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1 Introduction

We consider the one-dimensional motion of a compressible, viscous and heat-conductive
gas driven by the self-gravitation. In addition, let the two edges of the medium be fluc- -
tuating and thermally-insulated and the gas be chemically reactive. Such a gaseous
motion, especially in the processes of the unimolecular reactions of kinetic order one,
is described by the following four equations in the Eulerian coordinate system corre-
sponding to the conservation laws of mass, momentum and energy, and an equation of
reaction-diffusion type ([38]):

’

pt + (p’U)y = 01

: p(ve +vvy) = (‘p+ﬂvy)y+pf’ (L.1)

L P2t +vzy) = d(pzy)y — o2

in U, (Dt % {t}) with D, := {y € R|n(t) < y < y(t)} for any ¢ > 0, and the
boundary conditions for t > 0,1 =1, 2,

dyi(t)

—_— = V¥ i ,t ,

Tt (1:(t), 1) (1.2)

(=P + pvy, By, 2y)ly=y(ty = (—Pe, 0, 0).
Our problem is: To find, for any time ¢ > 0, the fluctuating boundary functions y;(t)
(i = 1,2) and the distributions of the density p = p(y,t), the velocity v = v(y,1),
the absolute temperature 6 = 6(y, t) and the mass fraction of the reactant z = 2(y,t)
satisfying (1.1) and (1.2) for the given initial conditions

(piv’97 z)|t=0 = (pO(y)’ vO(y)aOO(y)azO(y))1 Y€ F0 (13)

Here u, k, d and X are the coefficients of the bulk viscosity, the thermal conduction,
the species diffusion and the difference in heat between the reactant and the product,
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respectively, which are assumed as positive constants; a constant p, > 0 is the external
pressure. Moreover we assume that the gas is polytropic and ideal, namely, the pressure
p = p(p, #) and the internal energy per unit mass e = e(p, ) are given by the equations
“of state

p(p,6) = Rp#, e(pa 8) = c,0

with two positive constants R and cy, the perfect gas constant and the specific heat
capacity at constant volume, respectively. The external force per unit mass f = f(y,t)
is defined by f = —U,,, where U = U(y, t) is the solution of the boundary value problem

' U, =Gp in Dy,
{ W t (1.4)

U|y=y1(t) = U|y=yz(t) =0

for each ¢t > 0 with a positive constant G.

Remark. In the three-dimensional case, for space variable y € R? and time variable
t > 0 the self-gravitation per unit mass f = f(y,t) = (f1, f2, f3)(¥,t) is given by the
formula '

f=-VU,,

where Uy = U,(y, t), the gravitational potential, is defined by

, £)
U, (y,t =—G/ pst) 44
) ’ o |y — sl

~ with the domain Q; C R3 occupied by the gas at t, the density p(y, t) and the Newtonian
gravitational constant Gy. It is also known that U, satisfies the Poisson equation

AUg = 47TGOP

in Q, for each ¢t > 0. From these arguments one can regard that f defined above is the
one-dimensional version of the “self-gravitation”, U the “self-gravitational potential”
and G the corresponding “Newtonian gravitational constant”.

Furthermore we assume that the reaction rate function ¢ = ¢(6) is defined by the
Arrhenius law (see for example, [22])

¢(0) = Ke™4/° (1.5)

with the coefficent of rate of the reactant K and the activation energy A, assumed as
positive constants in this paper.
We transform this problem into the one in the Lagrangian coordinate. For a given
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smooth velocity field v(y,t) and for any fixed point (y,t) € U, (Dt % {t}), finding
the solution Y :(7) of the initial value problem

{ —d—YﬁLf’-_(—Tl =v(Yy(r),7) for 0<7 <,
Yyult) = |
and putting Y;:(0) = £, we have

t

y=Yeo(t) =€+ / v(Yeo(r),7) dr.

0
Then we introduce the mass transformation

3

Erz= / po(8) ds.

0

From these changes of variable problem (1.4) is reduced to for each t > 0

(7 0z)z =G in (0, M),
0’::::0 = 0lz=M =0,

where M = :’(00) po(€) d€ and hat “*” represents the transformed functions. Through

the relation f = —pU, we can get the explicit formula
. o(n,t)td
f(z,t) = -G (:u - f°M’7f’(" ) ") . (1.6)
fo p(n,t)~1dn

Consequently, by putting the specific volume v(z,t) := 1/j(z,t) and the velocity
u(z,t) := ¥(z, t), by using (8, z, (8)) (z, t) in place of (é, %,6(8))(z,t) and by normal-
izing M = 1, our problem becomes

[ v = ug,

1
Uy = (—-R% + /-tyvﬁ) -G (x - ———-——----f0 mo(m, ) dn) ,

fol U(n, t)dn
6 Uy 0.
vl = (—R; + /_l:?) Uz + K (?)z + Az,

=d(%E) -
| %= (v2)x oz
in (0,1) x (0, 00) with the boundary conditions for ¢ > 0

0 Ug
(-R; + ﬂ'"l')—a oz)

zz|z=0,1 =0

= (_pe7 0)) -
z=0,1 (1.8)
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and the initial conditions for z € [0, 1]

{ (v’u)0)|t=0 = (UO('T)’uO(z)aOO(x)),

2|¢=0 = 20(2).

(L9)

Now, by integration of (1.7)2 with respect to = over [0, 1] we get

K (l - M) : (1.10)
dt Jo 2 fol U(ﬂ, t) dn

Denoting u — fol udz by u again, we obtain the final form:

.
Yy = Ug,

(1.11)

zz=d (%)z - @z

in (0,1) x (0, 00) with the same initial-boundary conditions (1.8) and (1.9). In addition,
integrating (1.11)? over [0,1] x [0,¢] under (1.8)! gives fol u(z,t)dz = fol u(z,0)dz,
whose left-hand side is identically equal to zero. Hence, it is natural for us to take the
condition

\

/1 up(z)dz = 0. | ' (1.12)

We also assume the compatibility conditions
6 ug’

(-R_O + N_O" 601)
Vo

20! |z=01 =0

pmoi (=P, 0) (1.13)

For the system (1.11), (1.8), (1.9) with (1.5) under the hypotheses (1.12), (1.13)
we shall establish the unique existence, global in time, of a classical solution and ob-
tain the temporally asymptotic behaviour of the solution. One can easily see that
from (1.10) this solution leads to the one for the problem (1.7)-(1.9), and that when
p(z,t) := 1/v(z,t) is strictry positive for any (z,t) € [0,1] x [0,T] with any T > 0,
that solution corresponds to the one for the original problem (1.1)-(1.3).

We introduce some function spaces (see for example, [14]). Let Q := (0,1), m be a
nonnegative integer and 0 < g, 0’ < 1. By C(Q) the space of continuous functions de-
fined in (2 is denoted. We use H™(2) as the usual Sobolev spaces of order m in the L?
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sense. C™*7(Q) denote the spaces of functions u = u(z) which have bounded deriva-
tives up to order m, and whose m-th order derivative is uniformly Hélder continuous
with exponent o. Its norm is defined by

D™u(z) — Du(e)
|z — z'|°

|l mao = ZsuplD” u(z)| + sup
k=0 T z, €0
z#a

with D = d/dz. Let T be a positive constant and Qr := Q x (0,T). For a function u
defined on Qr,

[ul®@ == sup |u(z,?)],

(zvt)EQT
t) — t - d
| ;= sup lu(z, t) ’u’(f, )l’ Iu!ga) = sup lu(z, t) ?Sx,t)|
(z’t):(z”t)EQT Iz -z i (:c,t),(z,t’)EQT |t -t I
z#a £t

We say that u € C7'¢ '(Qr) if u is bounded and uniformly Hélder continuous in z and
t with exponents ¢ and ¢’, respectively, with the norm

[ulo,or := Tl + [ul$ + Julf™.
We also say that u € C 2+°" Ho/2(Qr ) if u is bounded, has bounded derivative u, and
(Ugg, Ug) € ( coel 2(QT)) Its norm is defined by
[ul2+0,140/2 = |u|©@ + [um|(0) + [Uzzlo,072 + |Utlo,0/2-
Our first result is
Theorem 1 (Global Solution) Let a € (0,1). Assume that
1 2 3

(w0, %o, Bo, 20) € C**(Q) x (c +a(n))

satisfies (1.13), (1.12) and vo(z) > 0, Gp(z) > 0, 0 < 20(z) < 1 for any z € Q, and

that p. > 0. Then there exists a unique solution (v,u, 8, z) of the initial-boundary value
problem (1.11), (1.8), (1.9) with (1.5) such that for any positive number T

3
(v, Vg, v, u, 0,2) € ( Cy o‘/?'(QT)) ( 2+""Ha/z(QT)) :
Moreover for any (z,t) € Qr
v(z,t) >0, 6(z,t) >0, 0<2z(z,t)<1

Simultaneously, we obtain a temporally asymptotic profile of the specific volume.
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Proposition 1 (Asymptotic Behaviour of the Specific Volume) Assume that the
initial data and p, satisfy the hypotheses of Theorem 1. Then v has a limit as t — 400
uniformly in x € Q:

- R Ey— Az
v(z,t) — 0*(z) = ——<———,
@0 =V ey TR
where Z 1is the limit of / (z,t)dz as t = +oo satisfying0 <2< 1,

171
Eo = / (5'&02 + Cv00 + f(.’I?)'U(] + )\ZO) d.’l),
0 .

f(z) :=pe + -;—Gx(l - ).

Remark. From the physical point of view one expects that the solution (v, u, 8, 2)(z, t)
converges to a steady state (V,U, ©, Z)(z) as time tends to infinity, which is a solution
to the stationary problem corresponding to (1.11), (1.8), (1.9)

(e 2(7), (), +re02) = (0 -6 (=-3) ).

2 (1.14)
d<V2) - ¢(©)Z=0
in © with the boundary conditions
= (pe, 0),
( ) z=0,1 (1'15)
Zz|z=0, = 0.
This problem is easily solved as
(V,U,0)(z) = (-’3—6 T @)
P fm)y> 7 ) (1.16)

Z(z)=0

with any constants U and ©. Proposition 1 is the partial result for the complete proof
of this expectation.

On the other hand, we obtain another result in case of the non-reactive gas, i.e.,
0 in (1.11)* and K = 0 in (1.5), which leads z(z,t) = 1 under z(z) = 1 from

d =
(1.11), (1.8), (1.9).
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Theorem 2 (Global Solution for the Non-Reactive Case) Let o € (0,1) and
K =0 in (1.5). Assume that .

2
@mmﬁgecmmnxQﬂMm»

satisfies (1.13)1, (1.12) and vo(zx) > 0, Gy(z) > O for any z € Q, and that p, > 0. Then
there ezxists a unique solution (v, u,0) of the initial-boundary value problem (1 11)-3
(1.8)%, (1.9)%, (1.5) with K = 0 such that for any positive number T

(v, v, v, w, 6) € (C227(@n)) x (CH™*2(Qn))’

with
|va Vg, vt'a,a/m |u, 0|2+a,1+a/2 < C, o (1.17)
v(z,t), 0(z,t) = 1/C  for any (z,t) € Qr,
where C is a positive constant depending on initial data and T. Moreover, if -
G R
d - .
c,>R an p°>80v 7 (1.18)

are satisfied, then C can be taken to be independent of T.
Simultaneously, we obtain the temporally asymptotic profile of the solution (v, u,#8).

Proposition 2 (Asymptotic Behaviour of the Non-Reactive Gas) Assume that
the initial data and K satisfy the hypotheses of Theorem 2 and that (1.18) holds. Then
the solution (v,u,8) of the initial-boundary value problem (1.11)!-3, (1.8)}, (1.9)},
(1.5) with K = 0 converges to a steady state (7,0,8) in C(Q) N H'(Q) as time tends to
infinity, where

o R Ey Y
= = —— =
7= f(z)ev + R’ cv+R

1
with Ey := / (%—uo2 + cvbp + f(a:)vo) dz and f(z) :=p.+ %Gx(l - z).
0 .

Remarks. (i) Theorems 1 and 2 say that if p. > 0, one can construct the solution
until any (long) “fixed” time T. However, the solution may blow up as time tends to
infinity. In this situation it is not sure whether the solution exists at ¢ = +o00 or not.
On the other hand, in the non-reactive case, only under the situation that condition
(1.18) is satisfied, one can apparently confirm that the classical solution uniquely exists
even if t = +o00.

(ii) The steady state (©,0,0) is a solution (1.16)! with U = 0 and © = @ to the
corresponding stationary problem (1.14)}, (1.15)! under K = 0 in (1.5). We also note
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that the first hypothesis in (1.18) is equivalent to 1 < 7 < 2, where v is the specific
heat ratio satisfying R/c, = v — 1 for ideal gases (the Mayer’s relation). Therefore, for
these gases Theorem 2 says that if the external pressure is suitably large, the stationary
solution of our problem is stable for any size of the initial disturbance.

We mention some related results concerning our problem. As is well-known for
three-dimensional, compressible, viscous (and heat-conductive) fluid models, there exist
only partial results concerning temporally global existence and asymptotic behaviour of
the solution. Matsumura and Nishida solved globally in time the Cauchy problem [15]
in 1980 and the initial-boundary value problem [16] in 1983 under the assumptions that
a given potential force is sufficiently small and the initial data (po, vo, 6o) is sufficiently
close to a positive constant state (5,0,8). They also showed that the corresponding
stationary problem has a unique solution (5,0, 6) near (7,0,8) and the global in time
solution converges to this stationary one as time tends to infinity. It is also noteworthy
to point out another temporally global result due to Solonnikov and Tani in a series
of papers [27-29]. They considered a free-boundary problem for a barotropic model
with a surface tension on the free-boundary, and proved the existence of global in time
solution and its convergence to a stationary solution in suitable Sobolev-Slobodetskii
spaces under some smallness assumptions on the initial data.

On the other hand, in spacially one-dimensional problems, many studies have been
done including the case for large, smooth initial data (mainly under the assumption that
coefficients of the viscosity and the thermal conduction are positive constants). In 1977
Kazhikhov and Shelukhin [12] firstly constructed the global in time, classical solution
with arbitrary large, smooth initial data. They considered the initial-boundary value
problem for a polytropic and ideal fluid flow with the Dirichlet boundary condition with
respect to the velocity and without any external force fields. Kazhikhov [11] also proved
that for arbitrary large, smooth initial data the solution of this problem converges to
the one of the corresponding stationary problem as time tends to infinity. For them it
is necessary to get a priori estimates of the solution, among which the most important
one is the boundedness of the density from below by a strictly positive constant. To
obtain such an estimate they derived a useful representation formula of the density
in [12]. The analogous one is also deduced in our problem (see Lemma 1, section 2).
After these pioneering works, Nagasawa [20] investigated the outer pressure problem,
i.e., pe = pe(t) in (1.8) without any external force fields. He constructed the global
in time classical solution and clarified the temporally asymptotic state of the solution
under some hypotheses on lim;, o pe(t). When his outer pressure is identically equal
to a positive constant, the asymptotic state is the same as ours stated in Proposition 2
under G = 0. We also mention the investigation due to Kazhikhov [10], Okada [21] and
Nagasawa [18,19] on the model of polytropic and ideal gas which has a free-boundary
to a surrounding vaccume state, i.e., p. = 0 in (1.8). Models for a reacting mixture
composed of polytropic and ideal gases have been studied without any external force
fields, by many authors including Poland and Kassoy [22], Bebernes and Bressan (1],
Chen [3], Yanagi [39] and so on.

For the models of compressible, viscous and heat-conductive fluids with external
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forces and without any restriction on the size of the initial data, one can find only a
few temporally global results. For the three-dimensional spherically symmetric problem
depending on one space variable r := |y|, y € R3, global in time solvability and the
asymptotic behaviour of the solution were investigated by Ducomet [6], Yanagi [40],
Nakamura and Nishibata [17] and so on. In [40] the gaseous motion in an annulus
domain under a small potential force was discussed; in [17] the motion in an unbounded
exteriour domain of a sphere was studied under any large potential force; in [6] a stellar
model (see [2,13]) with the central rigid core was treated in the case of the free-bondary
on the surface and the force field due to the self-gravitation of the gas. Ducomet [4,5,7]
and Ducomet-Zlotnik [8,9] studied one-dimensional gaseous models rather similar to
ours, i.e., reactive one with the free-boundary in the external force field. In a series
of papers [4, 5, 7-9] they did not adopt the exact form (1.6) of the self-gravitation,
but a special external force completely independent of time variable in the Lagrangian
mass coordinate system. Such a special form is called the “pancakes model” relevant
to some large-scale structure of the universe (see [25]). Although they established the
temporally global existence of the solution and its temporal asymptotics in [8,9] for
the gas not only polytropic and ideal but also “radiative”, i.e., p(p,6) and e(p, ) are
given by

a,, 6*
p(p,0) = Rof + 26", e(p,0) =cuf + a

with the radiation-density constant a and the coefficient of the thermal conduction «
is dependent on p and 6 (see [33-35] for details), their results did not cover the pure
free-boundary case (1.8) but for the one with partially Dirichlet boundary condition
for 8, i.e., 8|,—¢ (or f]z=1) = Or with a positive constant fr. [Also in [17] the boundary
condition for § equivalent to this was taken as 0|;=10 = 04+ > 0.] Furthermore, the
proofs in [4-7] are not clear for the present authors.

It is our Theorems that obtained temporally global results through the exact argu-
ment under the physically realistic external force, the self-gravitation.

Proofs of Theorems 1 and 2 are based on the temporally local existence theorem
and a priori estimates of the solution. The fundamental theorem about the existence .
and the uniqueness of the local in time classical solution in three-dimensional case was
already established by Tani [30,31] under sufficiently general situations. For the self-
gravitating fluid, Secchi [23,24] obtained the corresponding result in suitable Sobolev
spaces. Since it is easy to see that their arguments are applicable without any essential
modifications to our one-dimensional, reacting case (see also [26]), we omit the proof
of next proposition.

Proposition 3 (Local Solution) Let o € (0,1). Assume that
‘ 3
(v, o, B0, 20) € C*2(@) x (C?*2(0))
satisfies (1.13), (1.12) and for a positive constant Cy
|[vol1+as |40, B0, Z0l24+a < Co,

vo(x), bo(z) >1/Co, 0< z(z) <1  forany z € Q.
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Then there ezists a unique solution (v,u,0,z) of the initial-boundary value problem
(1.11), (1.8), (1.9) with (1.5) such that for some positive nunber T* = T*(Cp)

(v, vz, vg, 4, 0, 2) € (Cg‘,’taﬂ(QT'))s y (03,“2“’ 1+Q/2(QT~))3_

Moreover there ezists a positive constant C* = C*(Cy, T*) such that

. I’U, Uz, 'Utla,a/?, Iu’ 0, z|2+a,1+a/2 S O*,
v(z,t), 6(z,t) > 1/C*, 0< z(z,t) <1 for any (x,t) € Qr-.

In order to prove Theorem 1 it is sufficient to establish the following a priori bound-
edness. ‘ ‘

Proposition 4 (A priori Estimates) Let T be an arbitrary positive number. As-
sume that a, p. and the initial data satisfy the hypotheses of Theorem 1 and that the
problem (1.11), (1.8), (1.9) with (1.5) has a solution (v,u,8,z) such that

3

(0, v 0w, 0,2) € (C2E(Qn)) x (C2O(Qn))

Then there ezists a positive constant C depending on the initial data and T such that

[’U, (P vtla,a/27 Iu: 0, z|2+a,1+a/2 S C,

v(z,t), 8(z,t) > 1/C, 0< z(z,t) <1 for any (z,t) € Q.

On the other hand, in [32] the unique existence, global in time, of a classical solution
for the system (1.7)!-3, (1.8)!, (1.9)! with (1.5) under K = 0 was already established.
Therefore, to complete the proof of Theorem 2 it is sufficient to establish the following

Proposition 5 (A priori Estimates for the Non-Reactive Case) Let T be an ar-
bitrary positive number. Assume that a, K and the initial data satisfy the hypotheses
of Theorem 2, (1.18) holds, and that problem (1.11)'-3, (1.8)!, (1.9)}, (1.5) with K =0
has a solution (v,u,0) such that

2

(v, va, v, 0, 0) € (C22(@Qn)) x (CH+(Qn)”.

Then there ezists a positive constant C independent of T such that (1.17) holds.

2 Key Lemmas for Proving propositions 4 and 5

In proving Propositions 4 and 5 (and also Propositions 1 and 2), we need several lem-
mas concerning the estimates of the solution and its derivatives. For details, see [36]
for the proofs of Propositions 1 and 4, and [37] for Propositions 2 and 5.

As mentioned in section 1, Kazhikhov and Shelukhin firstly derived the useful rep-
resentation formula of v. In the present case, we can obtain the similar one as follows.
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Lemma 1 The identity

o(z, 1) = m (vo(w) + % /o 6(z, )Pz, ")Q(z, ) dr)

holds, where
P(s,0) = exp [ [ (uole) ~u(c.0) |, Q) = oxp ()

with f(z) = p. + %Gw(l - ).

This representation formula and some uniform in time bounds of the solution of energy
form yield a priori boundedness of v both from above and from below.

Lemma 2 For any (z,t) € Qr
Cl<v(z,t)<C

with a constant C independent of T.
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