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Classification of isosceles sets which have the maximum
cardinality in 4-dimensional Euclidean space

WA ¥5E (Hiroaki Kido)
FUNRZRE BB 7R
(Faculty of Mathematics, Kyushu University)

1 Introduction

Rk ZE EXTA—27 V) w FERET 3,
z,y € Rk%x = (xlym%' v axk)ay = (y17y21' v )yk) t?%&%\ x a yoﬁﬁ%d(xay) =
\/2:;1(37,' - y,')2 ?ib%o

Definition 1.1. BfE#EA X c RFIZHL T,

A(X) = {d(z,y)|r,y € X,z # y}

LB THOLE, |AX)| =sTHB%BIE. X % RFICEIF S s-distance set & MEZR,
Fle. 2DD s-distance set NEWICHELTHBBSRIREMTHI I LNS T LicT 3,

2-distance set DROBEHDOBAMEIZ, R, R? (Kelly [9]). R? (Croft [4]) DIFAICH
5NTWe, EHIT, k < BIKNY % R* DPEIL Lisonsk [13] IC&>TEX BN, KD
=D Table 1 D& 5 ZRERMESLN TV S, (RA-IRA (1] & b Ry

e, (X 2 k+2TH5%bIE. REICEBIT S 2-distance set 55 X IBERBET
&% T LA Einhorn-Schoenberg [5] iZ & DiR&E N /z, 2-distance set D 2 DDEEMED LIS
DWTId. Larman-Logers-Seidel [12]IC & D, |X| > 2k +3 THB35E5E, R icHIT S
2-distance set X D2 DOEEMEDLIE Vo - 1: Va bxB T LARENE (L. ald
o<+ \[ERMRT BB,

—RED s-distance set X IZ DUV TIE, Bannai-Bannai-Stanton [2] % Blokhuis [3] IZ & 5
TIX| < () &S ERPEX SN, Ei. |X| > 5451E, R2IC3F B 3-distance set
X (ZERET, R*ICHBIT B 3-distance set DRDBIMDBMASEIL 7 TH 5B (Shinohara [14])
WS T EAHBENT VS, RICHIF S 3-distance set I DV T I, HOBHROBAE
Z12THH, BKEZE X % 3-distance set DFEEN AR ERTIE—BHNTH BT L
Shinohara [15] IZ K> TRE NI, THiICK D, R3IcBIF 5 3-distance set DEMAS (FAHY
ZBRWT) BRREICZ 2 DIERDEHSINL DD L EM? LWVS I OWVWTIE, F0%
AZWGITR/NDEZ a L TBL, aldT<a<1208EICH BT LHFMSNTWVS, L
L. TS DERZERNTIE s-distance set KDOWTDRRIZHE DB LA TUVEL,

E Tz, 2-distance sct ZE X BED 1 DDT A F7 L LT, isosceles set VD & DM
HH, RTCEBEIB,
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Table 1: 2-distance set DR DFERDEKE

k| (*3%) | 2-distance set @ BEXEZE5Z %
ROBEBOBKIE | 2-distance set DEL

1 3 3 1

2 6 5 1

3 10 6 6

4 15 10 1

5 21 16 1

6 28 27 1

7 36 29 1

8 45 45 >1

Definition 1.2. RFiCHEWT, n@DEMISOE2EEEER 3,
CORBOERDIRA2EASALE R LTVWS L ¥ (T Tk, A—ERED3 AL
2FAIAT L HXT), TOHEEIZ n-point isosceles set THB L5,

LMD 2-distance set i isosceles set ICE> TV BT LA 5. isosceles set IEFEE N
é J: 5 &4: }; D rCo

RiT, TDisosceles set IEDVTHIGNTWABT LEZFLHTHL,
o R! Tl isosceles set DRDEMDOBAIEILX 3 TH B,
o R*{TIBUF % 7-point isosceles set (37 L7xVY (Golomb [8], Kelly [9])

o R? (235!} % 6-point isosceles set IX, FEIERRIFTE 5 BF L EDOHLD 6 HH D
ZBHRE (RDOR—TD Fig. 1) D1 DITEE S, (Golomb [8], Kelly [9])

o R? 231 % 5-point isosceles set t&, FIEIZRIFIE Fig. 2D 3 DDESICERS,
(Fishburn [7], Golomb [8])

 R®IC#5(} % 9-point isosceles set 1274 L 72\ (Croft [4])

o R?(C$51} 5 8-point isosceles set I3, FEIERNT Fig. 3 THENZMEDKE1D
IKEE 3. (Kido [11)) :

® R3{Z$l} B 7-point isosceles set IZME RV TLERICEET 3.
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Fig. 1. R?2IC3IF BHE 1 DD 6-point isosceles set

Fig. 3. R3 i} BME 1 DD 8-point isosceles set
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SENE, RYICHBIT B isosceles set DEDEMOBRAMES & UHEICOVTER 1=, R*
\Z351) 5 isosceles set IZDWT &, HBEE Tl 11-point isosceles set DIERIEAIEETH 3
TERBH>TNT, RD2DODZFDHITH S,

X ZRDOERELT B,

X'={eitej|l <45 <4, i#5}U{—e+ (3505 346 338 30v8))) < | < 4}

TBHE X ERICHIT BHE 1 DD 10-point 2-distance set Tdd 3 (Lisongk [13] M), X'
D10 REA— 3 RTTHRELIZHZDT, ZOFLTHS (2415, 18 5448 5045 pfz
=588

X=X’U{(§ﬂ§ 5+v8 5+v6 Lﬂ@)}

10 » 10 * 10 * 10

(& R*IZ31F B 11-point isosceles set L3, X' R X RESHESATNEC EICHER
LTH<L. &5 12D 11-point isosceles set DEIL.

Y = {(cos ¥m,sin %r,0,0)(0 < j < 4}U{(0,0, cos Zr,sin Z7)(0 < k < 4}U{(0,0,0,0)}
TH%, YIRIESAEESA TS,
ROFELERIIFBBICBIZTEHRTH S,

Theorem 1.1.  R*IC#IF 3 11-point isosceles set [ZFRIEFRE & 2 DICTREh, %
hsSikbkdRox Ly ©tH3,

KD Corollary 1.1 t& Theorem 1.1 NoRhBRETH B,

Corollary 1.1.  R*IZ31} 3 12-point isosceles set IZ7EEE LAV, LizhioT. REIC
17 % isosceles set DEDERDOBAMAEIL 11 TH 5,

R¥IC#UJ % Croft OF & [4] % R ICHLRT BT Lick D, T Theorem 1.1 DIEH
ZATo T REEAODBIE 2 XROTLE TR B,

2 Notation and a fundamental lemma

ROEEZEAT B, ’
apex : SRUENSERBEAICHNT, BOITRTOED HEFEMONEICH B 5K

P ={P,--,P,} % n-point isosceles set £ 35, P D P, D" vertex-number” V(R)
ZV(P)=(PEBL3IRNDRBMHMEAETRTEZ, 2055, P, H apex Lixo
TWBLDDY ) = (LR ZBEALT 3 25503 AT OEE)

TEHT 5,

TDLE,

VR +-+ V(R 2 (3) (1)

M biro,
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Kles REDOPORD DKL DFEREREZ 5, Mo 272550 r [, Bl L5505
sl - Rt LEBRDAuBEHoTEE (a,b,--- UFEWCEED . r>s5>--->u
&9 B, e, r+s+---+u=n-1). RPI&type(r,s, - ,u) DETHBELWNS T
i3 %,

P, b type(r, s, - ,u) THBEHIE,

V(R) = (2) + (;) oo (g) (2)
AELD LD,

11-point isosceles set DMFEEZX 33 X T, RLEANEHEELIBRNS,

Lemma 2.1. P = {P,,--- , P} Z R* I} 5 11-point isosceles set & L. P, HE@AD
vertex-number THBH LT B, TDELE P, Dtypeld. KD Case (A) B5 Case (H) ¥ T
DNTFNHIEWmZ LT3,

Case (A): (10),

Case (B): (9,1), (8,2), (8,1,1),

Case (C): (7,3), (7,2,1),

Case (D): (6,4), (6,5,1), (5,5), (5,4,1),
Case (E): (7,1,1,1),

Case (F): (6,2,2),

Case (G): (6,2,1,1),

Case (H): (6,1,1,1,1).

11

Proof: V(A)+---+V(Py) 2 (3

%%,
WX, P, Dtype % (r,s,---,u) T3 L, (2) &b,

D6+ ()= o

r+s+---+u=10 ‘ (4)

) — 1651 (1) K DD IDDT, V(R > 15 &

MEROIUB, Ebic,

LD IID,
(3) & (4) DEAGZWMIZTICIE, (rs,-- ,u) IZHBICH B Case (A) H5 Case (H) ¥
TOVWTIHTERITNIERSEV, B
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3 Sketch of the proof of Theorem 1.1

RA Y b ERDHEPHERUTICBNTECLICE>T (L. FNDDOFHITE
#89 %). Theorem 1.1 DEERFDMREE B3,

Lemma 2.112313% P, D type % Case (A) »'5 Case (H) DEFNFhIBEFFLT
ERTBHTELICEST (EMTHERICEIZEDLH5), ROBEIRENS,

Lemma 3.1. R* ic35!F % 11-point isosceles set HEES B4 51E, 11 RD3BEDH 3 4
RIZA—MAALICH S, m

1NRDS5DH3 4 RIZFA—FELICH BT LHPh>7DT. FA—FHELD 4 ED
EEEEXS, ROMEIZTHICDOVTOEDT, Croft [4] D Lemma 18 & FRICZERH
T&5,

Lemma 3.2. 4-point isosceles set %3 @—FEA_ LD 4 A3, FATED45KE LIRE
5AFD4RICES, B

Lemma 3.2 X V. [EEAFD 4 R%E & 11-point isosceles set & IF 5 BIED 4 Sk ts
11-point isosceles set DMEEFNEFNEI T LU,

(IE5 AFD 4 %2 &L 11-point isosceles set IZDUVVTY

Proposition 3.3. P = { P, -, P,} Z R*ICHBI} BIE 5 A0 4 5% ST n-point isosceles
set <‘: L\ Pl, Pz, P3, P4 GiiE5ﬁﬁ2@4f§'C“§6 <‘:‘."9"5 (P4 <‘: P1 a)ﬁ‘:bi”g&p”h‘aé)o

TOLE P = (35, X00%8,0,0), P, = (-4,0,0,0), P = (4,0,0,0), P, = (255,

Y0128 0y p (RsETE B,
(PP DHREDFEET., E5 AEDI1LDEXIZ1THD,)
TBL, D DADBRIROVTAMERT L TR SR BN,

- 31./5
(i) (0, - 10+N5,.'¢,1u), BU. 2z & widER,

(i) IE5 AT ORD DRTHS (0, L, 0,0),

24/10+2v5’

1-v6 2 2 _ (V1042V5 13 5o e g
(4ii) (0,2 m+2\/g,z,w), BL., z2wid22+w?= (ﬁ%) Z@mLTWVW3. 1

Proposition 3.3 Tn = 11 DIFEEEX B, RO DRITDNT, (i)~ (iii) DI IR
LTERTIL, ROWERZ1BS,

Lemma 3.4. R*IZHBWT, IE5AFED 4 A% L 11-point isosceles set iEFRIEKR L &
Theorem 1.L1D Y ICESN 2, W

(IE77 %2 BT 11-point isosceles set I DUVTY

Proposition 3.5. P = {P,, -+, P,} & R* IC#51} BIES %2 & n-point isosceles set &
U. P, P, P, PLRIEATETHB L TE, COLE, P = (~3,-%:0,0), P, = (},-1,0,0),
Py=(3,%,0,0), P, = (-1,1,0,0) LRETE 3,

THL, BYDORDERIRDOVTNLER L TORTNERS R,
(i) (0,0,2,w), fBL. z & wi3fE,
(i) (0, -3, z,w), (,0,z,w), (O, 32w), (-3,0,2,w)D53ED 1D, HL, 22 widk 2+
w =3 R@/lLTVS. B
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Proposition 3.5 Tn = 11 DREREZX B, HHDORITDOWVT, (i), (ii) DERM% %%
LTERTRHL, ROEREB3,

Lemma 3.6. R* ICHBWT. IEAFD 4 2 &I 11-point isosceles set IEAEERKRL &
Theorem 1.1 D X IZfE5h 3. B

DED#HERZEEXLDHB L, Theorem 1.1 2185, B
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