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Extensions of the results on powers of p-hyponormal
operators to class wF(p, r, q) operators

{Fi¥ /A8 (Masatoshi Ito)

This report is based on “M.Ito, Parallel results to that on powers of p-hyponormal,
log-hyponormal and class A operators, to appear in Acta Sci. Math. (Szeged).”

‘ Abstract
In this report, we shall show that inequalities

(TR > (TR and  (TPT)EER > (prHiTr)RH

for 0 < p < 1 and all positive integer n hold for weaker conditions than p-
hyponomality, that is, class F(p, r, g) defined by Fujii-Nakamoto or class wF(p, r, q)
defined by Yang-Yuan under appropriate conditions of p, r and gq.

1 Introduction

In this report, a capital letter means a bounded linear operator on a complex Hilbert
space H. An operator T is said to be positive (denoted by T' > 0) if (T'z,z) > 0 for all
z € H, and also an operator T is said to be strictly positive (denoted by T > 0) if T is
positive and invertible.

As an extension of hyponormal operators, i.e., T*T > TT*, it is well known that
p-hyponormal operators for p > 0 are defined by (T*T)? > (T'T*)?, and also an operator
T is said to be p-quasihyponormal for p > 0 if T*{(T*T)? — (TT*)?}T > 0. It is easily
obtained that every p-hyponormal operator is g-hyponormal for p > ¢ > 0 by Lowner-
Heinz theorem “A > B > 0 ensures A* > B* for any o € [0,1].”

On powers of p-hyponormal operators, Aluthge-Wang [1] showed that “If T is a p-
hyponormal operator for 0 < p < 1, then T™ is E_hyponormal for any positive integer
n.” As a more precise result than theirs, Furuta-Yanagida [8] obtained the following.

Theorem 1.A ([8]). Let T be a p-hyponormal operator for 0 < p < 1. Then
(Tn‘Tn)L’T_I > > (T2‘T2)% > (T*T)PH,
that 18, |T"|l(?z >0 > |T2|p+1 > |T|2(p+1)

and
(TT*)p+1 > (T2T2")"—"2'—1— > > (TnTn"‘)Rzl,

that is, [T*20+) > [T o+t 3 ... 3 |77 25

hold for all positive integer n.
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Recently, Gao-Yang [9] obtained the results on comparison of nth power and (n+1)th
power of p-hyponormal operators for 0 < p < 1.

Theorem 1.B ([9]). Let T be a p-hyponormal operator for 0 < p < 1. Then

(T T) R > (TVTM R, thatis, [T > (TR

3

and
(TrT™)52 > (TrHT)# | thatis, [T

hold for all positive integer n.

Al s e |J’—HJ{'

As an extension of hyponormal operators, it is also well known that invertible log-
hyponormal operators are defined by logT*T > logTT* for an invertible operator T
We remark that we treat only invertible log-hyponormal operators in this paper (see
also [17]). It is easily obtained that every invertible p-hyponormal operator for p >
0 is log-hyponormal since logt is an operator monotone function. We note that log-
hyponormality is sometimes regarded as 0-hyponormality since %i —logX asp — +0
for X > 0. An operator T is paranormal if ||T2z| > ||Tx||> for every unit vector
z € H. Ando [2] showed that every p-hyponormal operator for p > 0 and invertible
log-hyponormal operator is paranormal. (Invertiblity of a log-hyponormal operator is
not necessarily required.)

Yamazaki [18] showed that “If T is an invertible log-hyponormal operator, then T
is also log-hyponormal for any positive integer n,” and also he obtained the following
results.

Theorem 1.C ([18]) Let T be an invertible log-hyponormal operator. Then
(T T™= > .- > (T¥T?% > T*T, thatis, || >---> |T? > |T?
and |
7" > (T'T7)3 > - 2 (T"T™)%, thatis, |T*P*>(T%|>-- > |T% >

hold for all positive integer n.

Theorem 1.D ([18)). Let T be an invertible log-hyponormal operator. Then
(Tn+1'T"+1)_"1—1 > T T",  that is, lTn+1l;3_'F‘T > ITn|2

and
TPT™ > (TPHTY)a5,  thatds, T2 > [T %

hold for all positive integer n.
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We remark that Theorems 1.C and 1.D correspond to Theorems 1.A and 1.B, respec-
tively. On powers of p-hyponormal and log-hyponormal operators, related results are
obtained in [7], [13], [22], [24] and so on.

On the other hand, in [6], we introduced class A defined by |T?| > |T|? where
IT| = (T*T)?, and we showed that every invertible log-hyponormal operator belongs to
class A and every class A operator is paranormal. We remark that class A is defined
by an operator inequality and paranormality is defined by a norm inequality, and their
definitions appear to be similar forms.

As we have pointed out in [14], we have the following result by combining [20, Theo- '
rem 1] and [15, Theorem 3] as a result on powers of class A operators. We remark that
Theorem 1.E in case of invertible operators was shown in [11].

Theorem 1.E ([20][15][14]). If T is a class A operator, then

2n

(i) |T™1[%1 > |T™2 and |T""|? > |T™*V"|"%t hold for all positive integer n.

@) [T°% > - > |T?| > |T? and [T*2 > |T*
integer n.

> > T % hold for all positive

(i) (resp. (ii)) of Theorem 1.E is an extension of Theorem 1.D (resp. Theorem 1.C)
since every invertible log-hyponormal operator belongs to class A.

As generalizations of class A and paranormality, Fujii-Jung-S.H.Lee-M.Y.Lee-Nakamoto
[3] introduced class A(p, r), Yamazaki- Yanagida [19] introduced absolute-(p, 7)-paranormality,
and Fujii-Nakamoto [4] introduced class F(p,r, q) and (p, 7, ¢)-paranormality as follows:

Definition.

(i) For each p > 0 and r > 0, an operator T belongs to class A(p,r) if

(T I"|TPP|T* [) 7% > T

(ii) For each p >0 and r > 0, an operator T is absolute-(p, r)-paranormal if
NTPIT* 2| > ||| T =]/
for every unit vector x € H.

(iii) For each p >0, r > 0 and ¢ > 0, an operator T belongs to class F(p,r,q) if

x| x|y 2 x 2ELT)
(T*[MTPPIT* ) 2 T
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(iv) For eachp > 0, > 0 and q¢ > 0, an operator T is (p, T, q)-paranormal if
1 ptr
WTPUIT ||« > [[|IT]™ =] (1.1)

for every unit vector x € H, where T = U|T| is the polar decomposition of T. In
particular, if r > 0 and ¢ > 1, then (1.1) is equivalent to

[Pl 2 i
for every unit vector x € H ([12]). |

We remark that class F(p,r, L) equals class A(p,r) and also class F(1,1,2) (i.e.,
class A(1,1)) equals class A. Similarly (p,r, %ﬂ)—paranormallty equals absolute-(p, r)-
paranormality and also (1, 1, 2)-paranormality (i.e., absolute-(1, 1)-paranormality) equals
paranormality. ‘

Inclusion relations among these classes were shown in [3], [4], [12], [14], [15], [19] and
so on (see also Theorems 3.A and 3.B). The following Figure 1 represents the inclusion
relations among the families of class F(p,r,q) and (p, r, ¢)-paranormality.

normaloid

(p, )

paranormal (».7)

(invertible) (0.0) 88 ' , 7, B£L)-paranormal

p-lyponoriual

FIGURE 1

We can pick up inclusion relations among classes discussed in this report as follows:
For0<dé<p<landO<r<l,
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d-hyponormal C class F(p,r ,5+r) C class F(1,1, 6+1)
n n N
log-hyponormal C class A(p, ) - class A

We remark that we assume invertibility on log-hyponormal operators.

In this report, as a parallel result to Theorem 1.E, we shall show that inequalities
in Theorems 1.A and 1.B hold for weaker conditions than p-hyponomality, that is, class
F(p,r,q) defined by Fujii-Nakamoto or class wF(p,r, q) recently defined by Yang-Yuan
[23][21] (see Section 3) under appropriate conditions of p, r and q.

2 Main results

In this section, we shall show our main results.

Theorem 2.1. If (IT*||T)}|T*|) 5" > |T*|X+D (i.e., T belongs to class F(1,1, §25)) for
some 0 <4 <1, then

2(8+4n) n

(i) |T"+1| ntl > |T"' 2 holds for all positive integer n.

) 775 > ... > |T2|9+1 > |T|26+1) holds for all positive integer n.

Theorem 2.2. If |T|20+) > (|T||T*|2|T|) * for some 0 < v < 1 holds and either
(a) (IT*|IT13|T*))? > |T*[? (i.e., T belongs to class A) or
(b) N(IT]) € N(IT*)

holds, then
(i) |
(i) [T*PO+D > 7%

SET holds for all positive integer n.

> |Tn+1*

T+ > .. "

holds for all positive integer n.
We need the following results in order to prove Theorems 2.1 and 2.2.

Theorem 2.A ([15]). Let A and B be positive operators. Then for each p > 0 and
r>0, -

(i) If (BiAPB3)#+ > B', then AP > (A3 BT A%)7+.

(i) If A? > (AEBrA%)7% and N(A) C N(B), then (B3 APB3)# % > B,
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Theorem 2.B ([20]). Let A and B be positive operators. Then
Q) If (BEAB%)70%% > B holds for fired ap > 0 and Bo > 0, then
(B A% B%)%+ > B
holds for any B > By. Moreover, |
AFBAAT > (AP BB AR
holds for any B, and B2 such that B, > B > Bo-
(i) If A% > (AF B A% )504% holds for fized cp > 0 and By > 0, then
| A* > (A¥ B A%)a R
holds for any a > ap. Moreover, |
| (B% A=B%)%H > p% 4m B%

holds for any oy and o such that ag > a; > ay.

Lemma 2.C ([20][16]). Let A, B and C be positive operators. Then for p > 0 and
0<r<l, '
(i) If (BiA?B%)7 > B" and B > C, then (C5APC3)7+ > Cr.

r

(i) If A> B, B" > (B5C?PB%)#+ and N(A) = N(B), then A™ > (A3CPA3)7F.

Lemma 2.D ([5]). Let A > 0 and B be an invertible operator. Then
(BAB*)* = BA¥*(A1B*BA%)*-1AiB*

holds for any real number .

We remark that Lemma 2.D holds without invertibility of A and B when A > 1.

Proof of Theorem 2.1. Let T = U|T| be the polar decomposition of T, and put Ax =
(TF"T*)% = |T*|* and By, = (T*T*')% = |T*¥|% for a positive integer k. We remark that
T* = U*|T*| is also the polar decomposition of T™.
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Firstly we shall show |[T2|**! > |T[*¢+). By the hypothesis (|T*||T|2|T*|)*%"
|T*|25+D for some 0 < § < 1, we have
T2 = (U*|T*||T|? IT*!U) 2
= U*(IT*ITP|IT*) U
Z U*|Tltl2(5+1)U

8+1

= IT|2(J+1)'
Next we assume that
(] n
T > 7725 that is, AR > ASn (2.1)

holds for n =1,2,...,k. By (2.1) and Léwner-Heinz theorem, we have
Arn1 2 A 22 A 2 A (2.2)
since 7= € (0,1] in (2.1). The hypothesis (|7*||T[2|T*|)*%¥* > |T*2¢+D can be rewrit-

ten by (BlAlB%)‘bfLl > B%1, and also this yields A1 > (A1 BlA%)z by Léwner-Heinz
theorem and (i) of Theorem 2.A. (2.2) and A4; > (A“B1A2)2 ensure

A > (AEBlAE)E (2.3)

by (ii) of Lemma 2.C since N(A;) = N(A;) holds. We remark that N(A;) C N(4,)
holds by (2.2) and N(Ax) = N(T*) 2 N(T) = N(A,) always holds. Then we get

k ko g
AR 2 (A} BIAf)mH (2.4)
1 1
by (2.3) and (ii) of Theorem 2.B. Similarly, (2.2) and 4; > (A? B;A?)? ensure
1 1
Ars1 > (A BIAR,)E. - (29)
~ Therefore we have
(T < (| )
= U*(Bf AkBH S U
= U*B} A} (A,?BIA )14 B3U by Lemma 2.D

<U *Bl% A,% AﬁAE Bf U by (2.4) and Léwner-Heinz theorem
1

= U*Bf A+ BiU
1 1

< U*B} ALY B? by (2.1)

< Ur(B} AktiBh HHY

* % LJ Skl
= (U*|T*||T* P 7 |U) &
_ ITk+2‘2g6’-:-:+12'
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We remark that the last inequality holds by (ii) of Theorem 2.B since (2.5) holds and
k+1>6+k>1.

Consequently the proof of (i) is complete. We can easily obtain (ii) by (i) and
Lowner-Heinz theorem, so we omit its proof. O

Proof of Theorem 2.2. Let T = U|T| be the polar decomposition of T, and put A; =
(TF Tk)t = |T*|% and By, = (T*T*")% = |T*'|% for a positive integer k. We remark that
T* = U*|T*| is also the polar decomposition of T*.

IT|20+D > (|T||T*|2|T|)**" and condition (b) ensure condition (a) by Lowner-Heinz
theorem and (ii) of Theorem 2.A, so that we have only to prove the case where condition
(a) holds.

Firstly we shall show |7*[2(*+1) > |T2"|7+1, By the hypothesis |T20+D > (|T||T*|*|T|)*#
for some 0 < v < 1, we have

T2 [+ = (U|T||T**|T|U*)

=U(T|T* T+ U
< U|T|2(7+1)U'

= IT:|2(7+1).
Next we assume that
T 25 > T M5 thatis, BIt > BIE (2.6)

holds for n =1,2,...,k. By (2.6) and Lowner-Heinz theorem, we have
B, > By > -2 By 2 By (2.7)

since 1= € (0,1] in (2.6). Condition (a) can be rewritten by (BfA,B/)} > By. (2.7)

and (31% AlBI% )% > B, ensure
1 i
(BZ A1B})? > By (2.8)
by (i) of Lemma 2.C Then we get

k ko k |
(B} 4B}y > B | (29)
by (2.8) and (i) of Theorem 2.B. Similarly, (2.7) and (Bl%AlBl% )z > B; ensure

1 1 :
(Blc2+1AlBk2+1)% 2 Biir. (2.10)
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Therefore we have

T R < T P
= U(A} BEA)EE
—UAB} (B A,B})* B A}U* by Lemma 2.D
>U Alé Bé B,ZBE AI% U* by (2.9) and Lowner-Heinz theorem
= UAI B} AU
> UAIBY AR U by (2.6)
> U(A} B+ AT ERR e

k+1
= (UIT||T+ PITjo)
— ITk+2"‘

2!1-0::;1! .

We remark that the last inequality holds by (i) of Theorem 2.B since (2.10) holds and
k+12>2~v+k>1

Consequently the proof of (i) is complete. We can easily obtain (ii) by (i) and
Lowner-Heinz theorem, so we omit its proof. 0

Remark. By putting § = 0 in Theorem 2.1 and vy = 0 in Theorem 2.2, we get Theorem
1.E since (|T*||T|2|T*|)2 > |T*[? (i.e., T belongs to class A) ensures [T} > (|T|T*?|T))
by (i) of Theorem 2.A.

3 Classes F(p,r,q) and wF(p,,q) operators

Recently, in order to continue the study of class F(p, r, ¢), Yang-Yuan [23][21] introduced
class wF(p, 7, q) operators as follows: For each p > 0, 7 > 0 and ¢ > 1 with (p,7) # (0,0)
and (p,q) # (0,1), an operator T belongs to class wF(p, r, q) if

(T[T r)e > T (3.1)
and ‘
TP+ > (1T P|T* P |TP) 3, (3.2)

denoting (1—¢!)~! by ¢* when g > 1 because g and (1—g¢~1)~! are a couple of conjugate
exponents. On discussions of class wF(p, r, ¢) (or class F(p,r, q)), we frequently consider
class wF(p,r, 5L) (or class F(p,r, 8%L)) by putting ¢ = 2+~ as follows: For p > 0,7 >0
and —r < § < p with (p,r) # (0,0) and (p,d) # (0,0), an operator T belongs to class
wF(p, r, &55) if

(T[T |Te ") %% > [T [26+7) (3.3)
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and o
T[4 > (|TJP|T* P |TP) 5+ (3.4)

We remark that (3.1) is the definition of class F(p,r,q). We also remark that class
wF (p, 7, 7) equals class wA(p, r) defined in [10], and also it was shown in [15] that class
wA(p,r) (1 e., class wF(p,r, 22)) coincides with class A(p,r). On inclusion relations of
classes A(p,r), F(p,r,¢q) and wF(p, r,q), the following results were obtained.

Theorem 3.A.

(i) For invertible operator T, T is log-hyponormal if and only if T belongs to class
A(p,r) for allp >0 and r > 0 ([3]).

(ii) If T belongs to class A(po, o) for po > 0, ro > 0, then T belongs to class A(p,r)
for any p > po and r > ro ([15]).

We note that log-hyponormality can be regarded as class A(0,0) by Theorem 3.A.

Theorem 3.B.

(i) For a fized 6 > 0, T is 6-hyponormal if and only if T belongs to class F(26p, 26T, q)
forallp>0,7r>0and qg>1 with (1+2r)g > 2(p+r), i.e., T belongs to class
F(p,r,q) forallp>0,r>0andq>1 with (6 +71)g > p+r ([4]).

-(ii) For eachp > 0 and r > 0, T is p-quasithyponormal if and only if T belongs to class

F(p,r,1). (12]).

(iii) If T belongs to class F(po,7o,qo) for po > 0, ro > 0 and qo > 1, then T belongs io
class F(po,To,q) for any q¢ > qo ([4]).

(iv) If T belongs to class F(py,ro, Bte e 0) for pp > 0, 7o > 0 and 0 < 6§ < po, then T
belongs to class F(p,r, 8L for any p > po and v > 7o ([14]).

(v) If T belongs to class F(po,ro, 6+r BEN0) for po > 0, 79 > 0 and —1r9 < § < pg, then T
belongs to class F(po, 7, BET) for any r > 7o ([12]).

Theorem 3.C ([23]).

(1) If T belongs to class wF(pg, 0, q0) for po > 0, ro > 0 and go > 1, then T belongs to
class wF(pg, 10, q) for any q > qo with rog < po + 7o.

(ii) If T belongs to class wF(py,70,q0) for po >0, 70 >0, go 2 1 and N(T) C N(T*),
then T belongs to class wF(po, o, q) for any q such that ¢* > g§ with pyg* < po+To.
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(iii) If T belongs to class wF(po, o, B 6+T ) for pe >0, 10 > 0 and — 7 < § < po, then T
belongs to class wF(p,r, §-) for any p > po and r > rq.

(iv) Ifp>0,r>0,qg>1 withrqg < p+r, then class wF(p,r,q) coincides with class
F(p,7,q). In other words, ifp >0, r>0,0< 6 < p and § +r # 0, then class

wF(p,r, 8¥%) coincides with class F(p,r, B).

In this section, firstly we shall get a relation between p-hyponormality and class
wF(p, r,q) (or class F(p,r,q)). We remark that Theorem 3.1 is a parallel result to (i) of
Theorem 3.A.

Theorem 3.1.

(i) For a fired § >0, T is 6-hyponormal (i.e., T belong.s to class F(po,0,8) for some
po = 6) if and only if T belongs to class F(p,r, - 2Lr) for allp > & and r > 0.

(ii) For a fized 6 < 0, T is (—6)-hyponormal (i.e., T belongs to class wF(0,ro, ; )
for some ro > —4) if and only if T belongs to class wF(p,r,% +r) for allp > 0 and
r > —4.

For0<d <p<1land0< —¢ <r <1, inclusion relations among class wF(p, r, q)
and other classes can be expressed as the following diagram. We remark that we assume
invertibility on log-hyponormal operators, and also N(T) C N(T*) is required in ().

0-hyponormal C class F(p,7,& _H,) C class F(1,1, %)

N N N
log-hyponormal C class A(p,r) C class A
U U (%) U (%)

(—0¢')-hyponormal C class wF(p,r, 5, ££2) C classwF(l,1, 5 +1)

Next we shall obtain the following corollaries led by Theorems 2.1 and 2.2, and also
Theorems 1.A and 1.B follow from these corollaries.

Corollary 3.2. If T belongs to class F(p,r r, & 21y for some 0 < 6§ <1,0<p <1 and
0 <7 <1 such that —r < 6 < p, then
- @i) 'Tﬂ+1|2.f++.f > |T"|1(£$22 holds for all positive integer n.

i) |7 > > |T2|%+! > |T|26+1) holds for all positive integer n.
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Corollary 3.3. If T belongs to class wF(p,r, %) for some -1 <6 <0,0<p<1and

0 <r <1 such that —r < § < p, and T satisfies N(T) C N(T*), then

2!~6+n!

Q) |V > IT”“'l2 =5 holds for all positive integer n.

(i) |T*C0H) > T2+ > ... > 1T |*=2 holds for all positive integer .

We omit proofs of the results in this section.
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