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1. Ihtroduction

Real options approaches have become a useful tool for evaluating irreversible investment
under uncertainty such as R&D investment. Increasing numbers of the real options literatures
such as [3, 5] have investigated strategic interactions of several firms. On the other hand, there
are several studies on the decision of a single firm with an option to choose both the type and
the timing of the investment projects. In this literature, [2] was the first study to pay attention
to the problem and Décamps et al. [1] investigated the problem in more detail.

Despite such active studies on real options, to our knowledge few studies have tried to
elucidate how competition between two firms affects their investment decisions in the case where
the firms have the option to choose both the type and the timing of the projects. This paper
investigates the above problem by extending the R&D model in [5] to a model where the firms
can choose the target of the research from two alternative technologies of different standards with
the same uncertainty about the market demand. In the model, we show that the competition
between the two firms affects not only the firms’ investment time, but also their choice of the
technology targeted in the project.

We highlight two typical cases that reveal interesting implications. One is the de facto
standard case, in which case a firm that completes a technology first can monopolize the profit
flow regardless of the standard of the technology. The other is the innovative case, in which
case a firm with higher-standard technology can deprive a firm with lower-standard technology
of the cash flow by completing the higher-standard technology.

We show that, in the de facto standard case, the competition increases the incentive to
develop the lower-standard technology, which is easy to complete, while in the innovative case,
the competition increases the incentive to develop the higher-standard technology, which is
difficult to complete. In particular, we show that in the de facto standard case the competition
is likely to lead the firms to invest in the lower-standard technology, which is never chosen in the
single firm situation. This result explains a real problem caused by too bitter R&D competition.
Of course, as described in [4], practical R&D management is often much more flexible and
complex than the simple model in this paper. However, it is likely that the essence of the results
remains unchanged in more practical setups.

The paper is organized as follows. After Section 2 derives the optimal investment timing for
the single firm, Section 3 made the general formulation of the competition between two firms.
Section 4 derives the firms’ strategies in the two typical cases, namely, the de facto standard
case and the innovative case.

2. Single firm situation

Throughout the paper, we assume all stochastic processes and random variables are defined
on the filtered probability space (2, F, P; F;). This paper is based on the model in [5]. This
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section considers the investment decision of the single firm without fear of preemption. The firm
can set up a research project for developing a new technology ¢ (we denote technologies 1 and 2
for the lower-standard and higher-standard technologies, respectively) by paying an indivisible
investment cost k;.

In developing technology i, from the time of the investment the invention takes place ran-
domly according to a Poisson distribution with constant hazard rate h;. The firm must pay
the research expense l; per unit of time during the research term and can receive the profit
flow D;Y (t) from the discovery. Here, Y (t) represents a market demand of the technologies at
time ¢. It must be noted that the firm’s R&D investment is affected by two different types of
uncertainty, i.e., technological uncertainty and product market uncertainty. For simplicity, Y (¢)
obeys the following geometric Brownian motion, which is independent of the Poisson processes
representing technological uncertainty.

dY (t) = uY (t)dt + oY (t)dB(t) (¢t >0), Y(0) =y,

where 4 > 0,0 > 0 and y > 0 are given constants and B(t) denotes the one-dimensional F;
standard Brownian motion. Quantities k;, h;, D; and [; are given constants satisfying

0<ki<ks 0<hy<h),0<D; <D 0<lh<ly, (1)

so that technology 2 is more difficult to develop and generates a higher profit flow from its
completion than technology 1. _

The firm that monitors the market demand can set up development of either technologies 1
or 2 at the optimal timing maximizing the expected payoff under discount rate r(> u). Then,
the firm’s problem is expressed as the following optimal stopping problem

o0
Vo(y) =sup E [max E[ e""D,'Y(t)dt —e "k — / e~ "lLdt | -7'_7]} ) 2)
7€T 1=1,2 T4+ T

where 7 is a set of all F; stopping times and ¢; denotes a random variable representing a Poisson
arrival with hazard rate h; independent of B(t). In problem (2), max;=1 3 E[: - - | 7] means that
the firm can choose the optimal technology at the investment time 7.

Via some calculations, problem (2) can be reduced to

Vo(y) = sup Ele™" max(anY (1) - L)], 3)
€T i=1,2
where ai9 and I; are defined by
D;h;
o= 4
o (r = u)(r+hi - ) @
- g b
L = k+ eyt (5)

Here, aigY (7) represents the expected discounted value of the future profit generated by tech-
nology % at the investment time 7, and I; represents its total expected discounted cost at time 7.
Eq. (1) and (5) imply I; < I3, but the inequality a1p < ago does not necessarily hold depending
upon a trade-off between h; and D;. Let Vj(y) and 75 denote the value function and the optimal
stopping time in problem (3), respectively. As in most real options literature, we define
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Proposition 1 The value function Vp(y) and the optimal stopping time 7§ in the single firm’s
problem (3) are given as follows:
Case 1: 0 < azo/alo <1

AP (0<y<ylp)
Voly) = . 8
ow) { a0y — 1 (¥ = yio)s ®)
70 = inf{t>0]|Y(¢) =y} 9)
Case 2: 1 < (azo/alo)ﬂm/(ﬁm"]) <I/I
AgyPr go <y <yio) )
—1I Yio<y<y
Ve = 210y — 41 10 20 10
ow) Boy®0 + Coy®® (3o <y < y30) (10)
azoy — Iz (¥ = y30)
76 = inf{t >0]Y(t) € [y30,¥20] U [¥30, +00)}. (11)
Case 3: (azo/am)ﬁm/wm"l) >hL/n
— BOy'am (0 <y< y§o) 12
Voly) = { azoy — Iz (¥ 2 y30), (12)
T = iInf{t>0]|Y(t) > y5} (13)

Here, constants Ag, By, Co and thresholds y3,, ¥3¢, ¥3 are determined by imposing value match-
ing and smooth pasting conditions. Note that I; < I3 and By > 1.

In Proposition 1, Agy®, BoyP and CpyP» correspond to the values of the option to invest
in technology 1 at the trigger y7;, the option to invest in technology 2 at the trigger y3, and
the option to invest in technology 1 at the trigger y3g, respectively. In Case 1, where the
expected discounted profit of technology 1 is higher than that of technology 2, the firm invests
in technology 1 at time (9) independently of y. In Case 3, where technology 2 is much superior
to technology 1, on the contrary, the firm invests in technology 2 at time (13) regardless of y.
In Case 2, where both projects has similar values by the trade-off between the profitability and
the research term and cost, the firm’s optimal investment policy has three thresholds y3,, ¥3o
and y3,, and therefore the project chosen by the firm depends on the initial value y. Above
all, if y € (y3g,¥3p), the firm defers not only investment, but also choice of the project type.

] . Firm 1's Firm 2's Time t

3. Two firms situation Completion Completion >

We turn to a problem of two symmetric ~ Tech. 1 Tech 1y oo
firms. We assume that two Poisson pro- (DY (5).0) (DX (.0)
cesses modeling the two firms’ innovation  Tech. 1, Tech. 3, >
are independent of each other, which means T (DY(),0) (@, DY (1),a,D,Y (1))
that the progress of the research project by . '

. Tech. 2, Tech. i >

one of the firms does not affect that of its DY (9),0) ~t (DY (1),0) -

rival. The scenarios of the cash flows into
the firms can be classified into four cases. Figure 1: (Firm 1’s cash flow, Firm 2’s cash flow)
We assume that the cash flows into the firm
that has completed a technology first (de-
noted Firm 1) and the other (denoted Firm
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2) follows Figure 1. The quantities a; are constants satisfying 0 < a;, a2 < 1. We consider that
the technology’s share in the product market determines o and as.

As in [5], we solve the game between two firms backwards. We begin by supposing that one
of the firms has already invested, and find the optimal decision of the other. In the remainder of
this paper, we call the one who has already invested leader and call the other follower, though
we consider two symmetrical firms. Thereafter, we look at the situation where neither firms
has invested, and consider the decision of either as it contemplates whether to go first, knowing
that the other will react in the way just calculated as the follower’s optimal response. Let
Fi(Y) and 77, denote the expected discounted payoff (at time t) and the investment time of the
follower responding optimally to the leader who has invested in technology i at time t satisfying
Y (t) = Y. We denote by L;(Y') the expected discounted payoff (at time t) of the leader who has
invested in technology i at Y (¢) =Y.

38.1. Case where the leader has invested in technology 2

This subsection derives F3(Y), 7, and Ly(Y). Given that the leader has invested in technol-
ogy 2 at Y(t) =Y, the follower’s problem can be reduced to

Fy(Y) = sup EY [e~*M)" max(aipY (7) - L)), (14)
TE =1

where a;; are defined by

Dyhy
) 1
B G T 4o
D1h1 ( a1h2 )
= 1 ,
MW = G Ihmth-prrh-@ \ g (16)
Dshg ( azhy )
— 1 y
aa (r—p)(r+hi+hs—p) +r+h2-'l-‘- (a7)
| _
age Daha (18)

(r—p)(r+2hy—p)’

The additional discount e=*27 values the possibility that the follower’s option vanishes before its
investment by the leader’s completion of technology 2. Quantity a;;Y (7) represents the expected
discounted value of the future cash flow of the firm that invests in technology ¢ at time 7 when
its opponent is on the way to development of technology j. From the expression (14), we can
show the following proposition.

Proposition 2 The follower’s payoff F3(Y), investment time 75, and the leader’s payoff Ly(Y)
are given as follows:
Case 1: 0 < azz/a12 <1

AYP2  (0<Y <yd)
Fa(Y) { a2y - I (Y 2 412),
T, = inf{s>t]|Y(s) 2y}
axY — Iz — AzYﬂn 0<Y <yis)
Ly(¥) { anY — I Y 2 yt2)
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Case 2: 1 < (agz/alz)ﬁm/(ﬁm—l) < Iz/Il

(AP 0<Y <yl)
— * < < *
RO = 8 S L urte <y <4t
( axY - I (Y > y32),
Th = inf{s >t|Y(s) € [vf2, ¥32) U [¥2, +0)},
( agxY — Is — Azyﬁn (0 <Y< yi'z)
L) = { @¥-2 _____  WhsY<u)
aY — Iz — BZY 12— CY (yzz <Y< y32)
\ a2Y — I (Y > y32).

Case 3: (agz/a12)?2/(F12-1) > /1y

BpYP2  (0<Y <yl)
BEyY
2(Y) { aY —I; (Y >y3),
Th, = inf{s>t|Y(s)>y3}
{ axY —Iz - Bzyﬂn (O <Y < y§2)
aY — I (Y 2 y32)-

Here, (12 and 322 denote (6) and (7) replaced r by + ha, respectively. Constants Az, B2,Cz and
thresholds y75, y32, ¥32 are determined by both value matching and smooth pasting conditions,
while constants Ay, Bz and C; are determined by the value matching condition alone. Note that
Iy < I3 and B2 > 1.

Constants A3, Bz,Cz and thresholds yl;, 43,432 in Proposition 2 correspond to constants
Ao, Bo, Co and thresholds y7q, ¥30, ¥4 in Proposition 1, respectively. Constants Az, Bz and Co
value the possibility that Y rises above 7, prior to the leader’s completion, the possibility that
Y rises above y3, prior to the leader’s completion, and the possibility that Y falls bellow 3,
prior to the leader’s completion, respectively.

Lz(Y)

3.2. Case where the leader has invested in technology 1

In this subsection, unlike in the previous subsection, there remains the follower’s option to
invest in technology 2 after the leader’s invention of technology 1 if the follower has not invested
yet. Due to this option value, we need more complicated discussion in this subsection.

Let f1(Y) and 77, be the expected discounted payoff and the optimal stopping time of
the follower responding optimally to the leader who has already succeeded in development of
technology 1 at Y(£) = Y. In other words, f;(Y) represents the remaining option value to invest
in technology 2 after the leader’s completion of technology 1. We need to derive f1(Y) and A
before analyzing Fi(Y) and 7f, . Given that the leader has already completed technology 1 at
Y(t) =Y, the follower’s problem becomes

fHiY) = sup EY[e™™ (aza20Y (t) — I2))- - (19)

It is easy to obtain the value function f1(Y') and the optimal stopping time 77 'in problem (19).
If ag > 0, then
_ [ B'yPw (0<Y <y
A) = { azazY -1z (Y 29), (20)
m, = inf{s>t|Y(s) 24} (21)
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where B’ and y’ are constants determined by the value matching and smooth pasting conditions
(we omit the explicit solutions to avoid cluttering). If a; = 0, then we have f1(Y) = 0 and
T; = +o00.
bj

' Assuming that the leader has begun developing technology 1 at Y (t) = Y, the follower’s

problem can be expressed as follows: '
Fi(¥) = sup EY e~ max(an Y (1) = L) + 1grzaye ™™ (Y (1)), (22)
TE = - ,

where 31 denotes the time when the leader completes technology 1. Compared with the follower’s
problem (14), problem (22) has the additional term EY[I{TZ,I}e'"l f1(Y (81))]- This term cor-
responds to the value of the option for the inactive follower to invest in technology 2. Generally,
problem (22), unlike (14), is difficult to solve analytically because of the additional term. In the
next section, we overcome the difficulty by focusing on two typical cases, namely, the de fact
standard case, where (a1, a2) = (1,0), and the innovative case, where (a;,az) = (0,1).

4. Analysis in two typical cases

In order to exclude a situation where both firms mistakenly invest simultanecusly, we assume
that the initial value y is small enough, that is, max;=; 2(aioy — I;) < 0 (Assumption A), as
in [5], when we discuss the preemption equilibrium. We moreover restrict our attention to the
case where the firm always chooses the higher-standard technology 2 in the single firm situation
to contrast the competitive situation with the single firm situation. To put it more concretely,
we assume (azo/a19)?0/(F1o=1) > I, /I, (Assumption B), so that Case 3 follows in Proposition
1.

In the first place, we analytically derive the follower’s payoff F1(Y) and the leader’s payoff
L1(Y) in both the de fact standard and innovative cases. Note that the results on F2(Y) and
Ly(Y') in Proposition 2 hold true by substituting (a1, a2) = (1,0) and (a3, @z) = (0,1) into (16)
and (17). Then, using L;(Y) and Ly(Y), we define

_ [ R(Y) (Li(Y) > Ly(Y))
F(Y) = {F;(Y) (L1(Y) < La(Y)).

Comparing L(Y) with F(Y'), we examine the situation where both firm try to preempt each
other.

4.1. De facto standard case

Since ag = 0 holds in this cese, the follower’s option value f;(Y) vanishes just like in
Subsection 3.2. Thus, we can solve the follower’s problem (22) in the same way as problem (14).
Indeed, F1(Y) and Th, agree with F3(Y) and 75, replaced aiz, Bi2 with a1, Bi1, respectively in
Proposition 2, where #11(> 1) and B21(< 0) denote (6) and (7) replaced discount rate r with
T+ hy, respectively. In this case, we denote three thresholds corresponding to y3,,¥3; and y3;
in Proposition 2 by yi;,¥3; and y3;, respectively. Then, the payoff L1(Y) of the leader who
has invested in technology 1 at Y'(t) = Y coincides with L(Y") replaced ag;, I3, Bi2 and yj; by
a1, 11, Bi1 and yf;, respectively in Proposition 2.

Let us compare the follower’s decision in the de facto standard case with the monopolist’s
decision derived in Section 2. Using » — z > 0 and h; > hy > 0, we have

n o= a2 (23)
a;1 a2 G1o
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Eq. (23) states that the relative expected profit of technology 2 to technology 1 is smaller than
that in the single firm case. Using 1 < B19 < B12 < B11, we also obtain

Bu1 P12 Bo
511—1<ﬂ12—1<ﬂ10—1' (24)

Eq. (23) and (24) suggest a possibility that (ag;/a1;)P1%/(P1~1) is smaller than Iz/I; and 1 even
under Assumption B. Then the follower’s optimal choice could be technology 1. In consequence,
the presence of the leader increases the follower’s incentive to choose the lower-standard tech-
nology 1, which is easy to complete, compared with in the single firm situation. It can be shown
that F1(Y) < F2(Y) (Y > 0). That is, from the follower’s viewpoint, the case where the leader
has chosen technology 2 is preferable to the case where the leader has chosen technology 1. This
is due to that the leader who has invested in technology 1 is more likely to preempt the follower
because of its short research term.

Finally, we consider the situation where neither firm has invested. Let us see that there exists
a possibility that technology 1 can be developed due to the competition, even if technology 2
generates much more profit than technology 1 at its completion. Although, as has been pointed
out, (agi/ al.r)p“/ (614=1) could be smaller than I /I1 and 1 under Assumption B, we now consider

the case where
( az,-) 5123:-1. I 2
— >3 (25)
a L

holds, which means that a cash flow resulting from technology 2 is expected to be much greater
than that of technology 1. ‘

Since the initial value Y'(0) = y is small enough (Assumption A), in the single firm situation
the firm invests in technology 2 (Assumption B) as soon as the market demand Y (¢) rises to
the level y3y. Development of technology 1 is meaningless because the firm without fear of
preemption can defer the investment sufficiently. However, the firm with fear of preemption by
its rival will attempt to obtain the leader’s payoff by investing a slight bit earlier than its rival
when the leader’s payoff L(Y') is larger than the follower’s payoff F(Y). Repeating this process
causes the investment trigger to fall to the point (denoted, yp)where L(Y) is equal to F(Y). At
the point the firms are indifferent between the two roles, and then one of the firms invests at
‘time inf{t > 0 | Y(t) > yp} as leader, while the other invests at time 7, (if there remains the
option to invest) as follower. This asymmetric outcome is called preemption equilibrium. If the
fear of preemption hastens the investment time sufficiently, the preemption trigger yp is much
smaller than y3,, and becomes the intersection of L;(Y) and F;(Y) rather than that of Lz(Y)
and F3(Y'). It suggests a possibility that in the preemption equilibrium the leader invests in
technology 1, even if (25) is satisfied.

1<

4.2. Innovative case

This subsection examines the innovative case. We consider the follower’s optimal response
assuming that the leader has invested in technology 1 at Y(t) = Y. We can show that in the
innovative case the follower’s best response 7, coincides with 74, and that Fi(Y) = f1(Y) =
Vo(Y) hold. That is, the follower behaves as if there were no leader. Using the follower’s
investment time, we have the leader’s payoff L1(Y) as La(Y") replaced agi,I2, 512 and y3, by
aii, I, B11 and y3,, respectively in Case 3 in Proposition 2. '

Next, we compare the follower’s decision in the innovative case with the monopolist’s decision.
We can easily show

1< 220 238 (;_1,9) (26)
a0 aig
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Eq. (26) means that the relative expected profit of technology 2 to technology 1 is greater than
that in the single irm case, contrary to (23) in the de facto standard case. Since (24) remains
true, the relationship between (azz/a12)?12/(P12=1) and I/I; depends on the parameters even
under Assumption B. However, in most cases the effect of (26) dominates the effect of (24).
To sum up, the presence of the leader, unlike in the de facto standard case, tends to decrease
the incentive of the lower-standard technology 1, which is easy to complete. By definition of
" the follower’s problem (14), we can show F3(Y) < Vp(Y) = Fi(Y) (Y > 0), contrary to the
de facto standard case. With respect to the preemption equilibrium, we obtain the following
proposition.

Proposition 8 The inequality
LiY)<FR(Y) (Y >0) (27)

holds, and therefore in the preemption equilibrium the leader always chooses technology 2,'
Furthermore, if (azz/au)ﬁ"/ (A12-1) > I,/I1, in the preemption equilibrium the follower, also,
always chooses technology 2. :

Teble 1 summarizes the comparison results between the two cases.

Table 1: Comparison between the de facto standard and innovative cases.

De facto standard Innovative
Relative expected profit a2i/a1; < azp/aig az;/a1i > az/a10
Follower’s value function F(Y) < Fy(Y) F1(Y) > F(Y)
Preemption equilibrium Both firms: likely to choose Leader: Tech. 2, Follower:
Tech. 1 Tech. 2
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