620, Iéhx < M}

with the metric d(¢, ) = suPsero. |4 — Yl x, where

T 1
= 2 27\2
Iohx = ( sup I6(IE+ [ IV6(r)ler)

and T > 0 is chosen to be small later.

For f € X7, and radially symmetric nonnegative function a € L?, we define a map
D, : X7.m D f = u € X7,ur such that u solve the following linear system (with respect to
u): ,

Ou — Au+V(uVy) =0, t>0, z€R?
(3.1) . —Av+v=vP+ f, t>0, r€R?
u(0,z) = a.
Here we choose the solution v(t) of the elliptic part of the above system as h(f(t)) where
h appears in Corollary 2.3. Note that this is always possible from Corollary 2.3, since

sup [|[f(Tl: < §flx S M < p.
r€[0,T)
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Again by virtue of Corollary 2.3, it is easy to see that
sup [[A(f(T))llm < sup |[R(f(7)) — h(0)||m: + [[R(O) ]|z

T€[0,T T€fo,T

< C sup ||f(7) = Ollz + |lwllg: < CM + ||lw||g: =: 0

7€|0,

(3.2)

where w is a unique positive solution of —Aw +w = w? in R2. Hereafter for f and f €
Xr,m, we denote h(f(7)) and h(f(7)) by v(7) and %(7) (or simply v and %), respectively.
Our first lemma is:

Lemma 3.1. There ezists C > 0 such that |
(3-3) V()3 < CL+IVF(T)l2)
for 7 €[0,T).

Proof of Lemma 3.1. The second equation of (3.1), the Sobolev embedding H* — L%
and (3.2) yield

lAv(l3 < flvllz + 1o”llz + 1 fll2 < Cl(M, o)
for some C; > 0. Hence by using a version of the Brezis-Gallouet inequality [3],

1112 < © (1B (1 + IASIE™) + IAFlL) ,  ¥F € HA(R),
we have
(34)  (IVoll% < Ca(l|Av]3( + [VAY]Z?) + [VAu|lz) < Cs(1 +[[VAv],).
Note that by the boundedness of (—A + 1)~ from L? to W2?, the Sobolev embedding
H' < L? and (3.2),
(35) Vo2l = 52 [ oPe-DIVof? < 2ol 1o, < Co

holds. Then the second equation of (3.1) together with (3.2) and (3.5)‘ yields
IV Avlly < [Vollz + [Vellz + 1V £llz < Cs(1 + IV £l2)-
Hence combining this relation with (3.4), we have
Vo3 < Co(1 + |V £]l2),

thus the conclusion.
O

The following proposition is a key estimate for the verification of Theorem 1.1.

Proposition 3.2. Let a, @ € L? be a smooth nonnegative radial functions. Then for some
C>0, ‘

(3.6) (1 — CT**(T"/? + M))N2a(F)Nx < llall3,
(3.7) (1= CTY*(T'? + M)I®a(f) — 2x(H% < lla —all; + CRB(NET?NS - Flk

hold for f, f € Xt um.
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Proof of Proposition 3.2. The existence of a smooth solution for the system (3.1)
with smooth initial data follows from the standard theory of evolution equations. Under
the assumption of the proposition, we denote solutions ®,(f(7)) and ®z(f(7)) of (3.1) by
u(7) and %(7) (or simply u and %), respectively. We also denote h(f(7)) and A(f(7)) by
v(7) and ©(7) (or simply v and ©), respectively. Now by multiplying the first equation of
(3.1) by u = u(r) and integrating it by parts in z, we have

1d
37 OB+ IVun)IE = [ ur)Vo(r) - Vu(r)ds
R? :
(3.8) <| /R 4V Vudz| < [[ulls|Volloll Vull
1 1
< STl + 21 vul

Then, the integration of (3.8) from 0 to ¢ in 7 leads

(39) Iu@E+ [ I19u(r)Bar < al + [ NI 2dr.

As for the right hand side of (3.9), by Lemma 3.1, we have

t t '
/ (M) ZIVe(r)li%dr < sup |lu(r)|3C / @ +{[VF()ll2)dr
0 T7€[0,T) 0

< sup |lu(7)|FCTV*(T"? + M)
T€l0,T) '

for t € [0,T), here we use that /7 ||V f|2dr < M. Then this relation together with
(3.9) yields

T
(1 — CT2(T + M)) sup |lu(r)|%+ [ IVu(n)2dr < Jlall?
r€f0,T) 0

hence we have (3.6).
Next we show (3.7). For f and f € Xz, set v = v(r) = h(f(7)) and ¥ = z‘)(*r)
h(f(r)). We consider linear equations
Owu — Au+ V(uVv) =0, t>0, zeR?
O — Au+V(aVo) =0, t>0, ze€R2
with 4(0) = a and %(0) = @. We denote u = u(7) = &,(f(7)) and @ = @(1) = ®z(f(7)).

Multiplying u — @ to the difference of these equations and integrating it by parts in R?,
we see

(3.10)
-iIIU(T) ~ a(m)|lz + IV {u(r) — a(r))|i} = / (u(r)Vo(r) — &(r) V(7)) - V(ulr) — &(r))dz

_ f WV (v — 5) - V(u - @)dz + / (u— W) V5 - V(u - @)ds.
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Then the similar argument as for the verification of Lemma 3.1 givés
/ WV (v — 5)V(u - @)
R2
- — — | - _
(3.11) < Nl V(o = D) allV (@ — Dl < [[ulZV (0 = DIE + 21V —B)113

< [lulliC: sup 15(r) = FOIB+ 3190 ~ D).
r€l0,T)

Moreover, as for the second term in the right hand side of (3.10), we have
(3.12)

'/Rz(u —4)V5-V(u - a)dz

< Co(L +11951l) sup_ Jfu(r) — &)1 + 7V (0 — D).
7€(0,T)

, . .
< llu = allzl Vol V (2 = B)ll2 < flu - alVEIIZ, + V(0 - D)Ii2

Then plugging (3.11) and (3.12) into (3.10) and integrating it from 0 to ¢ in 7, we have

lu(t) — ()| + f IV (u(r) — a(r)) [3dr <
T
(3.13) la — &l +2C, /0 Iur)ldr sup |1£(7) ~ FCo)IE

T
+20; sup [[u(r) = &I} [ 1+ VS l)ar.
7€[0,T) 0

We here recall the Ladyzhenskaya inequality (see e.g., [6]):

T 1/2 T
(f ||<p(T)|I3dT) < sup lle(IE+ [ IVe(rlRdr

€[0,T)

for p € C([0,T); L?) N L?(0, T; H'). Then we obtain the following for the second term in
the right hand side of (3.13):

T T 1/2
319 [ igar < ([ puoiiar) - 1 < gt
0 ' 0

Moreover, since \/ j;,T IV F(r)||3dr < M,

(315) [ @+ 19 < 7A@ 4 1),
0
Hence by (3.13)-(3.15),
(1= GT@2 + 1)) swp_[lu(r) = @)1 + [ 19 (u(r) — a(r))
r€[0,T) 0
< lla — ali3 + Cshullk T*/? sup || f(r) — F()Ii3,
7€[0,T)

whence (3.7) holds.
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Now we are in the position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Take any M < p where p is the number which appears in
Corollary 2.3. Then choose T' > 0 so small that

(3.16) 1 <1-CcTYV(TYV? + M),

(3.17) CM2TV2 < L

where C is the constant in Proposition 3.2. Let uo € L?(R?) be a nonnegative initial data
with |Juol|2 < M2/2 =: C2, and let (a,) C C5°(R?) be a sequence such that

(3.18) ' an 2 up in L2 |

Take any f € Xrm and let uy, 1= ®,,(f). Then by (3.6), (3. 16) and (3.18),
2

M
(3.19) "ﬂunlx < ”annz TR
hence u, € Xr ). Moreover, by (3.7) and (3.17),

1
slun — umf% < llan — amll? = 0,

s0 (up) is a Cauchy sequence in Xr 5. Hence there exists a limit of (uy) in X1,». Now we
define @y, : X1 — X101 bY Puo(f) := limpyoo a, (f). Note that by (3.19) and (3.17),
Cll®.. 43T* < CM?TY? < L
Hence this relation together with (3.7), (3.16) and (3717) gives
1, () — T (DB < 1S - I
for f, f € X1 ,m. Therefore
19us () = @uo(Allx < 190, (f) — Bar (Hlx + §Pan (f) = Pan (Hlx + §en (F) — uo(Hllx

SO(l)'{' \/-.f f'X’

which says that ®,, is a contraction mapping from Xz » to Xt um. Therefore, the Banach
fixed point theorem yields that there exists a unique solution of u = ®,,(u). It is obvious
that (u v) = (u, h(u)) gives a solution of (1.3). The standard parabolic regularity argu-
ment gives that the solution becomes regular immediately after t > 0. O

Acknowledgment. .
This work is supported by JSPS Grant-in-Aid for Young Scientists (B) #16740101.

REFERENCES

[1] P. Biler, Local and global solvability of some parabolic systems modelling chemotaxis, Adv. Math.
Sci. Appl. , 8 (1998), 715-743.

[2] H. Berestyckl P.-L. Lions, Nonlinear scalar field equations. I. Existence of a ground state. Arch.
Rational Mech. Anal. 82 (1983), no. 4, 313-345.

[3] H. Brezis, T. Gallouet, Nonlinear Schrodmger evolution equations, Nonlinear Anal. T.M.A., 4
(1980), 677-681. _



144

[4] D.-M. Cao, H.-S. Zhou, Multiple positive solutions of nonhomogeneous semilinear elliptic equations
in R™, Proc. Roy. Soc. Edinburgh Ser A, 126 (1996), 443-463.
[5] H. Chen, X.- H. Zhong, Global existence and blow-up for the solutions to the nonlinear parabolic-
elliptic system modeling chemotaxis, IMA J. Appl. Math., 70 (2005), 221-240.
[6] C. Foias, O. Manley, R. Rosa, R, Temam, Navier-Stokes equations and Tuebulance. Cambridge
University Press, 2001.
[7] B. Gidas, W. M. Ni, L. Nirenberg, Symmetry and related properties via the maximum principle,
Comm. Math. Phys. 68 (1979), no. 3, 209-243.
[8] M. A. Herrero, J.J.L. Veldzquez, Chemota.ns collapse for the Keller-Segel model. J. Math. Biol.,
35(1996), 177-194.
(9] M. A. Herrero, J.J.L. Veldzquez, Singularity patterns in a chemotaxis model. Math. Ann., 306
~ (1996), 583-623.
{10] E. F. Keller, L. A. Segel, Initiation of slime mold aggregation wewed as an instability, J. Theor.
Biol., 26 (1970), 399-415.
[11] M. K Kwong, Uniqueness of positive solutions of Au — u + u? = 0 in R®, Arch. Rational Mech.
Anal. 105 (1989), no. 3, 243-266. |
[12] M. Kurokiba, T. Ogawa, F. Takahashi, Global existence of solutions for a nonlinearly perturbed
elliptic parabolic system in R?, preprint, Fukuoka University.
{13] M. Kurokiba, T. Senba, T. Suzuki, preprint. Fukuoka University.
[14] T. Nagai, Blow-up of radially symmetric solutions to a chemotaxis system, Adv. Math. Sci. Appl.,
5 (1995), 581-601.
[15] T. Nagai, Blowup of nonradml solutions to parabolic-elliptic systems modeling chemotaxis in two-
dimensional domains, to appear in J. Inequal. Appl.
[16] T. Nagai, T. Senba, T. Suzuki, Chemotactic collapse in a parabolic system of mathematical biology,
Hiroshima Math. J., 30 (2000), 463-497
[17] T. Nagai, T. Senba, K. Yoshida, Application of the Trudinger-Moser inequality to a parabolic system
of chemotaxis, Funkcial. Ekvac. 40 (1997), no. 3, 411-433.
[18] T. Senba, T. Suzuki, Chemotactic collapse in a parabolic-elliptic system of mathematical biology.
Adv. Differential Equations, 6 (2001), 21-50.
[19] X. P. Zhu, A perturbation result on positive entire solutions of a semilinear elliptic equation. J.
Differential Equations 92 (1991), no. 2, 163-178.



