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Periodic homeomorphisms on surfaces and
singular points of curves
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1. INTRODUCTION

FIGURE 1

Dehn [7] showed that mapping class groups of closed orientable surfaces are gener-
ated by Dehn twists illustrated in the left hand of Figure 1 (precisely saying, a twist
illustrated is called a right handed Dehn twist), Lickorish [15] reduced the number
of generators and Humphries [13] showed that Dehn twists about the circles shown
in the right hand side of Figure 1 generate the mapping class group Mj of X3, a
closed oriented surface of genus 3. By the symbol k, we also mean the right handed
Dehn twist about the curve indicated by k. Let ¢ be an element of M3 defined by:
¢ =6-5-4-3-2-8, where i-j means apply i first then apply j. By using “Teruaki for
Mathematica” (T4M), implemented by K. Ahara (Meiji Univ.) and T. Sakasai (Univ.
of Tokyo), we can check the action of ¢ on the simple closed curves shown in Figure 1
and see that ¢*2 brings these simple closed curves back to their original position (off
course, up to isotopy). This means that ¢'? commutes with the Dehn twists about
these simple closed curves, so, by the above mentioned result of Humphries, ¢'2 com-
mutes with any elements of M. Powell [18] showed that, if g > 3, M, is centerless,
i.e. the element of M, which commutes with any elements of M, should be ids,.
Therefore, ¢'> = idy,. In this note, we will introduce a method to find a word of

Dehn twists, which represent periodic map.
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For the detail of fact shown in this note, please see a preprint [12], which is available
from http://www.ms.saga-u.ac.jp/ hirose/work.html . From the next section,
we write this note in Japanese. If you cannot read Japanese, please learn Japanese or
check this preprint.

This research was partially supported by Grant-in-Aid for Encouragement of Young
Scientists (No. 16740038), Ministry of Education, Science, Sports and Culture, Japan.

2. NIELSEN 2 X 3 AN EBEROIE

LT, &, CREfHTohi-fEl g oORMEEZRT. £/, HITELRWVWIRY I, £
DRMEERIFICAEZRE2>bOLT . BE I, LOER f BB (periodic)
THHEL, LULOEE n T ff=idy, RBLOBFETHIIETHY, £OLD
2 n DR, BIDOEK%E f OMRR (period) & L .5.

WE, n% 5, EORBNER f OBRKITHDLTD. T, EDIRLALETOR
WZOWTiE, f 2 nEIOERIRZZLTIILDTEROMURICZESTL 548, FiTix
BB CEOMBIRE->TL AL 5 REARDS. 20, ME S, LOHB A p IKRL
T, 0<k<nRBEEE TR =p L2 bORFEELTLEIDEN, ZDp
Dz L% f O multiple point & K&, ¥£72, M; T f ® multiple point éﬁiwﬁ’%
ERT.

B 5, DADH, fTH>20H) bDER—HALTTEIZEME S,/f Thbd
L, f OWMEZM (orbit space) £\VH. ZDLE, T, ORpIRHLT, T,/f DR
Tp DRETALD [p| ZRGSTHEB n; B2 DL, Thidn BERBERE 2o
T3, ThRbb, I,/f DIZELALETORDLET 7 IZBFED n EFFETH DA,
[f @ multiple point | € £,/f IZBWTHIKLTWS. £Z T, [f ? multiple point |
% f @ branch point & FETX, By (= m;(M;)) T f @ branch point £2&EDRKE 2 H
bbb, ZDEE, mlsam, : Zg\ My = (5,/f)\ By iGBED n BEGHL 22T
Wa. '
T n BREYERTAEEY Qr - m((E,/f) \ Bs,z) = Zn (EEL, z X
(Z,/f)\ Bf DR) 2ROBVEDD. ¥7F, 7:(2) =2 %D 5y OR & &—D
wD. BB m.(Z,/f)\ Br,z) OFTiX z 2EBRET D (5,/f) \ Bf AD loop
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1:0,1] = (So/f)\ By TUO) =1(1) =z LRBbDICE>THBENS. = loop |
DT, E~DIift1:[0,1] -, TI0) =% 23b0eEXD L, n,((1) =1(1) ==z,
2ED ) IXI0) =2 D f Itk BBELICHBDOT, B L T f5E) =11) 23
ORHB. FZT, Q) =k €Z, LEDSD. “OLE, Z, RABRETHEHED
71((Zg/f) \ By, z) OF LT 7205 H (S,/f) \ Bf) 236 Z, ~DEERE w; 23 Qy
NOEHEEIND, |
20o0D X, LOBEHRKHER f, fICRLT, FEEMR g Tf =gofog ! i23%

DORFETDILE (DFY, f L fEOBOBEENTEETTHRENRBIE NS
CRUCTHBLE), f& f LBHR (conjugate) THD LV ). (B72AIZ, Nielsen
DL Tix topologically equavalent & PRI TV 3.)

JAHIREM f O branch point B By = {Qy, Qa,- -+ ,Qs} IEOWT, @ FHLE
9% (fih® branch point B FE2WVEEIZ) +a/hSVHEBICRHEY OMEX XA
NEbLDE Sy LT5.

Theorem 2.1. [17] FAHE &, LD 2 SOBFAMAER f, f BHEERTHIHOLE
S &EITRD 3ERBETHD. |

(1) f DEY = f OEM,

(2) By DRDEE = By OROMEE,

(3) By = {Q}, Q4+ ,Q}} DRDBEBAHT EHELIT1ZIUT, £ 1122V Twp(Sg,) =
wyr(Sqr) BERY L. | 0

IOEBEY, 6 =wi(So,) LEDDE, Fllgn;by,- 0] T f ORBIENE
ERERD. 2B, UTTIR, ZoFoRbYic, SERMESRELE XS total valency
EREHIN BT —F (n,01/n+---+6,/n) EAVWS (L, ZoRRREZAVIHE, £
DOREOHBE LOBRMMEREZEZ TNEINE, HOHLDE>TBLERHD) .
ZORBRFER, RAMERLARFEER B KXo THEASINELDOTHD. 28,
total valency IZBEN AT LIZLIZBE o EIC K VRIS D,

Introduction TR SN 7= BHIHEMRIT, ZORTEA NS L, (12,1/12+2/3+1/4)
LREND T3 EORMKERTHD. ROETIE, ZOEMIFRD Dehn twist IZ
LBBRTRERDDFEERRS.
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3. INTRODUCTION TiR~X7= DEHN TWIST DD 1 2D R21FFH

Y, —BREORRREEZD. Tbb, fE2 L, LOBE#H n ORHNER L
L, f ® branch point DfEE% b £95. D? TC LoBEMAKREZRTZLET
B. 5, x D?* £0 (z,t) = (f(z),exp(2mi/n) - t) TEES N DFMEMRIT S, x D* £
D Z, ERZED DR, ZOBEZEM (T, x D?)/Z, i%[f ® branch point ,0] TEE
Z0BOREEERERLTSD. TWODHEREZLUTIZRR %5, Hirzebruch-Jung
resolution, IZ & ¥ ARV 3 5. |

ZZT, Q% f ® branch point T valency 7% /n THB LD ELTH. ZHITx
JRLT, 1RTRLD2ADM Ly, Ly 2%, L, OIZiZn % Ly DBRIZIX 0
FHRATELLILIZT A, LUTTI, BAOHE L K =0 LEDTBIZ LIZTB.
bLY k2 n ZFVEE20IE, ThIE, REFBSMAZNILICTS. —7,
ko B n 2F0EI5RNEEIR, L) ¢ 1RTRDLY L., LiIIROLRW1IEDHR L,
AEEMZ, nt+k B ko THEOVEND L RB/ANOBRK ki 2CDOBICEHRLTE
. &biT, TOHMEE, BIETDETHRITS. $hbb, L T THRICEEMAILL
LT, bLb ki Bk 2808057260, Zhilk, BEEEIMX2NIEIZTS
(ME1E]) . —F, ki 2 ki 208202 0IE, BiZ, L L1 KRTROVMD
BLIIXDLLRWIARDH L 2HEMZ, kig+kiy Bk THRIVEND LS 728
INLL kivi ZFDORICHATRL. TI2T, ERIIBEXEOZLEZ, EFORK
® multiplicity & FEE. |

TIETCOBRETELNERIIHLT, MACOEDA4RTERELMRTS. M
L iCxLTiX, 2KRTHAKR B £D D? R (ZOBEIEIEOER 2HMHELTEH
x, M8 Ly, 1o LT, 2RTERE S; £ D? REMRLTEL. 2RTHRE
S; £ D? Fix Euler #, T72bb S, DECOREK S, S, ICXOVREZNSBD,
L; L XZE+ 3 EMRO multiplicity DOFn

ki
LEDTEL. Xbiz, 2EORBRETILE, ThOORIIHNET S D? RO
plumbing % & %5 &, HAOEZ DA RTERENH LN, TOEFI (T, x D?)/Z, IZ
BiT3 [Q,0) DEFBOHALFAMTHS. £ T, [Q,0] D:EFLMYERE, b)Y
I ECHRR L7- A IRTEEBIEZ ALY AT T, 1 oBSRABNBHEINZZ LITR25.

S,"S,',:"‘
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TOFEY, HEERVO -1 HOBERE I L TEATIE, BRAE4RTE
BENERTE S, 2750, U EOBEICL > TEROMSFEFEEICELIS 2V &
IZEER L.

FIGURE 2. HOXEH -1 OREL2ER THAT

TIT, ML RTINS Ty LORMMER f = (12,1/1242/3+1/4) KXL
TEOMREITD &, (S3/f) x 0 C (Zg x D?)/Zyz 7 Figure 2 D& LR TN
EWCHEEEIIC R D3 REOTESICEEHMI OND. TORICE VT, multiplicty
A% 12 OIREIIFEZEM Ts/f &, MOIREE f © branch point IZHRL TV D, &
512, Figure 2 I TWAIED, #VEL blow-down 352 &Ik, HEXR
=¥ —1 D2REREEZSICRYBRL (KEMREBVFETHIE, ZoF22KT
BRI 1% null-homotopic 72 BMiEABARITIS - 7= Dehn twist IZHR L TWA DT, REH
RHDELTERIBRNTNG?). T5&, BKENC, (0,0) 2AULFRRL TIOFE
BR ot = BB LN B,

FrT, =y DE FaI—2RDIOTHDH, £bED, T/ FaIi—Lid
755 B U:C? - C % U(z,y) =24 —y® TEDD L, -1(0) HFIREDOLE
BTHB. ZIT, e IS NEKEL, $B={(z,y) €C?|lzP+|yP =€}, LR
W3 L, L= S3NT1(0) HREREIRR>TVWAD (—RENE, BABIZRoTWVSD).
Bl op: S — L~ S % Pz, )= el TEBTSHE, UL, Lo O Seifert BiE

(W (z,y)|
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BI77AN—L§5 S LOHEREB>TWVWSD, Z0 fibrationy : S8 — L, — St
% z* — y® = 0 @ Milnor-fibration [16] &S, FiZiE~E, zt - =0DF )/ Fu
I—%tiE, Zo fibration PE/ FrI—-DZ LTHDH. £/ FuI—HHIL, BR
DEOHELEEBESTWVWAR, ERICHAKRTSRERZ L TEDOSTEO LITIESEMSIC L
NE/) FuI—DEDLIEREIIRTDI L, RBEELR2-TWS f & isotopic REM
BELNS. $£-T, £/ FurI—0 Dehn twist BRBELNNIT, f OFRFHY
b, 4

LI AT, PEER - =0 OBEADEY A (4,3)-torus knot THB = & 72
£iX, Tk, Milnor [16] KXo THMBNTNBEZ ETHY, wellknown &
AN L2V, fLUADOENER~DT /a—FHLER L TETRADF
TRRBEOBEHTHADT, HXT A’Campo ? divide DER [2, 3, 4] AV
FHEEBRRDZLITTD. 28, U, £/ FaI—2RDDINENARFERD
D, FIZIX, v T OEEEHIZX B real morsification EFBWEFELHDHED
T3 (Gusein-Zade [1] DFEREEZSR) .

ET0, 28 —® =0 ZRERKDEFT pertub §5. £OHIC, SEFER (X
HRIKE), FREFM=ZK GHTBRIXKFE), WHA K REEBKE) &
L8 [10] DFEEZRRDZ &I D, 228, ATOWRATIX, Figure 3 28R L
TWEEEEV., 79T, MOREN 2 DRE (ZDHE4) ITBLL, MORE
MKy DRE (ZOHE 3) KELVWEFHEHEE, RIEOR SN 1| ODEFFICTHE
T3, TOBEFHOELOENLEFHOMNARELEEX, BEFBOBRICEETIET
EEL, BFEOBRTIERNEE, BEXERL, RFEOBRICELEL 90 ERHN
8., PEIFWOAREHEFETHIETRVET. ZoX L THEINLENERE D
ESbEEREDAZADT-L DM perturb iz zt -y =0 DR TH 3. Zh
X, BAZFARIC proper (ZIXDRAENICHIBRE H7R2T T L ASHRK, divide LTINS
HLOD—FELHZED.

BATM#R D AIZ proper 7> generic (WY A 2 ERDAERZRELTHEAELT
VWB) ICEDAENE LY R 1 IRTESBE P % divide & X5, Divide P 2%
L, ROKICLTHAE L(P) BEES : |

L(P) = {(u,v) e TD|u€ P,v € T,P, [u]* + |v|* =1} C S°
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FIGURE 3

P % Figure 3 DERIZE V= divide &£ T3 &, L(P) Xzt -y =0 DREEDREY
7 Le IZ isotopic THBD. T T, Figure 3 ICBVWTAFFHDOBIEL FX) L&
RYTELITT DL, P OB S BEITERE & B/ MENE—DSo5H53 L BEZ & AH
2. MIBKICBLT, 20k RMEMNRY IO divide % ordered Morse divide
& PES5. Ordered Morse divide 123 LTI, O. Couture, B. Perron [6] %, & BE¥ K,
FREFZK, UAB—K [10112X3, L(P) BHLEFDT7 7 A " —HEEXETRS
HTERHD. £, MED divide # Figure 4 DERID X 51T, FATIZE- T2REHBRO

Q{QQ‘Q"

\._—I

FIGURE 4

LicHi<. 51, AU Figure DAERIDO L Sz, FHBICHLT, —FS3-oM8%
&, divide LOZZERIIN LT, Filc—o, Riz—oR U=V KRR
¥, BT, BRREBDIRDELIZFH LT, —2hR AV FERVMFITDZ &
295, 25 LTHRAHEE F(P) D8R L(P) THY, F(P) X7 74 _X—EW
B LP) D774 —HETHD. 2T, HLOBHADOH S L, F(P) % Figure 4
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DT ORRICEFZ L THL. ZOHEIIERKIE 1 >H25EH 3 oETHY, £0
BARAZHBTSINVWTEOLNAHEE Figure 1 IZHMPNTWAEEE OB ORFE
B, BT onzAHEBRREWVIHETIL0E LTEDTEL.

SWKRITERE S NOHE R B 220 S ADOHEE Ry, Ry OHEN TH5 L%, UL
To&BEEMIETETHS;

(1) R=RyUa Rp, 2721, 2WRTHE A IZ0A=mUnU---Up, Uy, 7
THbDEL, TIZ Ty (resp. ;) i Ry (resp. Rp) L® proper arc Th 5.
(2) S MICKROE&M2WT 3 WTRE By, B, Hid 5.
e BiUB, =53 B, NB; =8B, =8B, = S?,
e RiCBi, R, C B, TV, EbiT RiNOB;, = RyNOB; = A.
Gabai [8, 9] 1%, (S3,0R;) # R; % fiber & L ¢; % monodromy & ¢ % fibered link
ThBERBIE, R & Ry DR#EF RIZOWT (S%,0R) 8 R % fiber L L ¢1-¢; %
monodromy &3 3 fibered link T3 3 Z & /R L 7. Figure 5 iZH#id iz S2 AICE

FIGURE b5

DAENT- annulus % (positive) Hopf band & FELR, E DA% (positive) Hopf link
LBES. (Psitive) Hopf link % (positive) Hopf band % 7 7 o /3— & 35 fibered link
T Y, £ monodromy ¥ core & 72T\ % EHMRIZIR -7 right handed Dehn twist
T 5. Figure 4 IZBWT, B; Ti % core &£ ¥ 5 Hopf band &9 &, F(P) iX B;
ORI L 2> TERY, Gabai DFERLY L(P) ® monodromy 73 6:-5-4-3-2.-8 T
HDT LMY, f=(12,1/12+2/3 +1/4) @ right handed Dehn twist iZ X 5%
RBRE T, '

WX [12] iKW T, B4 UTOAMMEE EORHKERD Dehn twist 12k B
RTEEESIIRDE., FICiE, EROFETRROBLNDIODLBRBEFETD. L
ML, FEZEMiizat LT Hirzebruch-Jung resolution %3#&F L blow-down Z# VKL T
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b, FEHEROIMYERJURELZVBENDLENETHY, TOFBEITFLHE
BTEIZE-TWD., ZZTEFEFEEZ—RILL, 2TORMBEMRD Dehn twist
WCEDRTERDD (ZDLIRE W/ — T, FEBIZIEREIIBRRONIEEIR)
BERFELRRBTIZLENEENS.
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