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Some Remarks on Pseudo-Cyclic Association Schemes

Eiichi Bannai (3R %&—)
Graduate School Kyushu University (Juk « #38)

ZDJ— KX 20064 12 B 18 H—21 HOR KL CHE I N - RMEFFEES
R FOEN ((REETHFREMR) I2BITAHEO OHP OFRE T FOEF 28
BLELOTT, bEDOHP BERMIZEFB THom 2 bdhboT, BEAFBLHEFBOF v
RATRSTLESTWETHRETAT XV, Pseudo-cyclic association scheme {22V T
FIZ220Z %2007 a ryTENENRRNIZWVERWET, WTFNHLEXHED T
NHEBBAREBNT —< T, ABMIZIEVWL ZAETERENTWAL T, Boh-&
BLWOATREFMRY 2V LITAMLTHET A, BEREL VW STiZmAn
EZLBR-THET,

1 AO9XMO—EIEIZDINT

LAF X % comutative association scheme & L, & ® Bose-Mesner algebra %

<‘40,A1,...,Ad> = <E0,E1,...,Ed>,

ko, ks, ..., kq % valencies, mg,m;,...,my % dual valencies (F72RbbH m; 1T E; DIT5I
ELTDFr7) ELET,

e X 7 pseudo-cyclic TH 5D &IiX,

meo=1, my=..-= 7n‘d(= k= |.X |d-— 1)
THHZ L EEHRIN, pseudo-cyclic THiE
k'():l! kfl_':--.:kd(:k)

BRVISZEBPMONTNWET, (BBIITRENET,) K LEIT—MBITIIRY LR
W2 EBHMBNTHET,

o |X|=p 256X X A pseudo-cyclic THDHZ ENMONTWET (TER-FH),
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ZIT, X oEEXR (B-EHFETI) %

1 k kT
1
P= : Po
(d x d)
L 1 -

ELET, ZDLE (FREOEBEROERBEMK L EIRIZ) P2 EROERZEEENT
TIERRBKHMONTVET, ¥/ P, % R P O essential part EFESZ &L ¥
o

e How much freedom does P, have ? tWHORIBEZETELE T,
TDEE, RO NS ET,

If all the entries of P, are real, then P, corresponds to a regular simplex
(of d points) inscribed in 5§42 C R?-1,

DT ENL, ENETOBHERSINEBLS DNV ET, —RICHRVOBHENHY
%, BHID Remark TEWVWEWZ L OTEHEIIZIROEER TT,

Theorem.
If X is pseudo-cyclic, then P, has an eigenvalue —1 with multiplicity 1 and all
the other eigenvalues are complex numbers whose absolute values are /| X| =

V1+dk.
Proof (GERAIILLBRIB S TT)

(d—1)k+1 ~k
tPoP, = P,)iP, = -
—k (d—1)k+1
PERZBERNPORILET, TDZ b P XERITHITHY,
A1
A
PQN 2

Ad
ETBHE,

A2hz dk +1

Aidy dk +1
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BRI HLET, LMo T, EEROFENREZLET,

CZTHERI LIZ, ROEETT,

e The eigenvalues of P, are regarded as generalization of ordinary Gauss sums.
SEIBZONDIDERIZRTAHEL X 5,

¢ Cyclotomic association schemes

F,. q-p,q—l:dk,

F; = (a), H =(a¥) £ TB, T DL,

|]F" Hl=d,G=F,H,|G|=qgk THY, GIXF, @M<, T 2T, F, = (F,,+) i3
#e‘:ﬁflﬂé o BL-\

x = a fixed non-trivial character of (Fy,+),

¥ = a multiplicative character of F; = (a) defined by ¢(a’) = ¢,

where £ is a primitive d-th root of unity. £33,

TDEE, P DITLFIONEFL LTERRLDERD L,

d-1 -
Py =‘Z7750'

i=0

0 1 0
with C = 1

0 0 - 1

1 0 0
ET&BH, T I T,

Y x(B)(0<i<d-1)

B€(ad)at

G(¥i,x) = ) ¥'(x)

reG

THY.

EERTD L,
Py ~ diag (G(¥°, x)(= =1),G(#, X), G, X). -+, G+, x))

MY LD, TiRbb, HHMRT Y 2T G(y,x) X Cyclotomic association scheme &
FEIEN 5 5851172 Pseudo-cyclic association scheme DO%¢3II724T & FIDNEFFIZRET 51751 P,
DOEAFIZIR> TWBbITTT,

Proposal of research problems

e Are these (non-standard) Gauss sums useful ?
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¢ How about an analogue of Jacobi sums (for pseudo-cyclic association schemes)
?

¢ In what algebraic number fields, do these (generalized) Gauss sums (and/or
Jacobi sums) belong ?

UEDBIZOWT, EEEBEZHRDIENY TREMRRBIZIHEVBOLATHERA
BN, BOTIREALL P DEETHLLB-TVET, £ 0RBEH 5 EF L BEE R A
ROZBFERIBIZLVREINTHET, FRHIZHONOTIR, 22 TIIR_FEHAMN., #
SRHNITNOF ¥ o AW ERBVWET, 2B, LO2EBBICRRZFT Y XfaL
Jacobi FIDRERIIR D H A 2B EHFESAIC L TEXTZWERNET,

G, x)G(¥, x)
G(¥i+i, x)

RE, EDOIFBBICRAZ LT, #2IiE Amorphic 72 pseudo-cyclic association
scheme DFAIX. P, DT, FIOMEFZ EDLS2L>TH, FUXFIABREELONM
A (Lo T Q DT — LK) ITABENI IR EbRY ET,

T, =

2 FHBROT7IOI—3 0RF—LTHEEREDOEIAD K
IZASEWNLDODEFEED TN

UT—BZXCVBERIROBBETYT, ZOMBOEINEENTHLINEENTH D)
X, 7Y v 2—=va Y AX - ADORBRPARBEORBER L LN OV RRINDRVH
WrEEIZ 2D L RVET,

Problem. Is there a commutative association scheme whose character table is
not in a cyclotomic number field ?

RERO (TRDLLBEFBEORNLRRB) 7V —2a A% —AIIHONT, KOER
NIEARA—FFHFIZLIVELNTWES,

(Hanaki-Uno) Let |X| = p, If such an association scheme (whose character
table is not in a cyclotomic number field) exists, then there exists an algebraic
number field K/Q satisfying certain specific conditions.

ELONEFRR, BA—FHFTREOL ) RREEOIGFELTTILIZEY, F0 X
IRT I T =3 a V AF—LOFEFEELR LoD LB WEY, 20X 5 2R
ERRIFETIZ L, BRIV ERK (WKEE COEHER) Ickvr&nhx L,
ZONRFEOBR LI-REENSHEL T, BHKROT VY x— 3 AF—LTH
BROEHPAZECALRNLOOBREEZ LD LWV O DM, 2%FB D Remark TT,
BERBO, FERDLIEZERZIEZRVRATYT, EEEFOL I R OBFEET INED)
I T, FET ARSI REVEBoTHVET,
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Komatsu has actually constructed number fields K satisfying these conditions
in particular for d = 6 and d = 4. (preprint: Tamely Eisenstein field with prime power
discriminant, March 2006.)

£, ROBEE2BRVWVHELEL X D,

(Munemasa, JCT(A), 1991)
ARLBETFYSI—-SaVvAF—LIZRLT. FOHEEEE
P=(Pi) e, £TBo COEE,

0<5<

Gal(Q({P;(i) | 0 < i,5 < d})/Q({g}; | 0 <i,j,k < d}) is an abelian extension.
That is,
Gal(Q{P;(1) | 0 < ij < d})/QU{gl; | 0 <45,k < d})

C Z(Gal(Q({F;() | 0 < 4,5 < d})/Q))

MRYID, ZIZT. gt (IXIE)o(XIE) = Siodt;(|X]|E). TEHSND
Krein /35 A % —T9,

ET, TEAR—FH, /MR, ITHTRZAREKE K 13RO 6 >ORGEZFHZT DT,

K algebraic number field over Q with d = [K, Q] T W&’ 7.

1. The field K is not a Galois extension over Q.

2. di(p—-1).

3. The discriminant disc(A’/Q) of K is equal to +p?~! =1 (mod 4).
The field K is a p-Eisenstein field.

The extension K /Q is unramified at all prime numbers other than p.

I

The field K is totally real or totally imaginary.

LT, IREORKEOEMRBE 2R+, ERIZIZ, HOFL 7Y+ Propo
sition 5.3 T. d =4 OFWAICHE L TEZET,

For p = 2713, 2777, 2857, and 3137, the polynomials

2t — 271322 — 27132 + 5426,
2t — 27772% — 8331z — 5554,
x* — 571422 — 228562 + 48569,
r? = 31372% — 470552 — 156850

are p-Eisenstein polynomials whose minimum splitting fields over Q are all
Galois S;-extensions. Every zero of the p-Eisenstein polynomials given above
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is a p-Eisenstein number which generates a non-Galois, totally real and quartic
field with discriminant p3.

(Z ZT. p-Eisenstein polynomial M EHEIZ, f(z) =
an-1% + an, pla; (1 <i<n), p*fa,. THEZLNET, )

" 4+ ayz" Y + a4 - 4
UTE A WOBBIIROBETY,

e Are there association schemes related to these polynomials ?

UTRDESIZRBERDET,

| X|=p=1+dk
1 k k)
1
P= Po N P0=X(0'g).
(d x d)
| 1

Thbb, POfTiE x T, Flix g TRFAZTAXENTVBHELET,
ROZEIFIZOREEZEZD L ZHHTT,

Proosition 3.5 (in Hanaki: Proc. of Sendai Conf. Min. Conf. on Number
Theory and Combinatorics, Jan. 2006.) For each x, there exists a g so that
x(oy) — k i1s a root of a p-Eisenstein polynomial of degree d.

Ihid=4 OBESIZRAEHISHES LET, 7205, Let
k k k k

T Y1 s owy
T2 Y <2 w2 |,
T3 Ys =23 ws
Ty Ys 24 Wy
where z,, 22, 23,24 ( Y1, Y2, Y3, Y4, ... €tc) are the roots of a polynomial
ot 4 2% — ?’f;r»z—l— (lower terms).
Take y = z — k, then
y* + py® + 22y? + apy + bp.
L, 20Dy O 4REEBE AN p-Eisenstein ZIEHANTRITNIERLRVWEEI>Z L TH
D, NFRAZ—Ta,b D2OEFIZ2BDT, FIREMEZIEFICHIRBRL £,

P =

Pt pd pd

p—

I asked Komatsu what are the list of (a, b) for all the Eisenstein polynomials satisfying
the conditions (of Proposition 5.3 in Komatsu). Komatsu gave the following answer
~ immediately.



This was exactly what I was looking for.

p = 2713, (a,b) =

(459511, 77827886)  +-- -+ 9(z)
(459514, 77829977)  +vveevn- g(z)
(459514, 77829983) - --e--- 93(x)
(459520, 77833949) - -o- - 9a()

p=2777,(a,b) =

(481460, 83471789)
(481463,83473958)
(481466,83475971)
(481466, 83475977)

p=2777,(a,b) =

(481462, 83473215)
(481463,83473894)
(481464,83474631)
(481468, 83477325)

p = 2857, (a,b) =

(509615, 90901200)
(509616, 90901953)
(509618, 90903345)
(509618, 90903375)

p = 3137, (a,b) =
(614457, 120354970)
(614457, 120355000)
(614460, 120357400)
(614463, 120359662)
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(B4 BETOHTRTINBZZ 2B L

TWE=DT, $ifF@EY TLl, Zh2RFL-BHIZ, RIZBRRBRT 70 aER T &
PREEL TV ELLTT, p=27T7T DL XX, MISEHTE E T2, 4B TH>D2

iz ET,)

Next, I asked Komatsu whether it is possible to arrange the zeros of g;(z) =
gt + 2% — %42 4+ ... so that the following holds:

z1,22.73,24 are the zeros of g,(z),
Y1, Y2, Y3, Y4 are the zeros of g,(z),
21, 22, 23, 24 are the zeros of g;(2)

b
wy, we, ws, w, are the zeros of gy(r),



1 k
1
P = 1 I
1 Zg
1 x4

k
'3
Y2
Ys
Ya

(SRS I 2 B
[+

£

ol

—

w

Wy

negative integers, where

Moreover if we put B; = (Pfg)

0<i<4

. 1 4
k = . .
Pl = 57 2 PR (Pw)m,.

" v=0

0<; < ?
0<iZ4
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= (Pi()) ., and the following pf; are non-

then eigenvalues of B; are the zeros of

(z —k)gi(x) for i = 1,2,3,4 (where By = I). The following tables show that every
conditions are perfectlly satisfied!!!
p=2713 DHPEIROBEEBB/ONE L, (ZhiED/MEESAOHBERRIZESNT
HOTOLHETEE L) MISALLY p=2713, 2777, 2857, and 3137 O—R DB
BORROELIZHATWEEEE L, p=2713 UADRRIZZ D/ — M OFEKICH

RELTMAET,

&

I
cooo+
coomo

o oo

o0

&
I
oo oo

SO -=O O

179
162
160
176

160.

185
166
167

O~ OO0 O

— 000 C

0
162
164
185
167

185
168
167
158

0 0 ] 0 o0
160 176 0 162
185 167 |, By = | 678 164
166 167 0 185
167 168 | | 0 167
10 ] [0 0
166 167 0 176
167 158 |, By=| 0 167
170 174 0 167
174 179 | | 678 168

So, at the algebraic lebel, i.e. C-algebras, or Table algebras, there exist such
objects whose character tables are not in a cyclotomic number field.

However, it is still open whether it exists at combinatorial level, i.e., as asso-

ciation schemes!!
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B2 Unsuccessful attempt %L THRDOVIZLET, (Fo REhiZib -
TWBDOTRHTNALVOTTN, TOLIREENFETLRVE, RLWLWT YT —
va v AR— AT VO TIIR W E BUET, BkEE-N A F 0k
BAEMGELES, )

IFP, D= 2713 &‘?‘50
Find a polynomial f(z,y) = az* + 2%y? + by* — 1 with the following properties.

Number of the solutions (z,y) € F, x F, of f(z,y) = 0 are 4 kinds (if a # b), say
ap, a2, a3, 4.

Let R; = {(a,d) | ax* 4+ z%y? + by* — 1 has q; solutions} for i = 1,2,3,4. 25 R, =
MTYym—2a VAX—L0BRIZRSTVE XL I RBWLREBEE 2VWESL I 12 L
WO DORRATT, TOFEETILHLAABRBROTTN, RALIPDOETEELT, =
DEIRFRATHRRNDPERSTHET, (RELR2PRPEFIWIRNE S TT,)
BARIZIHEEROESAFBICALRWTRLRT VY v —a VAR—LIFET HIE
HIZHEF TN ERNETL, Z0IEIRLVEALK 2D ER-oTVET,

2.
UTo#HBEI/IMFRIZEY 7,

p=2777,(a,b) =
(481460, 83471789),
(481463, 83473958), By=1,
(481466, 83475971),

(481466, 83475977),

0 1 0 0 0 [ 0 0. 1 0 0 ]
694 180 156 179 178 0 156 180 179 179
B, = 0 156 180 179 179 |, B, = | 694 180 171 172 170

0 179 179 166 170 0 179 172 182 161
0 178 179 170 167 179 170 161 184 |

o

0 0 1 0 ]
179 179 166 170 178 179 170 167

0 0

0 0
Bs 0 179 172 182 161 |, By = 0 179 170 161 184
9 0
0 9

694 166 182 162 183 170 161 183 180
170 161 183 180 | 694 167 184 180 162

I
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= 2777, (a,b) =
4 1462 53473215),
481463, 83473894), By =1,
481464, 83474631),
481468, 83477325),
0 1 0 0 0 ] 0 0 1 0 0 ]
694 174 180 160 179 0 180 160 183 171
B,=| 0 180 160 183 171 |, B, = | 694 160 171 178 184 |,
0 160 183 183 168 183 178 168 165
| 0 179 171 168 176 171 184 165 174 |

A~~~ S

o O

- - - -

0 0 1 0
160 183 183 168 179 171 168 176

0 0
0 0
Bs 0 183 178 168 165 |, By=| 0 171 184 165 174
9 0
0 9

694 183 168 168 174 168 165 174 187
168 165 174 187 694 176 174 187 156 |

- - -

p = 2857, (a,b) =

(509615, 90901200), _
(509616, 90901953), By =1,
(509618, 90903345),
(509618, 90903375),
0 1 0 0 0] 0 0 1 0 o0 ]
714 185 162 188 178 0 162 186 183 183
B;=| 0 162 186 183 183 |, B, = | 714 186 182 180 165 |,
0 188 183 166 177 0 183 180 177 174
| 0 178 183 177 176 | 0 183 165 174 192
0 0 0 1 0 ] 0 0 0 0 1 7
0 188 183 166 177 0 178 183 177 176
Bs=| 0 183-180 177 174 |, By,=| 0 183 165 174 192
714 166 177 176 194 0 177 174 194 169
| 0 177 174 194 169 | | 714 176 192 169 176
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p=3137,(a,b) =
(614457,120354970),

(614457,120355000), By=1,
(614460, 120357400), ‘

(614463, 120359662),

0 1 0 0 0
784 204 181 192 206
B;=| 0 181 196 208 199 {, B, =
0 192 208 194 190
0 206 199 190 189 |

0O 1 0 0
181 196 208 199
204 182 201 |,
208 182 204 190
199 201 190 194 |

-3
OO w oo
(>N
—
©
(=)

o0 0 o0 1 o ] 0 0 o0 o0 1 7

0 192 208 194 190 0 206 199 190 189

Bs=| 0 208 182 204 190 |, By=| 0 199 201 190 194

784 194 204 195 190 0 190 190 190 214

| 0 190 190 190 214 | | 784 189 194 214 186
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