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1 Introduction

Let E be a Banach space and let C be a nonempty closed convex subset of E. Then, a
mapping T': C — C is said to be nonezpansive if | Tz — Ty|| < ||z — y|| for all z,y € C. The
first fixed point theorem for a nonexpansive mapping whose domain C is not compact was
established in 1965 by Browder [11]. He proved that if C is & bounded closed convex subset of
a Hilbert space E and T is a nonexpansive mapping of C into itself, then 7" has a fixed point-
in C. Almost immediately, both Browder [12] and Géhde [21] proved that the same is true if
E is a uniformly convex Banach space. Kirk [27] also proved the following theorem: Let E be
a reflexive Banach space and let C' be a nonempty bounded closed convex subset of E which
has normal structure. Let 7" be a nonexpansive mapping of C into itself. Then the set F(T’)
of fixed points of T is nonempty.

~ After Kirk’s theorem, many fixed point theorems concerning nonexpansive mappings have
been proved in a Hilbert space or a Banach space. In particular, Baillon and Schoneberg
[9] introduced the concept of asymptotic normal structure and generalized Kirk’s fixed point
theorem as follows: Let F be a reflexive Banach space and let C be a nonempty bounded closed
convex subset of E which has asymptotic normal structure. Let T be a nonexpansive mapping
of C into itself. Then F(T') is nonempty. A fixed point theorem for a family of nonexpansive
mappings was first proved by DeMarr [18] by assuming that the family is commutative and
C is compact. Later, Takahashi [56] extended this theorem to a noncommutative semigroup
of nonexpansive mappings which is called amenable. Since then, many fixed point theorems
for a nonexpansive mapping or a family of nonexpansive mappings have been established by
many authors.

On the other hand, in 1975, Baillon [6] originally proved the first nonlinear ergodic theorem
in the framework of Hilbert spaces: Let C be a closed and convex subset of a Hilbert space
and let T' be a nonexpansive mapping of C into itself. If F(T) is nonempty, then for each
z € C, the Cesaro means

; n-l
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converge weakly to some y € F(T). In this case, putting y = Pz for each z € C, Pisa
nonexpansive retraction of C onto F(T') such that PT = TP = P and Pz is contained in
the closure of convex hull of {T™z : n =1,2,...} for each z € C. We call such a retraction
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“an ergodic retraction”. In 1981, Takahashi [58] proved the existence of ergodic retractions
for amenable semigroups of nonexpansive mappings on Hilbert spaces. Rodé [49] also found
a sequence of means on a semigroup, generalizing the Cesaro means, and extended Baillon’s
theorem. These results were extended to a uniformly convex Banach space whose norm is
Fréchet differentiable in the case of commutative semigroups of nonexpansive mappings by
Hirano, Kido and Takahashi [23]. In 1999, Lau, Shioji and Takahashi [33] extended Takahashi’s
result and Rodé’s result to amenable semigroups of nonexpansive mappings in the Banach
space.

In this article, we first discuss fixed point theorems for nonexpansive mappings or families
of nonexpansive mappings in Banach spaces. In particular, we state a fixed point theorem
- for amenable semigroups of nonexpansive mappings in Banach spaces which generalizes Kirk’s
theorem and Takahashi’s theorem, simultaneously. This theorem answers affirmatively a prob-
lem posed during the Conference on Fixed Point Theory and Applications held at CIRM,
Marseille-Luminy, 1989 (see [29]). Then we show generalized nonlinear ergodic theorems for
nonexpansive semigroups in Banach spaces. In particular, we discuss generalized nonlinear
ergodic theorems for nonexpansive semigroups in uniformly convex Banach spaces or general
Banach spaces. Using these results, we obtain some nonlinear ergodic theorems in cases of
discrete and one-parameter semigroups of nonexpansive mappings. Finally, we discuss two
iterative methods for approximation of fixed points of nonexpansive mappings which are dif-
ferent from the mean ergodic method.

2 Preliminaries

Let E be a real Banach space with norm || - || and let E* denote the topological dual of E.
We denote the value of y* € E” at z € E by (z,y*). When {z,} is a sequence in E, we denote
the strong convergence of {z,} to z € E by =, — z and the weak convergence by z, — z.
The modulus of convexity § of E is defined by

. T+
o) =nt {1 - L2 oy <1,y < 1,10 - ) >e}
for every e with 0 < e < 2. A Bana.ch space F is said to be umformly convez if 5(6) > 0 for
every € > 0. Let € and r be real numbers with 7 > 0 and 0 < € < 2r. If FE is uniformly convex,

then o satisfies that d(e/r) > 0 and
& BICE)

for every z,y € E with |z|| <, ||yl < and ||z —y|| 2 €. Let C be a nonempty closed convex
subset of a uniformly convex Banach space E. Then we know that for any z € E, there exists
a unique element z € C such that ||z — 2|| < ||z — || for all y € C. Putting z = Pco(z), we call
Pc the metric projection of E onto C. The duality mapping J from E into 2 is defined by

Jz = {z* € E*: (z,z*) = ||z]|® = ||z*||*}

for every z € E. Let U = {x € E : ||z|]| = 1}. The norm of E is said to be Géiteauz
differentiable if for each z,y € U, the limit :

t—0 t
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exists. In the case, E is called smooth. The norm of E is said to be uniformly Géteauz
differentiable if for each y € U, the limit (2.1) is attained uniformly for z € U. It is also said
to be Fréchet differentiable if for each z € U, the limit (2.1) is attained uniformly fory € U. A
Banach space E is called uniformly smooth if the limit (2.1) is attained uniformly for z,y € U.
We know that if F is smooth, then the duality mapping J is single valued. Further, if the
norm of FE is uniformly Gateaux differentiable, then J is uniformly norm to weak* continuous
on each bounded subset of E. We know the following result: Let E be a uniformly convex
Banach space with a Gateaux differentiable norm. Let C be a nonempty closed convex subset
of E and z € E. Then, o = Pc(z) if and only if .

{(xo —y,J(z —z0)) 20

for all ¥ € C, where J is the duality mapping of E; see [64, 65] for more details.
A Banach space E is said to satisfy Opial’s condition [46] if for any sequence {z,} C E,
=y implies
lim inf ||z, — y|| < lim inf ||z, — 2|
n—00 n—oo

for all z € E with z # y. A Hilbert space satisfies Opial’s condition.

Let C be a closed convex subset of E. A mapping T': C — C is said to be nonezpansive if
|Tz — Ty|| < ||z — y|| for all z,y € C. We denote the set of all fixed points of T by F(T').
A closed convex subset C of a Banach space E is said to have normal structure if for each
bounded closed convex subset of K of C which contains at least two points, there exists an

element = of K which is not a diametral point of K, i.e.,
sup{||lz — || : y € K} < 6(K),

where 6(K) is the diameter of K. It is well known that a closed convex subset of a uniformly
convex Banach space has normal structure and a compact convex subset of a Banach space
has normal structure; see [64] for more details. Let D be a subset of C and let P be a mapping
of C into D. Then P is said to be sunny if

P(Pz + t(z — Pz)) = Pz

" whenever Pz + t(x — Pz) € C for z € C and t > 0. A mapping P of C into C is said to be
a retraction if P2 = P. We denote by D and @D the closure of D and the convex hull of D,
respectively.

Let I denote the identity operator on E. An operator A C F x FE with domain D(A) =
{z € E : Az # 0} and range R(A) = U{Az : z € D(A)} is said to be accretive if for each
z; € D(A) and y; € Ax;, i = 1,2, there exists j € J(z1 — z3) such that (y1 —y2,5) >0. If A
is accretive, then we have ’

flz1 — 2|l < ||lz1 — 22 + r(v1 — y2)||

for all 7 > 0. An accretive operator A is said to satisfy the range condition if D(A) C
MNy>o R(I +rA). If A is accretive, then we can define, for each r > 0, a nonexpansive single
valued mapping J,: R(I + rA) — D(A) by J, = (I +rA)~L. It is called the resolvent of A.
We also define the Yosida approzimation A, by A, = (I — J,)/r. We know that A,z € AJ,x
for all z € R(I + rA) and ||A,z|| < inf{||ly|| : y € Az} for all z € D(A) N R(I + rA). We also
know that for an accretive operator A satisfying the range condition, A~10 = F(J,.) for all
r > 0. An accretive operator A is said to be m-accretive if R(I +rA) = FE for all r > 0. Reich
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[48] proved the following result: Let E be a uniformly convex and uniformly smooth Banach
space and let A C E X E be an m-accretive operator such that A~10 is nonempty. Then,

- for any z € E, the strong limit lim;—,o J;T exists and belongs to A~10. In this case, putting
Pz = lim;,o0 J;z, we have that P is a sunny nonexpansive retraction of E onto A™10. We .
also know that zyp = Pz if and only if '

(z — zo,J(zo — 2)) 20

for all z € A~10.

‘Let S be a semitopological semigroup, i.e., a semigroup with Hausdorff topology such that
for each s € S, the mappings t — ts and ¢t — st of S into itself are continuous. Let B(S) be
the Banach space of all bounded real valued functions on S with supremum norm and let X
be a subspace of B(S) containing constants. Then, an element x4 of X* (the dual space of X)
is called a mean on X if ||u|| = (1) = 1. We know that u € X* is a mean on X if and only if

inf{f(s) : s € S} < u(f) < sup{f(s) : s € S}

for every f € X. A real valued function x on X is called a submean on X if the following
properties are satisfied: '

(1) p(f +9) < p(f) + p(g) for every f,g € X;
(2) plaf) = ap(f) for every f € X and o > 0;
(3) for f,9 € X, f < g implies u(f) < p(g);
(4) p(c) = c for every constant function c.

Clearly every mean on X is a submean. The notion of submeans was first introduced by
Mizoguchi and Takahashi [45]. For a submean y on X and f € X, sometimes we use pu:(f(t))
instead of u(f). For each s € S and f € B(S), we define elements £, f and r,f of B(S)
given by (6,f)(t) = f(st) and (r,f)(t) = f(ts) for all t € S. Let X be a subspace of B(S)
containing constants which is invariant under ¢,, s € S (resp. 75, r € S). Then a mean x on
X is said to be left invariant (resp. right invariant) if u(f) = u(lsf) (resp. p(f) = p(ref))
for all f € X and s € S. An invariant mean is a left and right invariant mean. A submean
u on X is said to be left subinvariant if u(f) < p(l,f) forall f € X and s € S. Let Sbea
semitopological semigroup. Then § is called left (resp. right) reversible if any two closed right
(resp. left) ideals of S have non-void intersection. If S is left reversible, (S, <) is a directed
system when the binary relation “<” on S is defined by a < b if and only if {a}USa > {b}USb,
a,b € S. Similarly, we can define the binary relation “<” on a right reversible semitopological
" semigroup S.

3 Fixed Point Theorems

In this section, we discuss fixed point theorems for a nonexpansive mapping or a family
of nonexpansive mappings. The first fixed point theorem for nonexpansive mappings was
established in 1965 by Browder [11]. He proved that if C is a bounded closed convex subset of
a Hilbert space H and T is a nonexpansive mapping of C into itself, then T has a fixed point
in C. Almost immediately, both Browder [12] and Géhde [21] proved that the same is true if
E is a uniformly convex Banch space. Kirk [27] also proved the following theorem:

Theorem 3.1 ([27]). Let E be a reflexive Banach space and let C be a nonempty bounded
closed conver subset of E which has normal structure Let T be a nonezpansive mappmg of C
- into itself. Then F(T') is nonempty.
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After Kirk’s theorem, many fixed point theorems concerning nonexpansive mappings have
been proved in a Hilbert space or a Banach space. In particular, Baillon and Schéneberg
[9] introduced the concept of asymptotic normal structure and generalized Kirk’s fixed point
theorem as follows:

Theorem 3.2 ([9]). Let E be a refiezive Banach space and let C be a non-empty bounded
closed convex subset of E which has asymptotic normal structure. Let T be a nonezpansive
mapping of C into itself. Then F(T) is nonempty.

On the other hand, DeMarr [18] proved the following fixed point theorem for & commutative
family of nonexpansive mappings.

Theorem 3.3 ([18]). Let C be a compact convez subset of a Banach space E and let S be a
commutative family of nonezpansive mappings of C into itself. Then S has a common fired
point in C, i.e., there exists 2 € C such that Tz = z for every T € S.

Browder [12] proved the following fixed point theorem without compactness:

Theorem 3.4 ([12]). Let C, be a bounded closed conver subset of a uniformly convezr Banach
space E and let S be a commutative family of nonexpansive mappings of C into itself. Then
S has a common fized point in C.

Further, let us consider to extend these theorems to a noncommutative semigroup of non-
expansive mappings. Let S be a semitopological semigroup and let C' be a nonempty closed
convex subset of a Banach space E. Then a family S = {T, : 8 € S} of mappings of C into
itself is called a nonexpansive semigroup on C if it satisfies the following: :

(1) Tpex = T,Tix for all s,t € S and z € C;
(2) for each z € C, the mapping s — T,z is continuous;
(3) for each s € S, T, is a nonexpansive mapping of C into itself.

For a nonexpansive semigroup & = {7, : s € S} on C, we denote by F'(S) the set of common
fixed points of T,, s € S. Let S be a semitopological semigroup, let C(S) be the Banach space
of all bounded continuous functions on S and let RUC(S) be the space of all bounded right
uniformly continuous functions on S, i.e., all f € C(S) such that the mapping s — r,f is
continuous. Then RUC(S) is a closed subalgebra of C(S) containing constants and invariant
under 4, and r,, s € S; see [40] for more details.

In 1969, Takahashi [56] proved the first fixed point theorem for a noncommutative semigroup
of nonexpansive mappings which generalizes DeMarr’s fixed point theorem, that is, he proved
" that any discrete left amenable semigroup has a common fixed point. Mitchell [41] generalized
Takahashi’s result by showing that any discrete left reversible semigroup has a common fixed
point. Lau proved the following theorem in [28]:

Theorem 3.5 ([28]). Let S be a semitopological semigroup and let A(S) be the space of all
f € C(S) such that {{,f : s € S} is relatively compact in the norm topology of C(S). Let
S = {T, : s € S} be a nonezpansive semigroup on a compact conver subset C of a Banach -
space E. Then A(S) has a left invariant mean if and only if S has a common fized point in
C.

Lim [38] genera.hzed Kirk’s result [27], Browder’s result [12] and Mitchell’s result [41} by
showing the following theorem:
Theorem 3.6 ([38]). Let S be a left reversible semitopological semigroup. Let C' be a weakly
compact convez subset of a Banach space E which has normal structure and let S = {T, : s €
S} be a nonezpansive semigroup on C. Then S has a common fized point in C.
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Takahashi and Jeong [66]> also generalized Browder’s result [12] by using the concept of
submeans.

Theorem 3.7 ([66]). Let S be a semitopological semigroup. Let S = {T, : 8 € S5} be a
nonezpansive semigroup on a bounded closed convex subset C of a uniformly convexr Banach
space E. Suppose that RUC(S) has a left subinvariant submean. Then S has a common fized

point in C.
To prove Theorem 3.7, we need the following lemma [72]:

Lemma 3.8 ([72]). Let p > 1 and b > 0 be two fived numbers. Then a Banach space E
is uniformly convez if and only if there exists a continuous, strictly increasing, and convez
function (depending on p and b) g : [0,00) — [0,00) such that g(0) =0 and

1Az + (1 = NyllP < Allz|® + (1 = Nyl — Wp(Ng(liz - i)

for allz,y € By and 0 < A < 1, where Wp(A) = A(1 — A)? + AP(1 — X) and By is the closed
ball with radius b and centered at the origin. .

We may comment on the relationship between “RUC(S) has an invariant mean” and “S
is left reversible”. As well known, they do not imply each other in general. But if RU C(S)
has sufficiently many functions to separate closed sets, then “RUC(S) has an invariant mean
would imply “S is left and right reversible”. Lau and Takahashi [36] genera.hzed Lim’s result
[38] and Tekahashi and Jeong’s result [66].

‘Theorem 3.9 ([36]). Let S be a semttopologzcal semigroup, let C be a nonempty weakly
compact convex subset of a Banach space E which has normal structure and let S = {T, : s €
S} be a nonexpansive semigroup on C. Suppose RUC(S) has a left subinvariant submean.
Then S has a common fized point in C.

To prove Theorem 3.9, we need two lemmas.

Lemma 3.10 ([37]). A closed convez subset C of a Banach space has normal structure if
and only if it does not contain a sequence {x,} such that for some c > 0,

_ 1
|£n — Tm|| < c and ||Tp41 —T5l| 2 ¢~ nZ

foralln>1andm > 1, whereZ, = 13" z. ,
Lemma 3.11 ([20]). Let X be a compact convez subset of a separated topological vector space
E, let f1, fa,..., fn be a finite family of lower semicontinuous convex functions from X into
R and let c € R, where R denotes the set of real numbers. Then the following conditions (1)
and (2) are equivalent:

(1) There ezists zg € X such that fi(zo) < c foralli=1,2,...,n;

(2) for any finite non-negative real numbers {a1, a2, ..., an} with
n o =1, there ezists y € X such that Y i, a,f,(y) <ec.

Theorem 3.9 answers affirmatively a problem posed during the Conference on Fixed Point
Theory and Applications held at CIRM, Marseille-Luminy, 1989 (see [29]), whether Lim’s
result and Takahashi and Jeong’s result can be fully extended to such Banach spaces for
amenable semigroups.

Problem. Would “normal structure ”in Theorem 3.9 be repla.ced by “asymptotic normal
structure”? '
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4 Nonlinear Ergodic Theorems

In this section, we discuss nonlinear ergodic theorems. The first nonlinear ergodic theorem
for nonexpansive mappings was established in 1975 by Baillon [6] in the framework of a Hilbert
space. ,

Theorem 4.1 ([6]). Let C be a closed convez subset of a Hilbert space H and let T be a
nonezpansive mapping of C into itself. If the set F(T) of fized points of T is nonempty, then
for each xz € C, the Cesdro means

n—1

1
Sn(z) = = D Tz
k=0

converge weakly to some y € F(T).

" This theorem was extended to a uniformly convex Banach space whose norm is Fréchet
differentiable by Bruck [15]. '

Theorem 4.2 ([15]). Let C be a closed convex subset of a uniformly convez Banach space
E with a Fréchet differentiable norm. If T : C — C is a nonezpansive mapping with a fized
point, then the Cesaro means of {T™x} converge weakly to a fized point of T.

In their theorems, putting y = Pz for each z € C, we have that P is a nonexpansive
retraction of C onto F(T') such that PT" =T"P =P foralln=1,2,... and Pz € o{T"z :
n=0,1,2,...} for each z € C, where ¢5A is the closure of the convex hull of A. Takahashi [58]
called such a retraction ”ergodic retraction”. In general, let S be a semitopologcal semigroup,
let C be a closed convex subset of E, and let S= {T} : t € S} be a nonexpansive semigroup
on C. Then, a mapping P of C onto F(S) is called a nonexpansive ergodic retraction if it
satisfies the following conditions: , '

(1) |Pz ~ Py|| < ||z — y|| for all z,y € C;

(2) P2=P; |

(3) PTl;=T:P=Pforallte S : ’

(4) Pz ee{Tiz:t€ S} forallz € C. ;

Let {sta : @ € A} be a net of means on RUC(S). Then {sa. € A} is said to be asymptotically
invariant if for each f € RUC(S) and s € S,

pa(f) — pa(lsf) =0 and pa(f) — pa(rsf) — 0.
Let us give an example of asymptotically invariant nets. Let S = {0,1,2,...} and let N be

the set of positive integers. Then for f = (zo,%1,...) € B(S) and n € N, the real valued
function py defined by

n—1

#n(f)=%23k

k=0
is & mean. Further since for f = (%o, 2,...) € B(.S') andmeN

1 n-1 1 n—1
lun(f) — pn(rmf)| = Py Z Tp — n Z-'L'k-l-m
k=0 k=0

1
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as n — 00, {pn} is an asymptotically invariant net of means.

If C is a nonempty closed convex subset of a Hilbert space H and § = {T, : s € S} is a
nonexpansive semigroup on C such that {7,z : s € S} is bounded for some z € C, then we
know that for each v € C and v € H, the functions f(t) = ||[Tiu — v||? and g(t) = (Tiu,v)
are in RUC(S). Let u be a mean on RUC(S). Then since for each £ € C and y € H, the
real valued function t +— (Tjx,y) is in RUC(S), we can define the value u:(Tix,y) of p at this
function. By linearity of 4 and of the inner product, this is linear in y; moreover, since

Iue(Tez, )| < |lull - sup|(Trz, 9)] < (sup [ Tez|]) - llll,
it is continuous in . So, by the Riesz theorem, there exists an zo € H such that

Ft(Ttxa y) = ("L'O: )] .

for every y-€ H. We write such an zp by T,z; see [58,64] for more details.
In 1981, Takahashi [58] proved the first nonlinear ergodic theorem for noncommutative.
semigroups of nonexpansive mappings in a Hilbert space.

Theorem 4.3 ([58]). Let C be a nonempty closed convex subset of a Hilbert space and let S be
a semitopological semigroup such that RUC(S) has an invariant mean. Let S = {T; : t € S}
be a one-parameter nonezpansive semigroup on C such that {Tix : t € S} is bounded for some
z € C. Then, there erists a unique nonlinear ergodic retraction P from C onto F(S) such
that PTy = T,P = P for eacht € S and Pz ¢ co{Tix:t € S} for eachz € C.
Further, Rodé [49] prove the following theorem.

Theorem 4.4 ([49]). Let C be a nonempty closed convex subset of a Hilbert space H and let S
be a semitopological semigroup such that RUC(S) has an invariant mean. Let S = {T; : t € S}
be a nonezpansive semigroup on C such that {Tiz : t € S} is bounded for some x € C. Then,

for an asymptotically invariant net {iiq : @ € A} of means on RUC(S), the net {T,,z: @ € A}
. converges weakly to an element xo € F(S).

Using "Iv‘heor'em 4.4, we have Theorem 4.1. By the same method, we can prove the following
nonlinear ergodic theorems:

Theorem 4.5. Let C be a closed convez subset of a Hilbert space H and let T be a nonez-
pansive mapping of C into itself. If F(T) is nonempty, then for each x € C,

Se(z)=(1-7) ir"T"z,
k=0

as r T 1, converges weakly to an element y € F(T).

Theorem 4.6. Let C be a closed convexr subset of a Hilbert space H and let S = {S(t) : t €
[0,00)} be a one-parameter nonezpansive semigroup on C. If F(S) is nonempty, then for each
zeC, ‘ , .

S\@) =75 /0 ” Sty

as A — 0o, converges weakly to an element y € F(S).

Next, let us state a nonlinear ergodic theorem for nonexpansive semigroups in a Banach
space. Before stating it, we give a definition. A net {u} of continuous linear functionals on
RUC(S) is called strongly regular if it satisfies the following conditions:
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(1) sup [|pall < +oo;
(2) lmpa(l) = 1
(3) hgln lta — 73 piall = O for every s € S.

Theorem 4.7 ([23]). Let S be a commutative semitopological semigroup and let E be a
uniformly convex Banach space with a Fréchet differentiable norm. Let C be a nonempty
closed convez subset of E and let S = {T; : t € S} be a nonezpansive semigroup on C such
that F(S) is nonempty. Then there exists a unique nonezpansive retraction P of C onto F(S)
such that PT; = T,P = P for everyt € S and Pz € co{Tix : t € S} for every x € C. Further,
if {ta} is a strongly regular net of continuous linear functionals on RU C(S), then for each
z € C, T, Tix converges weakly to Pz uniformlyint € S.

We have not known whether Theorem 4.7 would hold in the case when S is noncommutative
(cf. [62]). Lau, Shioji and Takahashi [33] solved the problem as follows:

Theorem 4.8 ([33]). Let C be a closed convez subset of a uniformly convez Banach space E,
let S be a semitopological semigroup which RUC(S) has an invariant mean, and let S = {T :
t € S} be a nonezpansive semigroup on C with F(S) # ¢. Then there exists a nonezpansive
ergodic retraction P from C onto F(S) such that PT; = TyP = P for each t € S and
Prxeeo{Tix:t€ S} foreachz € C.

This is a generalization of Takahashi’s result [58] for an amenable semigroup of nonexpansive
mappings on a Hilbert space. Further they extended Rodé’s result [49] to an amenable semi-
group of nonexpansive mappings on a uniformly convex Banach space whose norm is Fréchet
differentiable. -

Theorem 4.9 ([33]). Let E be a uniformly convex Banach space with a Fréchet differentiable
norm and let S be a semitopological semigroup. Let C be a closed conver subset. of E and let
S = {T} : t € S} be a nonexzpansive semigroup on C with F(S) # ¢. Suppose that RUC(S)
_has an invariant mean. Then there ezists a unique nonexpansive retraction P from C onto
F(S) such that PT, = T,P = P for eacht € S and Pz € @o{Tyz : t € S} for eachz € C.
Further, if {ua} is an asymptotically invariant net of means on X, then for each z € C,
{Ty,x} converges weakly to Pz.

To prove Theorem 4.9, they used Theorem 4.8 and the following lemma which has been
proved in Lau, Nishiura and Takahashi [31]. _
Lemma 4.10 ([31]). Let E be a uniformly convez Banach space with a Fréchet differentiable
norm and let S be a semitopological semigroup. Let C be a closed convez subset of E and let
S = {T; : t € S} be a nonexpansive semigroup on C with F(S) # ¢. Then, for each z € C,
F(8) NNyest0{Tisx : t € S} consists of at most one point. ‘

The following theorem has been proved in Takahashi [60] and Lau, Nishiura and Takahashi
'[31] when E is a Hilbert space. ’ :

Theorem 4.11 ([33]). Let E be a uniformly convez Banach space with a Fréchet differentiable
norm and let S be a semitopological semigroup. Let C be a closed convez subset of E and let
S = {T; : t € S} be a nonezpansive semigroup on C with F(S) # ¢. Suppose that for each
z € C, F(S)NNycgt0{T1sz : t € S} is nonempty. Then there exists a nonezpansive retraction
P from C onto F(S) such that PT; = T,P = P for each t € S and Pz € @{Tzz : t € S} for
eachz € C. ’
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Recently, Miyake and Takahashi [44] proved nonlinear ergodic theorems for nonexpansive
mappings with compact domains in general Banach spaces.

Theorem 4.12 ([44]). Let C be a compact and convez subset of a Banach space E, let S
be a semigroup, let S = {T, : s € S} be a nonezpansive semigroup on C into itself, let X
be a subspace of B(S) containing 1 such that £,X C X for each s € S and the functions
s — (T,z,z*) and s — ||Txz — y|| are contained in X for each z,y € C and z* € E* and
let {uo} be an asymptotically invariant net of means on X. Then, for each z € C, Tyzpu.z
converges uniformly in h € S. '

Next, applying Theorem 4.12, we obtain a nonlinear ergodic theorem for nonexpansive
semigroups on a compact and convex subset of a strictly convex Banach space.

Theorem 4.13 ([44]). Let C be a compact and conver subset of a strictly conver Banach
space E, let S be a semigroup, let S = {T, : s € S} be a nonezpansive semigroup on C into
itself, let X be a subspace of B(S) containing 1 such that £,X C X for each s € S and the
functions s — (Tyx,x*) and s+ ||[T,x — y|| are contained in X for each z,y € C and z* € E*
and let {uo} be an asymptotically invariant net of means on X. Then, for eachz € C, Trs %
converges strongly to a common fized point of S uniformly inh € S.

Using Theorem 4.12 and Theorem 4.13, we obtain some nonlinear ergodic theorems in cases
of discrete and one-parameter semigroups of nonexpansive mappings.

Theorem 4.14. Let C be a compact and convez subset of a Banach space E and let T be a
nonezpansive mapping of C into itself. Then, for each x € C, '

n—l

bl ZT%

l"‘O
converges untformly in h € N.

Theorem 4.15. Let C be a compact and convez subset of a strictly convex Banach space E
- and let T be a nonezpansive mapping of C into itself. Then, for each z € C,

n-l

= ZTst

t—O
- converges to a fizxed point of T uniformly in h € N.

Theorem 4.16. Let C' be a compact and conver subset of a Banach space' E and let S =
{T(t) : t € R} be a one-parameter nonezpansive semigroup on C. Then, for each z € C,

1 [ |
—/T(s+h)mds
tJo

converges uniformly in h € R.

Theorem 4.17. Let C be a compact and convex subset of a strictly convezr Banach space E
and let S = {T(t) : t € R} be a one-parameter nonezpansive semigroup on C. Then, for each
ze€C,

-1—/ T(s+h):c ds
tJo

converges to a common fized point of S uniformly in h € R.
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- 5 Approximation of fixed poihts

There are two iterative methods for approximation of fixed points of nonexpansive mappings
in a Hilbert space which are different from the Cesaro means.

Mann [39] introduced the following iterative scheme for finding a fixed point of a nonexpan-
sive mapping. For the proof, see Takahashi [65].

Theorem 5.1 ([39]). Let C be a closed conver subset of a Hilbert space and let T' be a
nonezpansive mapping of C into itself such that F(T') is nonempty. Let P be the metric
projection of H onto F(T). Let x € C and let {x,} be a sequence defined by 1 = = and

Tntl = AnZTn+ (1 —an)Tz,, n=12,...,

where {z,} C [0,1] satisfies

o0
0<an<1and Zan(l-—an)=oo.

n=1
Then, {xn} converges weakly to z € F(T'), where z = limp_,00 PZn.

Wittmann [71] dealt with the following iterative scheme to approximate a fixed point of
a nonexpansive mapping in a Hilbert space; see originally Halpern [22]. For the proof, see
Takahashi [65). .

Theorem 5.2 ([71]). Let C be a closed convez subset of a Hilbert space H and let T be
a nonezpansive mapping of C into itself such that F(T) is nonempty. Let P be the metric
priection of H onto F(T). Let x € C and let {z,} be a sequence defined by z, =z and

In+1 =onT + (l—an)Tzn, n= 1,2,...,

where {an} C [0,1] satisfies

o0 oo
lim a, =0, Zan = 00 and ZIa,..,.l—-a,,l < 00.
nee n=1 n=1

Then, {zn} converges strongly to Pz € F(T).

Shimizu and Takahashi [50] introduced the first iterative schemes for finding common fixed

- points of families of nonexpansive mappings and proved strong convergence theorems for

discrete and one-parameter nonexpansive semigroups in Hilbert spaces. Atsushiba, Shioji

and Takahashi [2] established a weak convergence theorem of Mann’s type for a nonexpansive
semigroup in a Banach space.

Theorem 5.8 ([2]). Let E be a uniformly convez Banach space with a Fréchet differentiable
norm. Let C be a nonempty closed conver subset of E and let S = {I; : t € S} be a
nonezpansive semigroup on C such that F(S) # ¢. Let {u.} be a sequence of means on C(S)
such that || — £2pn|| = O for every s € S. Suppose that x, =z € C and {z.} is given by

Tpil = AnTn + (1 - an)Tu,.zm n=12,...,

where {an} i8 a sequence in [0,1]. If {an} is chosen so that on € [0,a] for some o with
0 <a<1, then {z,} converges weakly to an element zo € F(S).
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Using Theorem 5.3,' we can prove a weak convergence theorem of Mann’s type for a one-
' parameter nonexpansive semigroup.

Theorem 5.4. Let E be a uniformly convex Banach space with a Fréchet differentiable norm
and let C be a closed convex subset of E. Let S = {S(t) : t € [0,00)} be a one-parameter
nonezxpansive semigroup on C such that F(S) # ¢. Suppose that z, = z € C and {z,} is
giwven by

1 [
Tnt1 = QnZn + (1~ an) = /o S()zadt, n=12,...,
n .

where 8, — 00 asn — 0o and {an} is a sequence in [0,1]. If {an} is chosen so that o, € [0, a]
for some a with 0 < a < 1, then {z,} converges weakly to a common fized point z € F(S).

Shioji and Takahashi [53] also established the following strong convergence theorem for a
nonexpansive semigroup of Halpern’s type in a Banach space.

Theorem 5.5 ([53]). Let E be a uniformly convez Banach space with a uniformly Géteauz
differentiable norm. Let C be a nonempty closed convez subset of E and let S = {T; : t € S}
be @ nonezpansive semigroup on C such that F(S) # ¢. Let {un} be a sequence of means on
C(S) such that ||n — €3pn|| = O for every s € S. Suppose that z,y1 € C and {yn} s given by

Yntl = PnZ+ (1 = Bn)Tp.yn, n=12,...,

where {OBp} is in [0,1]. If {ﬁ,,} is chosen so that limy,—,oc On = 0 and 2;’,‘1_.1[%. = 00, then {yn}
converges strongly to an element of F'(S). '

Suzuki and Takahashi [55] established a strong convergence theorem of Mann’s type for a
_one-parameter nonexpansive semigroup in a Banach space without strict convexity. -

Theorem 5.6 ([55]). Let C be a compact convex subset of a Banach space E and let S =
{S(t) : t € R,;} be a one-parameter nonezpansive semigroup on C. Let x; € C and define a
~ sequence in C by |

. tn
n Jo ,

for every n € N, where {an} C [0,1] and {tn} C (0,00) satisfy the following conditions:

0 < liminf o, < limsupa, <1, ﬂlerg()t,.:oo and ‘limi’-‘-'—"-l-=1.

n—00 - n—00 nN—00 tn

Then {z,} converges strongly to a common ﬁzed point of S.

Recently, Miyake and Takahashi [42] extended Suzuki and Takahashi’s result to a general
commutative nonexpansive semigroup in a Banach space.

Theorem 5.7 ([42]). Let C be a compact convez subset of a Banach space E and let S be a
commutative semigroup with identity 0. Let S = {I : t € S} be a nonezpansive semigroup
on C. Let X be a subspace of B(S) containing 1 such that £,X C X for each s € S and
the functions s — (T,z,z*) and s — ||Tox — y|| are contained in X for each z,y € C and
z* € E* and let {u,} be an asymptotically invariant sequence of means on X such that
limp, 00 ||tn — Bn+1]] = 0. Let {a,} be a sequence in [0,1] such that

0< Ii’{x_l.ioxéfan < limsupa, < 1.

n—-00
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Letz1 € C and lei {zn} be the sequence deﬁnéd by
Tn41 = anT”,nzn, + (1 - an)xn

for everyn =1,2,.... Then {x,} converges strongly to a common fized point of S.

Miyake and Takahashi [43] also obtained a strong convergence theorem of Halpern’s type
for a general commutative nonexpansive semigroup in a Banach space. See also Lau, Miyake
and Takahashi [30] for amenable semigroups.

Theorem 5.8 ([43]). Let C be a compact convex subset of a smooth and strictly convex
Banach space E, let S be a commutative semigroup with identity 0. Let S ={T;: t€ S} be a
nonezpansive semigroup on C, let X be a subspace of B(S) containing 1 such that £, X C X
for each s € S and the functions s — (T,z,z*) and 8 — ||T,z — y|| are contained in X for
each z,y € C and z* € E* and let {u,} be a strongly regular sequence of means on X. Let
{an} be a sequence in [0,1] such that > o, an = 00 and limp_,e0 @y = O Let z € C and let
{zn} be the sequence defined by

ZTnt1 = onZ + (1 — ap)Ty, Tn

for everyn = 1,2,3,.... Then {z,} converges strongly to Pz, where P is a unique sunny
nonezpansive retraction of C onto F(S).

Using Theorem 5.8, we can obtain the following strong convergence theorem for a one-
parameter nonexpansive semigroup.

Theorem 5.9. Let C be a compact conver subset of a smooth and strictly convex Banach
space E and let S = {S(t) : t € R}} be a one-parameter nonezpansive semigroup on C. Let
z1 =z € C and let {z,} be a sequence defined by :

1 [t
ZTn+1 =0z + (1 — “")T /; S(s)zn ds ‘
n

for every n = 1,2,3,..., where {an} is a sequnece in [0,1] such that Y o> @, = co and
lim, y00 @n = 0 and {t,.} i an increasing seguence in (0,00) such that limp ooty = 00 -
and hm,,_,oo t‘ = 1. Then {z,} converges strongly to Pz, where P is a unique sunny

nonezpanswe retracton of C onto F(S).
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