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‘Approximation for extinction probability of
the contact process based on the Grobner basis

Norie Konno |
Departinent of Applicd Mathematics
Yokohama National University

Abstract. In this note we give a new method for getting a series of approxi-
mations for the extinction probability of the one-dimensional contact process by
- using the Grobner basis.

1 Ihtroduction

Let X = {0, 1}Zd denote a configuration space, where Z¢ is the .d-dimensional
~integer lattices. The contact process {n; : t > 0} is an X-valued continuous-
- tiine Markov process. The model was introduced by Harris in 1974 [1] and
~ is considered as a simple model for the spread of a discase with the infection

rate A. In this sctting, an individual at z € Z¢ for a configuration n € X is

infected if 7(x) = 1 and healthy if p(z) = 0. The formal generator is given
by. : :

Of(m) = ez, n)lf ") — fF(n),
zeZd
where 7)* € X is defined by %(y) = n(y) (y # 2), and y*(x) = 1 —y(x). Here

for cach & € Z* and n € X, the transition rate is

c(z,m) = (1= n(z)) x A > ) + ),

y:ly—z|=1
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with |z| = |@y|+ - -+ |z4|. In particular, the one-dim=nsional contact process
is |
001 — 011 " atrate A,
100 — 110 atrate A,
101 — 111 at rate 2,
1 - 0 at rate 1.

Let Y = {A C Z%: |A| < oo}, where |A| is the number of elements in A.
Let £/(C Z?) denote the state at time ¢ of the contact process with £ ='A
There is a one-to-one correspondence hetween &(C Z?) and 7, € X such
that = € £} if and only if 7:(x) = 1. For any A € Y, we define the extinction
probability of A by livy—.e I’(§;' = #). Define vp(A) = va{n : n(z) = 0.
for any 2 € A}, where vy is an invariant measure of the process starting
from a configuration: n(z) = 1 (z € Z*) and is called the upper invariant
measure. In other words, let 6;5(t) denote the probability measure at time /
for initial probability measure §; which is the pointmass n = i (i = 0,1). Then
vy = limy—.o 615(t). Then self-duality of the process implies that vy(A) =
' limy—oo P(§! = 0). The correlation identities for vx(A4) can be obtained as
follows: - ’

Theorem 1.1 For any A €Y,

ESDY 2 Au{y})——wA)]+Z[VAA\{Q;})-VA( y] =o.

TE€A y|ly—1z|=1 z€ A

From now on we consldvr the one-dimensional case.  We mh oduee the fol—
* lowing notation: ‘

va(o) = vy ({0}), 1/,\(00) = ) ({0,1}), var(o x o) = VA({(] 2}),
By Theorem 1.1, we obtain

Corollary 1.2

(1) 2/\1/)‘(00) — (2/\ + 1)1/,\(0) +1 = 0,
(2)  A(eoo) = (A+ Lua(oo) +va(e) =0, |
(3) 2y (0 0 00) + wy(0 x 0) — (2A 4 3)wa(o 00) + 2wy (00) = 0,

4) Ay(o 0 Xxo) — (2X + 1)UA(O X-0) + Avr(0 0 0) + wy(0) = 0. |
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The detailed discussion concerning results in this section can be seen in
‘Konno [2, 3]. If we regard )\, vx(0),vx(00),va(0 0 0),... as variables, then
the left hand sides of the correlation identities by Theorem 1.1 are polyno-
- mials of degree at most two. In the next section, we give a new procedure
for getting a series of approximations for extinction probabilitics based on
the Grobuer basis by using Corollary 1.2. As for the Grobner bcl.blb sce (4],
for example.

2 Our results

Put 2 = wy(0), y =.1,(00), 2 = vy(oo00), w = wy(oxo0), s = w(oo
00), u = 15(0o 0 x0). Let < denote the lexicographic order with A < ' <
y<w < z<u=<s Form=1,2,3, let I, be the ideals of a polynomial
ring Rlzy, 23, . .., Tamm)] over R as defined below. Here z; = ALy =1T,T3=
Y, T4 = 2,75 = w26 = 3,77 = u and n(l) = 3:n(2) =4,n(3)=7.

2.1 First approximation
We consider the following ideal hased on Cofollary 1.2 (1):
(5) L=(2xy-2Xc=z+1,y-2*) CR) 1z,

Here y —x? corresponds to the first (or mean-field) dpproximation vy M (o0) =
(v{V(0))2. Then

© Gi = {(r — 1)2\z ~ 1), y - 2*}

is the reduced Grobn(‘r basis for [ 1 with Icsg)ect to <. Thelefore the solution .
except a trivial one (= y) = 1is 2 = 1/(2)\). Remark that the
trivial solution means that the invariant med.sule is §y. From this, we obtain
the first approximation of the density of the particle; py = h,,,‘( (x)), as
follows: ,

(7) A=) = B

for any A > 1/2. Thlb result gives the first lower bound A of thé critical
value A, of the one-dimensional contact process, that is, AN =1 /2 < A
However it should be noted that the inequality is not proved in our approach.
The estimated value of A is about 1.649. :
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2.2 Second approximation

Consider the following ideal based on Corollary 1.2 (1) and (2):
L=(2y -2 t—z+1, dz— X y—y+z,22—9°)C R[)x,a;,gj,z].

Here zz—y? corresponds to the second (or pair) approximation: Vﬁ‘?)(o ) /f\z)(oo
o) = (’/,(\2)(00))2. Then : o

Gy ={(z - 1)(@r - 1)z —=1), 1+ 2)\y — z) — =,
—y —yz +22% —z - y(2+ y) + 47°}
is the reduced Grobner basis for I, with respect to <. Therefore the solution
except a trivial one x(= y = 2) = lis z ='Vf\2)(o) =1/(2A - 1). Asin a
similar way of the first approxaimation, we get the second approximation of

the density of the particle:

@ _ 2(A—1)

for any A > 1. This result implies the sccond lower bound AP =10 we
should remark that if we take

L=(2y-2z—z+ 1L Ai- A y—y-+z,y- 7%, z— %) C R\ z,y, 2],

then we have | |
Gy={s-1,y~1,2-1)

is the reduced Grébner basis for I 5 with respect to <. Here y— 2% and z — z*

correspond to an approximation: U/(\z )(oo) = (1/§\2 )-(o))z and uf\z)(o 0o0) =

(vf\2 )(o))s,, respectively. Then we have only trivial solhition: £ =y =2z = 1.

2.3 Third approximation
Consider the following ideal based on Corollary 1.2 (1)—(4):
I3 = (2Ay — 2Ax — & | 1, A2 — Ay —y + =, |
208 +w — (2A + 3)z + 2y, Au — (22 + L)w + Az + =,
Cys— 2%, zu—yw) C R\, y. z,w, 5. u).
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Here ys—— 22 and Tu—yw (orr< spond to the thlrd approx1mahon 1//(\5) (oo)z/( )(oo
00) = (I/A (ooo)) and 1/ (0)1/,\ (oo ><o) =V, )(oo)u)‘ (o x o), respectively.

Then
Gy = {(z - 1)((1 1203 — 5 —-'1)'1;2 — 2X(2) + 3):1? —A+1), ...}

is th(, reduced, Gl()bll(‘l basis for I3 with respect to <. Thercfore the soluhon
except a trivial one = 1is . = z/( )(0) = (A(2A+3)+VD)/(12X* —5A-1), .
" where D = 160 + 422 + 4X -+ 1. Thon we obtain the third approximation of
the density of the particle:

4A(3X2 — A - 3).
1208 — 232 — 8\ — 14 VD’

e A

for any A > (1 + +/37)/6. This result corresponds to the third lower bound
A = (1 +V37)/6 =~ 1.180. - |

3 Summary

We obtain the first, second, and third approximations for the extinction
‘probability, the density of the particle, and the lower bound of the one-
dimensional contact process by using the Grobner basis with respect to &
suitable term order. These results coincide with results given by the Harris'
lemma (more precisely, the Katori-Konno method, see [3]) or the BFKL
inequality [5] (sce also [3]). As we saw, the generators of I, i Section 2
have degree at most two in xy, xa, . . ., such as 2Ay — 2 r —x + 1, ys — 22

the case of [3. We expect that this property will lead to get thehigher order
~ approximations of the process (and other interacting particle systems having
a similar property) effectively. -

Acknowledgment. The author thanks Takeshi Ka,leaJa for valuable dis-
cussions and comments. |

References

[1] T. E. Harris, Contact intcractions on a lattice, Ann waab 2: 969-988
(1974).



2]

3]

62

N. Konno, Phase Transitions on Interacting :’article Systems, World
Scientific, Singapore (1994).

N. Konno, Lecture Notes on Interacting Particle Systems,
Rokko Lectures in Mathematics, Kobe University, No.3 (1997),
http://www.math kobe-u.ac.jp/publications/rlm03.pdf.

D. A. Cox, J. B. Little, and D. O'Shca, Idcals, Varietics, And Al-
gorithms: An Introduction to Computational Algebraic Geometry And
Commutative Algcbra, 3rd cdition, Undergraduate Texts in Mathemat-
ics, Springer Verlag (2007).

V. Belitsky, P. A. Ferrari, N. Konno, and T. M. Liggett, A strong corre-
lation inequality for contact processes and oriented percolation, Stochas-

tic. Process. Appl. 67: 213-225 (1997).



