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Simple 3-designs on ¢ + 2 points constructed
from PSL(2,q), ¢ =3 (mod 4)

Izumi Miyamoto
University of Yamanashi

Let X = {0,1,2,---,n}. Let B be a set of k-point subsets of X. Here
B may be a multi-set. Then (X, B) is called a t-(n + 1,k, \) design if every
- t-point subset of X is contained exactly A elements of B. An element of B

is called a block. A design (X, B) is called simple, if there are no repeated
blocks in B.

Let G be a permutation group on X.

t-Transitive and t-Homogeneous:
Let z;, x5, - -+ , z; and y1, ¥2, - -+ , ¥: be a couple of ¢ points of X.

G is t-trgnsitive.
dg € G such that z{ = ¢1, 5 =42, -+ , = = ..
G is t-homogeneous.
dg € G such that {z{,z], --,z{} = {v1, 92, -, ¥}

Examples
G = PGL(2,q), projective general linear group over a field of g
elements.
= G is 3-transitive.

G = PSL(2,q), projective special linear group over a field of gq
elements, g odd.
= G is 2-transitive.
G is 3-homogeneous if ¢ = 3 mod 4.

Action of G in k-point subsets:

Let b = {z1,z2,---,zx}, a k-point subset of X. We denote
{xga xgv Y xi} = {xla T2y vxk}g'
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Let B = {b9|g € G}, the orbit of G containing b.
G is t-homogeneous. = (X, B) is a simple t-design.

Here we assume G is t-homogeneous on {1,2,---,n} = X\{0} and G leaves
the point 0 fixed. We want to choose orbits By, By, B} of G on (k + 1)-point
subsets so that

bp € Bp = 0¢€ bo
be BiUB, = 0¢b
coBo U ¢1 By U ¢ B} becomes the blocks of a t-design,

where ¢; B; means every subset in B; is repeated c; times. Here we quote a
theorem which will be shown in [4]

Theorem 1 Let B = ¢gByU ¢, B, U ¢| B}, where cq, ¢; and ¢} satisfy

(n—k)co _ <1 + 5'1_
(k+1)g a1 g
Then (X, B) is a t-(n + 1,k + 1, A) design with

oolt)
w( ")

In particular, if ¢} = 0, then B = ¢oByUc, B, and the above condition becomes

a _ gn—k)
co go(k+1)

Examples

G = PSL(2,q) or PGL(2,q) acting on projective line P= {1,2,---,¢ + 1}.
If G = PSL(2,q), we assume that ¢ = 3 mod 4 so that G is 3-homogeneous.
G.,2 = stabilizer of points 1 and 2 in G We assume q 1 mod 6, which
implies 3|g — 1. So G} 2 has subgroups of order 3 and 3(g—1) having 3(q 1)
orbits of length 3 and of order (g — 1) having two orblts of length (g — 1)
respectwely We use some of these orbits to construct blocks. Set by =
Us(g — 7) orbits of length 3 U{0,1,2} b = Ug(g — 1) orbits of length 3
Y, = a orbit of length 2(g — 1) Then the block size is k+1 = (g — 1). The
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orders of the stabilizers of the blocks bg, b1, b} should be go = 3¢y, g1 = 3¢y,
g = 5 (q — 1) Set B = ¢cyByUc¢; B, U ciBj. Then we have

(n — k)co _g+1- 5(a—3)  g+5
(k+1)go s@-1)x3  3(-1)

a ¢ _1 2 _ _9+5

@ g1 3 g-1 3(g-1)

|G| = X(g+1)q(g — 1), where m = 2 or 1 according as G = PSL(2,q) or
PGL(2,q).
5= (a—1)(g-3)(g-5)
12m

Theorem 2 [3] (PU{0}, B) is a 3-(¢ +2,3(¢ — 1), (¢~ 1)(¢ — 3)(¢ ~ 5))
design.

G is as above. Similarly we chose 3 subsets of PU{O} of size (¢ +1) so
that the stabilizers are of order go = co, g1 =c1, g} = 2 (q +1)

Theorem 3 (PU{0}, B) is a 3-(g+2,3(g + 1), &= (g — 1)%(g — 3)) design.
Simple designs

Let G = PSL(2,q), ¢ = 3 (mod 4). From Theorem 2, if there exist by, b
and b} of size (¢ — 1) such that

|Gbo\{0}| =3, lGlnl =3, le'll =

N

(q - 1)7

then we have a simple 3-design.
Similarly from Theorem 3, if there exist by, b; and b} of size 2(q +1) such
that
|Gbo\{0}' = 11 |Gb1l = 1) le'l = (q + 1)

then we have a simple 3-design.

The number of k-subsets with stabilizer group precisely H for a subgroup
H of PSL(2,q) is determined in [2] if kK # 0,1 (mod p), where ¢ is a power of
a prime p and ¢ = 3 mod 4. The number is denoted by gi(H). A cyclic group
of order [, a dihedral group of order 2!/, an alternating and a symmetric group
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of degree 4 will be denoted by Cj, Dy, A4 and Sy respectively. As denotes a
alternating group of degree 5.
For Theorem 2 it suffices to show that

g,;_(q_3)(03) > O, 'g%(q__l)(C3) > O and g%(q_l)(c’%(q_l)) >0

For Theorem 3,

g%(q_l)(cl) >0 g%(q+1)(C1) >0 g%(q+1)(C§(q+1)) >0

Let fi,(H) denotes the number of k-subsets left invariant by a subgroup H and
let (1) denotes the Mobius function. In Table 2 in [2] fx(H) are obtained for
various subgroups H of PSL(2,q). In Theorem 24, 25 and 26 in [2] g(C}),
gx(C3) and gx(C;) are expressed with fi(H). So we have the following.

g%(q—B)(CS) = _g;_lf%(q—a)(AO + f%(q—s)(c3) - gg_lf%(q—3)(D5)
92-1(C3) = D0 wl)fyq-1(Ca),
Ug(e-1)

where p, is the smallest prime factor of g(g — 1).
g%(q—l)(cl) = f%(q—l)(cl) + l>1,l|§q—1) ﬂg;_l)'”(l)f%(q-l)(cl)
91+ (C1) = fi+)(Ch)
+ﬂg‘:3_‘lz(2f%(q+1)("44) - 6f§(§+1)(s4) - 12f%(9+1)(A5) + f%(q+l)(D4))
+ Z ﬂggﬂll"’(l)f%(q-f-l)(cl) - 9&9%2 2 1>2,0|(g+1)/2 #(l)f% (g+1) (Da)

1>1,l(g£1)/2
In order to see gx(H) > 0, we use the following lemmas.

Lemma 4 Let m and t be integers greater than 1. Assume t divides m.
Then |
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Lemma 5 Let py, po, -+, pr be the prime factors of m. Then

% () < 2 w0 (o) <=5 (o)

I>1,llm

50 (30) -1 (28)

where p; is the smallest prime factor of m.

Lemma 6

The proofs will be shown in [4]. Then we will have the following simple
designs.

Theorem 7 If ¢ = 7 mod 12 and q > 19, then there exists a simple 3-
(g+2,3(g—1), 53;(g—1)(g—3)(g—5)) design (PU{0}, B) where B consists
of three orbits By, B, and B} of PSL(2,q) acting on the 3(g—1)-point subsets
of PU{0} such that0 € by, 0 & b, and 0 & b, for by € By, b1 € B, and b € B]
and that the stabilizers of them are C3, C3 and C%(q_l) respectively.

Theorem 8 If ¢ = 3 mod 4 and q > 19, then there erxists a stmple 3-
(@+2,3(qg+1),3(q — 1)*(g — 3)) design (PU{0}, B), where B consists of
three orbits By, By and B} of PSL(2,q) acting on the 3(q + 1)-point subsets
of PU{0} such that 0 € by, 0 € by and 0 € b} for by € By, by € ‘B, and
b\ € B] and that the stabilizers of them are Cy, C) and Ci(g+1) respectively.

We note that it is a popular method to construct designs using some orbits
of permutation groups, if the number of the points is fixed. For instance,
readers may refer to [1]. We also note that g%(q_s)(Cg,) = 0 if ¢ = 19 below.

So we will construct a simple design in the following section from PSL(2,19)
by a similar method shown in Theorem 1.

g%(q—3)(c3) = "g";_lf%(q—ii)(A“) + f%(q-3)(c3) - g:é——lf%(q—fi)(Ds)
_ g1 ((g—T7)/12 (—=1)/3\ 41 ((g—1)/6
=% ((q - 19)/24) * ((q = 7)/6) T ((q - 7)/12)

IR R R
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Experiments

G = PSL(2,19) =PrimitiveGroup(20, 1) of order 3420. G is 3-homogeneous
on P ={1,2,---,20}. Here we consider the additional point 21. So X = PU
{21}. We take the following 4 9-point subsets of X, {1, 2, 3,4, 9, 10, 15, 16, 21},
{1,2,3,6,9,12,15,18,21}, {3,4,5,9,10,11,15,16,17} and {3,5,7,9,11,13,
15,17,19}. The stabilizers of these subsets are of order 6, 6, 3 and 9, re-
spectively. Let B be the union of the 4 orbits of G acting on the 9-point
subsets of X containing these 4 subsets. Then B becomes the block set of a
3-(21,9, 168) design. '

G = PGL(2,25) =PrimitiveGroup(26,2). We can choose the blocks of
size £(g— 1) = 12 so that the stabilizers are of order 6, 6, 24. So by Theorem
2¢co=cy =c, =2and B=2ByU2B,U2Bj. So, if we set B = ByU B, U Bj,
we have a simple 3-(27,12,440) design.

G = PGL(2,25) =PrimitiveGroup(26,2). We can choose the blocks of
size 3(¢ + 1) = 13 so that the stabilizers are of order 2, 2 and 26. So by
Theorem 3 ¢y = ¢; = ¢} = 2. We have a simple 3-(27,13,1584) design if we
set B = ByU DB, U B;

We used GAP system in our experiments.
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