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Abstract

We introduce a sequence space A,(f) defined by an Lyp-function
f(F#0) for 1 <p< +oo by

Ap(f) ={a e R®: ¥ (a: f) < +oo},

where

) = (L[ e - f@pds)’

(U5 = am) - £OIE, ).

and discuss the linear and topological properties of A,(f), that is, the
linearity, the relations with £,, the linear topological property of the
metric dp(a,b) = ¥p(a — b : f) on Ay(f), the completeness, and so
on. -
In the case where p = 2, A2(1/f) is studied in the theory of trans-
lation equivalence of the infinite product measure p = ®%° f(z)dz on
IR*. In fact, if f(z) > 0 a.e.(x), then a € Az(v/f) if and only if the
translation p, is equivalent to i, see Kakutani[3], Shepp[4].



1 Introduction

Let f(# 0) be an L,-function on the real line R.
For 1 < p < +o0 and for a real sequence a = {a,} € R®, we set

Waif) = (X[ 156 -a) - e &)’

1
= (X -e-10IZ,)",
and define A,(f) by
A(f) :={a eR®: ¥,(a: f) < +oo}.
By the triangular inequality of L,-norm, we have
| Up(a—b: f) < Tpa: f)+Ty(b: f),
which implies that A,(f) is an additive subgroup of R*.
Define a metric on A,(f) by

dp(a,b) i= Tpla—b: f).
Then (A,(f), dp(a, b)) becomes a topological group.

In this talk, we are concerned with the following problems:

1. the linearity of Ay(f),

2. the relations between A,(f) and 4,, and

3.. the linear topological property of the metric dy(a,b) on Ay(f),
4. the completeness of (A,(f),dp).

2 Linearity of A,(f)

The function f is called unimodal at o if there exists a € IR such that
f(z) is non-decreasing on (—oo, &) and non-increasing on (o, +00).

Theorem 1 ([1]) Assume the L,-function f(# 0) is unimodal. Then we
have
Vy(ta: f)<¥y(a:f), 0<t<1

for any @ € Ay(f). In particular, A,(f) is a linear space.
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3 Relations between A,(f) and ¢,

We say I,(f) < +oo if f(z) is absolutely continuous on IR and the p-
integral defined by

+00
)= [ 1f@Pd

is finite. In particular I;(v/f), where f is a probability density functlon on
IR, coincides with the Shepp’s integral(Shepp[4]).

Theorem 2 ([2]) Let 1 < p < 400 and let f(# 0) be an L,-function on R.
Then Ay(f) C 4

Theorem 3 ([2]) Let 1 < p < +oco0 and f(# 0) be an L,-function on R.
Then A,(f) = £, if and only if Ip(f) < +o0.

4 Linear topological properties of A,(f)

If I,(f) < +oo, then A,(f) = £, as a sequence space. We shall show in
this case the £,-norm || ||, is stronger than the metric dp,

Theorem 4 Assume I,(f) < +oo. Then the £;-norm is stronger than the
metric d, on Ay(f) = £p. | :

Proof. Since ¥,(a : f) is lower semi-continuous on £, by the Baire’s cat-

egory theorem, there exists N such that the set Ly := {a € Ap(f) = &, :
¥,(a : f) £ N} has an interior point with respect to the £,-norm. So

that there exists ag € Ly and § > 0 such that ||@a — ag|, < ¢ implies
VU,(a: f) £ N, which implies

lall, <& = Tpla: f) < Up(a+ao: f) + Tylao: f) < 2N.
and

lall, <K = ¥ya: f) < 2([-{;] + 1)N.

By Xia[5], Lemma 1.2.2, there exists b such that ¥,(- : f) is £,-continuous
at by. So that for every € > 0, there exists A > 0 such that

16— bolly < X = [T,(b: 7 — Tylbo: fF| <.

Now we shall show ¥, (- : f) is £,-continuous at 0. For every b with ||b]| < A,
and for every natural numbers n and N, we set

b(ms N) = (b?a s ’b?V1 b?v+1 + bl) - bN+m + bma bN+m+1v * '),
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where by = {?}. Then we have

KB

<A

1B(m, N) — boll, = (D &)

i=1
which implies
. oo
[¥p(b(m, N) : f)Yf — (b : f)?| = Zf |f(z — by —b) — f(z)IPdz < e.
i=1 vV ~®

Letting N | — 400, we have

m +00

S [ i@t - f@Pds <

i=1 vV —®°

for every m, and

+00  a4oo
G0 fr=Y, [ 1ie-b) - f@Pd<e

which shows ¥,(- : f) is £,-continuous at O.
We can now easily deduce the continuity of ¥,(- : f) at any point ¢ as
follows. If |le — colp < A, then we have

[Tp(e: F) = Tpleo: )l S Lple—co: f) <ev.

Theorem 5 If f(z) is unimodular, then the metric d,, is the vector topology
on Ay(f).

Proof. By Theorem 1, the scalar multiplication is continuous.

We consider the largest linear subspace $,(f) of A,(f) after Yamasaki[6]
as follows. Define

Yo(f) = {a € Ay(f) : ta € Ap(f) for every t € R}..

Lemma 6 If a(# 0) € T,(f), then the real function (¢ : a) = \Fp(ta : f)P
is continuous on the real line JR. Moreover, the metric

p(s,t) = L,((t — s)a: f)

gives the equivqlent metric with the usual metric |s — ¢|.
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Proof. The continuity of ¢(t : @) is proved by the similar way to Theorem
5. Since a # 0, there exists ax # 0. If

/+°° |f(z — thar) — f(z)|Pdz — 0 as n — +o0,

then it follows that t, — 0, see the proof of Theorem 2. This proves the
second assertion.

Let V.={a € Zp(f) : Uy(a : f) < €}. Then for every € T,(f), we can
find 6 > 0 such that

te €V, for every — 6 <t <.

Consequently we can linearize d, as follows, see Yamasaki[6], p.185, Xia[5],
Lemma I1.1.2. The linearization o,(a, b) of d,(a, b) is defined by

op(a,b) :=sup dp(ta. tb)

[t|<1

for a,b € Ty(f).

Theorem 7 (X,(f),0p(a,b)) is a topological vector space.

5 Completeness of A,(f)

Theorem 8 ([1]) Let f(# 0) be an L,-function. Then A,(f) is complete
with respect to d, for 1 < p < +o0.

Theorem 9 (Z,(f),0.(a,b)) is complete.

6 Examples

Example 10 Define f(z) := max{1 — |z|,0}. Then we have

(1) for1<p <2, Ap(f) =, |

(2) A(f) = {a = (a,) € R* 1 Y02 (1+ {10g|a,,,|l) < +oo}, and
(3) forp>2,A,(f) =L
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