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Abstract

We investigate whether a primitive numerical semigroup of genus 10 is
Weierstrass. There are 89 primitive numerical semigroups of genus 10. We
prove that 75 semigroups among them are Weierstrass.

\S 1. A characterization of a primitive numerical semigroup
Let $N_{0}$ be the additive semigroup of non-negative integers. A subsemi-

group $H$ of $N_{0}$ is called a numerical semigroup if whose complement $N_{0}\backslash H$

in $N_{0}$ is a finite set. The cardinality of the set $N_{0}\backslash H$ is called the genus
of $H$ , which is denoted by $g(H)$ . Let $H$ be a numerical semigroup. We set
$\gamma(H)=\max\{\gamma\in N_{0}|\gamma\not\in H\}$ and $a(H)= \min\{h>0|h\in H\}$ . A numerical
semigroup $H$ is said to be premitive if $\gamma(H)<2a(H)$ . A numerical semi-
group is called an n-semigroup if $a(H)=n$ . For $a_{1)}\ldots$ , $a_{m}\in N_{0}\langle a_{1}, \ldots , a_{m}\rangle$

denotes the semigroup generatd by $a_{1},$
$\ldots,$ $a_{m}$ .

Example. Let $H=\langle 7,8,11,17,20\rangle$ . Since $N_{0}\backslash H=\{1arrow 6,9,10,12,13\}$ ,
$H$ is a primitive 7-semigroup $H$ of genus 10.

We state some properties of primitive numerical semigroups without proof.

Remark. If $H$ is a primitive n-semigroup of genus $g$ , then we have $\frac{g}{2}+1\leqq$

$n\leqq g+1$ .

Remark. For a subset $S$ of $N_{0}$ the following are equivalent:
i) $S$ is a primitive n-semigroup.
ii) $\{1, \ldots,n-1\}\subseteqq N_{0}\backslash S$ and $N_{0}\backslash S\subseteqq\{1, \ldots,n-1\}\cup\{n+1, \ldots, 2n-1\}$ .

We want to investigate the number of the primitive numerical semigroups
of genus $g$ .

1This is an abstract and the details will be published elsewhere.
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Proposition. Let $\frac{g}{2}+1\leqq n\leqq g+1$ . Then the number $\mathcal{P}_{n}(g)$ of the
primitive n-semigroups of genus $g$ is ${}_{n-1}C_{g-(n-1)}$

Proposition. Let $\mathcal{P}(g)$ be the number of the primitive numerical semigroups

of genus $g$ . Then we have $m=[ L+\underline{1}]\sum_{2}^{g}{}_{m}C_{g-m}$ .

Example. The number of the primitive numerical semigroups of genus 10 is

89, because $\mathcal{P}(10)=\sum_{n=6}^{11}\mathcal{P}_{n}(10)=\sum_{m=5}^{10}{}_{m}C_{10-m}=1+15+35+28+9+1=89$ .

\S 2. On the weight of a primitive numerical semigroup

We are interested in primitive numerical semigroups of genus 10. We want
to explain its reason. In this paper a curve $C$ means a complete non-singular
irreducible curve over an algebraically closed field $k$ of characteristic $0$ . For
a point $P$ of $C$ we set

$H(P)=$ {$n\in N_{0}|\exists f\in k(C)$ such that $(f)_{\infty}=nP$}

where $k(C)$ denotes the field of rational functions on $C$ and $(f)_{\infty}$ is the polar
divisor of the function $f$ .

Definition. A numerical semigroup $H$ is said to be Weierstrass if there is a
pointed curve $(C, P)$ such that $H=H(P)$ .

Fact. Every primitive numerical semigroup of genus $g\leqq 9$ is Weierstrass
$(g=4:[9], 5\leqq g\leqq 8:[5], g=9:[6])$ .

We know that a generic primitive numerical semigroup is Weierstrass.
We want to explain the meaning of generic. Let $C$ be a curve of genus
$g$ . For every point $P$ of $C$ except the Weierstrass points we have $H(P)=$
$\langle g+1, \ldots, 2g+1\rangle$ , i.e., $N_{0}\backslash H(P)=\{1, \ldots , g\}$ . We note that the number of
the Weierstrass points is less than or equal to $(g-1)g(g+1)$ . We introduce
the notion of the weight $w(H)$ of a numerical semigroup $H$ of genus $g$ to
indicate the difference between the semigr$0$up $\langle g+1, \ldots, 2g+1\rangle$ and $H$ as

follows: Let $N_{0}\backslash H=\{\gamma_{1}<\cdots<\gamma_{g}\}$ . Then we set $w(H)= \sum_{i=1}^{g}(\gamma_{i}-i)$ . So,

the smaller is the weight $w(H)$ , the more generic is $H$ .
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Fact. If $H$ is a primitive numerical semigroup with $w(H)\leqq g(H)-1$ , then
it is Weierstass $(w(H)\leqq g(H)-2:[2], w(H)=g(H)-1:[4])$ .

Thus, it is sufficient to study primitive numerical semigroups $H$ with
$w(H)\geqq g(H)$ when we investigate whether a primitive numerical semigroup
is Weierstrass or not. Here we give the table of the number of primitive nu-
merical semigroups $H$ of genus 10 classified by the minimum positive integer
$n$ in $H$ and the weight of $H$ .

Moreover, we give all primitive numerical semigroups of genus 10 with
$w(H)\geqq 10$ .
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$\ovalbox{\tt\small REJECT} 3$ . On the Schubert index of a primitive numerical semigroup

W6 introduce a new notion fbr describing primitive $numerica\ovalbox{\tt\small REJECT}$ semigroups.
Let $0\leqq\alpha_{1}\leqq$ … $\leqq\alpha_{g}\leqq g-1$ be integers. $\alpha=$ $(\alpha_{1,\text{…}}. , \alpha_{g})$ is called

a $SCben$ ・ノ gen $g_{\text{・}}$ The number $\text{Σ^{}\alpha_{6}}$

を

$=1g$ is $c$瓠$led$ the $w$ん$t$ of

$\alpha$ , which is denoted by $w(\alpha)$ . We set $H(\alpha)=N_{0}\backslash$σ $(\alpha)$ where σ $(\alpha)=$

$\{\alpha_{1}+1, \alpha_{2}+2, \ldots, \alpha_{g}+g\}$ . The Schubert index $\alpha$ is $p$画m漉 “ε if $H(\alpha)$ is a
primitive numerical semigroup. Let $H$ be a $numerica\ovalbox{\tt\small REJECT}$ semigroup of genus $g$ .
Set $N_{0}\backslash H=\{\gamma_{1}, \ldots,\gamma_{g}\}$ and $\alpha(H)=(\gamma_{1}-1, .$

・
$. , \gamma_{g}-g)$

・ Then $\alpha(H)$ is a
Schubert ndex of genus $g$ . Moreover, $w(H)=w(\alpha(H))$ ・

Remark. If $H$ is a primitive numerical semigroup, then $\alpha(H)$ is a primitive
Schubert index.

Example. For an ordinary Point $P$ , i.e., a non-W6ierstrass point, of a curve
$C$ of genus $g$ we have $\alpha(H(P))=(0, \ldots, 0)=(0^{g})$ , because $H(P)=\ovalbox{\tt\small REJECT} g+$

$1,$ $g+2,$ $-,$ $2g+1>$ implies that $N_{0}\backslash H(P)=\{1,2, -, g\}$ .
W6 want to de且 ne a partial order on the set of primitive Schubert $indiceS_{\text{・}}$

Definition. Let $\alpha=(\alpha_{1,-}, \alpha_{g-1})$ and $\beta=(\beta_{1,\ovalbox{\tt\small REJECT}}\beta_{g})$ be primitive Schu-
bert indices of genus $g-1$ and $g$ respectively We de丘 ne $\alpha\ovalbox{\tt\small REJECT}\beta$ if one of
the fbllowing holds.
i) $\alpha_{\ovalbox{\tt\small REJECT}}=\beta_{i+1}$ fbr any $1\leqq i\leqq g-1$ ,
ii) $1\leqq\exists\ovalbox{\tt\small REJECT}\leqq g-1$ such that $\alpha_{\ovalbox{\tt\small REJECT}}=\beta_{j+1}-1$ and $\alpha=\beta_{\ovalbox{\tt\small REJECT}+1}$ fbr ∀$i$ ≠ $\ovalbox{\tt\small REJECT}$ .
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Example. i) $(0^{7},6,6)\Rightarrow(0^{8},6,6)$ . ii) $(0^{6},2,4,4)\Rightarrow(0^{7},2,4,5)$ .

iii) $(0^{6},3,3,3)\Rightarrow(0^{6},1,3,3,3)$ .

Definition. Let $\alpha$ and $\beta$ be primitive Schubert indices. We define $\alpha\leqq\beta$ if
$\alpha=\beta$ or $\exists$ a sequence $\alpha\Rightarrow\alpha^{(n)}\Rightarrow\cdots\Rightarrow\alpha^{(1)}\Rightarrow\beta$ .

Example. i) $(0^{5},2,3,3)\leqq(0^{6},1,3,3,3)$ , because

$(0^{5},2,3,3)\Rightarrow(0^{6},3,3,3)\Rightarrow(0^{6},1,3,3,3)$ .

ii) $(0^{4},3,3)\leqq(0^{8},4,6)$ , because

$(0^{4},3,3)\Rightarrow(0^{5},3,4)\Rightarrow(0^{6},3,5)\Rightarrow(0^{7},4,5)\Rightarrow(0^{8},4,6)$ .

Definition. A primitive Schubert index $\beta$ is minimal if $\beta\alpha$ such that $\alpha\leqq\beta$

and $\beta\neq\alpha$ .
Example. $(0^{4},3,3),$ $(0^{5},2,2,2,2)$ and $(0^{6},2,2,3,3)$ are minimal.

Remark. Let $\alpha$ be a primitive Shubert index of genus $g$ .
i) If $w(\alpha)\leqq g-2$ , then (0) $\leqq\alpha$ .
ii) If $w(\alpha)=g-1$ , then $\exists$ an odd $h$ such that $(0^{\frac{h+1}{2}},2^{\frac{h-1}{2}})\leqq\alpha$ .

We give the Schubert indices and the properties of all primitive numerical
semigroups $H$ of genus 10 with $w(H)\geqq 10$ .
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\S 4. On the moduli space $\mathcal{M}_{H}$

Definition. Let $\mathcal{M}_{g,1}$ be the moduli space of pointed curves of genus $g$ . Let
$\alpha$ be a primitive Schubert index of genus $g$ . We set

$C_{\alpha}=\{(C, P)\in \mathcal{M}_{g,1}|H(P)=H(\alpha)\}$ .

We say that $\alpha$ is dimensionally proper if there is an open subset $U$ of $\mathcal{M}_{g,1}$

such that $C_{\alpha}\cap U$ is a non-empty set with codimension $w(\alpha)$ in $U$ .

Fact. Let $\alpha\leqq\beta$ be primitive Schubert indices. If $\alpha$ is dimensionally proper,
so is $\beta$ ([2]).

Remark. The primitive Schubert index $(0^{g})$ of genus $g$ is dimensionally
proper. Hence, if $\alpha$ is a primitive Schubert index of genus $g$ with $w(\alpha)\leqq g-2$ ,
then it is dimensionally proper, which implies that every primitive numerical
semigroup of genus $g$ with $w(H)\leqq g-2$ is Weierstrass.

Fact. i) For any odd $h$ the index $(0^{\frac{h+1}{2}},2^{\frac{h-1}{2}})$ is dimensionally proper. Hence,
every primitive numerical semigroup $H$ of genus $g$ with $w(H)=g-1$ is
Weierstrass ([4]).
ii) $(0^{4},3^{2})$ is dimensionally proper ([10],[5]).
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iii) $(0^{5},4^{2})$ is dimensionally proper ([10]).
iv) $(0^{6},5^{2})$ is dimensionally proper ([6]).

Fact. If $H$ is a numerical semigroup of genus $g$ with $\alpha(H)=(0^{n}, l^{g-n})$ , then
it is Weierstrass ([3]).

Using the above facts we get the following table which shows that certain
semigroups are Weierstrass. In the table below $\triangle$ means that the semigroup
will be proved to be Weierstrass in the forthcoming paper.
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Let $H_{1}$ and $H_{2}$ be primitive numerical semigroups. We define $H_{1}\leqq H_{2}$

by $\alpha(H_{1})\leqq\alpha(H_{2})$ .

Problem 1. Let $H_{0}$ be a Weierstrass primitive semigroup. If $H$ is a primitive
numerical semigroup with $H_{0}\leqq H$ , then is it Weierstrass ? i.e., $\forall H_{0}=Wei$

’

$\leqq H=$ “Wei” ?

Definition. Let $H$ be a numerical semigroup of genus $g$ . For any $m\geqq 2$ we
set

$L_{m}(H)=\{\gamma_{1}+\cdots+\gamma_{m}|\gamma_{i}\in N_{0}\backslash H \forall i\}$ .

We say that $H$ is quasi-Weierstrass if $\# L_{m}(H)\leqq(2m-1)(g-1)$ for $\forall m\geqq 2$ .

Fact. If a numerical semigroup $H$ is Weierstrass, then it is quasi-Weierstrass
([1]).

Example A. There exists a primitive numerical semigroup $H$ which is not
quasi-Weierstrass such that $H_{0}\leqq H$ for some quasi-Weierstrass primitive
numerical semigroup $H_{0}$ , i.e., $\exists H_{0}=$ “quasi-Wei” $\leqq\exists H=$ “not quasi-Wei”.

Example B. There are non-Weierstrass semigroups $H$ which are quasi-
Weierstrass ([11]). Up to now all such semigroups $H$ are not primitive.

Problem 2. Every quasi-Weierstrass primitive semigroup is Weierstrass ?

Either Problem 1 or Problem 2 is at false, because of Example A. Finally we
give the table which shows the situation on our problem ([5], [8], [6], [7]).
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