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The characterization of the sampling set
for Bloch-type spaces

/MEEREREERE KA 14 (Rikio Yoneda)

Otaru University of Commerce

§1. Introduction

Let D be the open unit disk in complex plane C. For 2z, w € D, 0 <r < 1,

let py(2) = v —wzz and let p(z,w) = ilw—_“f l and D(w,r) = {z € D,p(w,z) < r}.

1- Wz
Let H(D) be the space of all analytic functions on D.

For o > 0, the space LY is defined to be the Banach space of Lebesgue
measurable functions f on the open unit disk D with

| £ llz=sup(1 — o) |£(2)] < +oo.
zeD

Note that L = L is the classical Banach space of Lebesgue measurable functions
f on the open unit disk D with

| f llz==sup | f(2)| < +oo.
zeD

The space of bounded analytic functions on D will be denoted by H*.
The space B, of D is defined to be the space of analytic functions f on D such
that

| I £ llga=1£O)+ | £ llBa< +o00,
where || f ||s.= sup(1 — |2)*)*|f'(2)|. Note that B; = B is the Bloch space .
2€D
For o > 0, the Bloch-type space B* of D is defined by

B* = H(D)N L.
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For p > 0, the space L? ((1 — |z|2)”dA(z)) is defined to be the space of Lebesgue
measurable functions f on D such that

I f lzaca-tspyrancany= {/D |f(2)P(p+1)(1 - }z|2)PdA(z)}% < +o0,

where dA(z) denote the area measure on D.
The weighted Bergman space L2 ((1 - |z|2)”dA(z)) is defined by

L2 ((1 - |2[*)PdA(2)) = H(D) N L* (1 = |2[*)PdA(2)) -

For a > —1, the weighted Dirichret space Dy is defined to be the space of
analytic functions f on D such that

./'D(l - |z|2)a|fl(z)ll’(a + l)dA(z) < +oo.

In the case of o = 1 and p = 2, then D} = H 2 is the Hardy space. In the case of
a =2 and p = 2, then D2 = LZ is the Bergman space. |
For g analytic on D, the operators I, J,, M, are defined by the following:

L(N@ = [ 9OF©d, B(HE) = [ FOd(OdS . My(f)(2) = 9(2)f(2).

If g(2) = 2z, then J, is the integration operator. If g(z) = log T—};, then J, is the
Ceséro operator. )

Let X, Y be Banach spaces and let T be a linear operator from X into Y.
Then T is called to be bounded below from X to Y if there exists a positive constant
C > 0 such that || Tf |ly=> C || f ||x for all f € X, where || * ||x, || * ||y be the
norm of X, Y, respectively. '

And the operator norm is defined by the following:

“ T ”sup,X~>Y= sup “ Tz ”Y .

z||x =1

And we also define the operator infimum norm by the following:

| T |ling,x—y=_inf || Tz ||y .
llzllx =1

In [7] G.McDonald and C.Sundberg proved the following result:
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Theorem (G.MCDOH&ld and C.Sundberg).([7]) For any inner

function @, the following are equivalent:
(i) The operator M, : L2 — L2 is bounded below.
(ii) ¢ is a finite product of interpolating Blaschke products.

In [1] Paul S.Bourdon proved the following result :

Theorem (Paul S.Bourdon).((1]) Let h € H®. The operator M, :
L2 — L2 is bounded below if and only if h = oF, where F,1/F € H*® and where
@ t8 a finite product of interpolating Blaschke products.

In [2] J.Bonet, P.Domanski and M.Lindstrom proved the following result :

Theorem (J.Bonet, P.Domanski and M.Lindstrom). ([2))
Let h € H*®. If vis a positive radial function in the unit disc D, and —Alog v(z) =<
(1 = |2|®)72, then the operator M), is bounded below on H® = {f € H(D) :
sup,ep |f(2)|v(2) < oo} if and only if h = pF, where F,1/F € H® and where ¢
is a finite product of interpolating Blaschke products.

The above results do only hold for the multiplication operator from the Bergman
space L2 to the same Bergman space L? ( from the weighted space H® to the same
weighted space HZ°). In [12] we study when the operator Mj is bounded below

from the weighted Bergman spaces L2 ((1 - |z|2)°‘dA(z)) to the another weighted

Bergman spaces L2 ((1 - |z|2)ﬂ.dA(z))using sampling set for the Bloch-type space.
Moreover we make a sampling set for B* using a finite ( product of interpolating )
Blaschke products. ‘

§2. Statement of main results.

Definition 2.1. Let a > 0. A set T of the open unit disk D is called a
sampling set for B® if there exists a positive constant C > 0 such that

sup(1 — |2[*)?| f(2)] < Csup(1 — |2|*)°|f(2)],
2€D. zel
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for all f € Be.

Definition 2.2. Let o > 0. A set T of the open unit disk D is called a
sampling set for B, if there exists a positive constant C > 0 such that

sup(1 — |2|*)*|f'(2)| < C'sup(1 — |2*)°| f'(2)],
zeD z€l

for all f € B,.

'By using a sampling set for B,, we can prove the following result with respect
~ to the operator Ig:

Theorem 2.3.([13]) Let 8> a > 0 and g € H(D). The operator I, : B,
— Bg is bounded. Then the operator I, : B, — Bg is bounded below i f and only i f
there exists a positive constant (1 >)€ > 0 such that {z € D, (1 — |zl2)ﬁ_°‘|g(z)| >
€} is a sampling set for B, .

Corollary 2.4. ([13) Let o > 0 and g € H(D). The operator I, is
bounded on B,. Then the operator 1, is bounded below on B, if and only if there
exists a positive constant € > 0 such that {z € D, |g(2)| > €} is a sampling set

for B, .

By using a sampling set for B®, we can prove the following result with respect
to the operator Jy:

Theorem 2.5.([13]) Let 8> a > 1 and g € H(D). The operator J, : Ba
— Bg is bounded. Then the operator J, : B, — Bg is bounded below i f and only i f
there exists a positive constant € > 0 such that {z € D, (1 — |z|*)P~*1|¢'(2)]| > €}
is a sampling set for B*1 .

Corollary 2.6.([13]) Let a > 1 and g € H(D). The operator J, is
bounded on B,. Then the operator J, is bounded below on B, if and only if
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there exists a positive constant € > 0 such that {z € D, (1 — |2]?)|¢'(2)| = €} is a
sampling set for B*~1 .

Definition 2.7.([13]) The space BMOA is de fined to be the space of
analytic functions f on D such that sup / (1= |ea(2)DIf (z)|2dA(z) < +o0.

- In the case of 0 < a < 1, The space Qa is defined to be the space of analytic
functions f on D such that sup /D(l — |pa(2)?)?| £ ()|2dA(2) < +oo.
~a€D

Proposition 2.8. ([13)) Let g € H®. If the operator I, : H? — H? is
bounded below, then I, : BMOA — BMOA is bounded below. If the operator I,
: L2 — L2 is bounded below, then I, : B — B is bounded below. For 0 < p < 1,
if the operator I, : Dy — Dg is bounded below, then Iy : Qo — Qq 15 bounded
below. .

We determined the integration operators I, on the Bergman spaces that have
a closed range using sampling set for B.

Theorem 2.9. ([13]) Suppose that g € H®. Then there is a constant
k > 0 such that

L\ @P9@PRQ - 12PYdAR) 2 k [ 17 @R - 27)PdAR)

for all f € L2 if and only if there exists a positive constant € > 0 such that
{z € D,|g(2)| > €} is a sampling set for B.

Remark 2.10. ([13]) Carefully examining the proof of the above theorem,
we see the following are also the equivalent conditions respectively:
sug(l — |2|*)|g(2) ¥, (2)| > C for all w € D.
z€

For any € < C, p(I',w) < R < 1 for all w € D, R depending only on ¢, where
I'={z € D,g(2)] > e}.
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Proposition 2.11. ([13]) Let g € B. If J,: L2 ((1 - |2I)’ dA(2)) —
L? ((1 — |2?)? dA(z)) is bounded below, then J, : By — Bs is bounded below.

We determined the integration operators J, on the weighted Bergman spaces
that have a closed range using sampling set for B.

Theorem 2.12. ([13]) Suppose that g € B. Then there is a constant
k > 0 such that

[ @G @R - [22)'dAG) 2 & [ 17@PQ - 12P)dA)

forall feL? ((1 — |2]?)? dA(z)) if and only if there exists a positive constant
€ > 0 such that {z € D, (1 — |2|?)|¢'(2)| > €} is a sampling set for B'.

Remark 2.13.([13]) Carefully examining the proof of the above theorem,
we see the following are also the equivalent conditions respectively:
sup(1 — |2|?)%|¢'(2) ¢, (2)| > C for all w € D.
z2eD

For any ¢ < C, p(T',w) < R < 1 for all w € D, R depending only on ¢, where
I'={z€eD,(1-12P’)lg'(2)| = €}

In [6] D.Leucking proved the following result:

Theorem (D.LGUCking). (6]) Let @ > —1. There is a constant
C > 0 such that

[ @R - 12°dA() < © [ I£()P - s)°dA()

for all f € L2((1 - |2%)*dA(2)) if and only if a subset G of D satisfy the
condition that there exist § > 0 and r > 0 such that §|D(a,r)| < |D(a,r) NG|,
where |D(a,r)| is the (normalized) area of D(a,r).
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Using a sampling set for B2, in [12], we proved the following result with respect
to the operator M:

Theorem 3.1. ([12]) Let0 < a < B and h € H(D) with sxelg(l — |2|2)f~2|h(z2)|

< +00. Then My, : B* — B is bounded below if and only if there exists apositive
constant € > 0 such that ' = {z € D, (1 — |2|?)8~®|h(2)| > €} is a sampling set
for B .

| Next we study when the operator Mj, is bounded below from L2 ((1 — |2|?)?*d A(z))
to L2 ((1 ~ |z|2)25dA(z)) using sampling set for the Bloch-type space.

In [14] R.Zhao proved the following :

Theorem (R.Zhao). Let a>0. Let f € H(D). Then f € B* if and
only if

sup [ = 121 = loa(2) P21 (2) PdA(z) < +oo.

i.e. || f |3« is comparable to sup ./17(1 — |2])272(1 — |a(2)|2)?] £ (2)|PdA(2).
€D :

To prove Theorem 3.3, in [12], we proved the following result with respect to
the multiplication operator My for A € H(D) with sup(1 — |2|?)?~®|h(2)| < +o0 :
z€D

Theorem 3.2. ([12]) Suppose sup(l — |2[2)~%|h(2)| < +00 and 0 < & <
zeD

B. If My: L2 ((1—|2*)**dA(2)) — L2 ((1 — |2|*)*dA(2)) is bounded below, then
M, : B® — BP is bounded below.

We determine the multiplication operator M}, on the weighted Bergman spaces
that have a closed range using sampling set for B2.
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Theorem 3.3.([12]) Let 8> a > 0. Suppose h € H(D)
- with sup(l — 12|2)#|h(2)| < +00. Then the following are equivalent.

(1) Mh L2 ((1 = |2z[*)%*dA(2)) — L2 ((1 - |z|2)2ﬂdA(z)) is bounded below
i.e. there is a constant k > 0 such that

([ 1Mf )P~ %84} 2 K [ 1f A - |2PYeda@)}

for all f € L2((1 - |2]?)®*dA(z)) .
(2) My: B*— BP is bounded below.
(3) There exists a positive constant € > 0 such that {z € D, (1—|2[%)~°|h(z)| > €}
is a sampling set for B*.

Applying the inner function ¢ to the above theorem, and applying a = 8, the
following result holds.

Corollary 3.4.([12]) Let a > 0. For any inner function ¢, the following
. are equivalent.

(1) M, is bounded below on LZ ((1 — |z|?)>*dA(z))

(2) There exists a positive constant € > 0 such that {z € D,|p(2)] > €} is a
sampling set for B°.

®) jaf {sup(1 ~lpu(2))le(2)]} > 0.

(4) ¢ is a finite product of interpolating Blaschke products.
(5) For some € >0 and 0 < < 1 the area of the subset of the disc D,, = {w:

p(z,w) < r} where |p(w)| > € is comparable to the area of the whole disc D,,
zeD.

Remark 3.5.([12]) Let 8 > o> 0. Suppose h € H(D)
with sup(1 — |2]?)#®|h(2)| < +oco. Then we see that
zeD

(3.5) | Mh |ling,2((1—|2[2)2=dA(z))—» L2 (1~ |2(2) 8 dA(2)) || Mh |lint,B=-188

~ inf {sup(1 — lpu(2)")*(1 = |2 ~*le(2)1}.
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K.Seip gives a complete description of interpolating sequences and sampling
set (sequences) in terms of (Seip’s) densities. Without using (Seip’s) densities, we
now generate a sampling set for B using a finite ( product of interpolating )Blaschke
products.

Theorem 3.6. (12]) Let 0 < k < 1 be some suitable constant ( to
satisfy the equivalence of (3.5)) and put

e = k inf {sup(1 - [pu(2) ")°lp(2)]}-

Suppose ¢ is a finite product of interpolating Blaschke products and then {z,}n
in the oper | unit disk D is a finite union of interpolating Blaschke sequences.

ThenD\U{ —Z

n=1

< e} is a sampling set for B°.

Remark 3.7. Carefully examining the proof of Theorem 3.6, in fact, the
sampling set for B* in Theorem 3.6 can be generated more smaller than it. So we
reserch it for finite Blaschke products.

The following result is the case of ©(2) = @,,(2) = =% for arbitrary 2z, € D.

Theorem 3.8.([12]) -Let a > 0. For arbitrary point z, € D, let ¢(z) =

—z . a
¢z (2) = f22%. Then lnwaD{SuPzeD(l - |<pw(z)|2)°l<p(z)|} (za+1) V 527 Ond
for some suitable constant 0 < k < 1( to satisfy the equivalence of (3.5)), the

set D\ {z € D: p(zn,2) <k (2a+1) ,/hlﬂ} is a sampling set for B2.

The following result is the case of p(z) = iﬁ%ﬁ% for arbitrary zp,, zn, €

D.

Theorem 3.9.(12])) Let a > 0. For some points Zniy2n, € D, let

Zny =2 Zng—z
(z) —z,.lz I:z,.zz
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Then ' = infw'ep{sup,ep(l — |<pw(z)|2)°‘|ga(z)l} depends on @, (zn,) and for
some suitable constant 0 < t < 1( to satisfy the equivalence of (3.5)), the set
D\ ({z € D: p(zn,,2) < T} U {z € D : p(2n,,2) < T}) is a sampling set for B?,

—p(2n1 120, )(1=T)+1/p(2n 120y )2-(1-T)2 44T
2

where T =

The following result is well-known([3]):

Theorem. (3, p.287-293]) For a sequence {2,} in the open unit disk D,
the following are equivalent:
(1) {2zn} is an interpolating Blaschke sequence,
(2) {zn} satisfies the condition

inf II o(2j, 22) > 0,
j#n

(3) {2zn} satisfies the condition
i%f(l - 'anZ) 'B,(zn)l >0,

where B(z) is a Blaschke product with {z,} as its zero sequence.

Theorem 3.10.([12]) Let @ > 0and k > 3. For some points zn,, Zng, Zng, * * * Zny €
D, let p(z) = Z2AZ Zng—% Ing % g2 mpon T = mfwep{suPzeD(l—l(pw(z)|2)“I<P(z)|}

1-2Zn72 1- Zng? 1—-Zng% 1-Zn,. z

depends on ;. (2n1); Prn, (Zn3)s * * * Pia, (zm) For some suitable constant 0 < t < 1(

to satisfy the equivalence of (3.5)), the set D\ U{z € D: p(zn;,2) < T} 8 a

sampling set for B®, where the constant T; depends on Prn; (2n1)s P2n, (2n3)s* * * Prn (204),
tand T

Remark 3.11.([12]) In Theorem 3.8, the radius of the disk to be re-
moved is a constant (k (2 = +1) VL, }) (independent of the center of the disk to
be removed). In Theorem 3.9, the radius T of the disk to be removed is a constant
(independent of the center of the disk to be removed, only dependent on ¢, (z5,)).
But, in Theorem 3.10, the radius 7; of the disk to be removed is a non-constant
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that depend on the center {z,,} of the disk. With respect to.the Bloch space and
the (nonweighted) Bergman spaces, we also see that the results corresponding to
Theorem 3.6, Theorem 3.8, Theorem 3.9,Theorem 3.10 hold by using Theorem 2.3,
corollary 2.4, and Theorem 2.9.

The constant I' = inf,,¢ D{supz,E p(1— |<pw(z)|2)°‘|<p(z)|} resemble in

I' :=inf [] p(2), zn)
Jj#n

and
, I := inf(1 — |z [?) |B'(2a)]

where B(z) is a Blaschke product with {2,} as its zero sequence. If we can compare
this I" to these constants I'' I'”, we will know the relationship between the sampling
set and interpolation sequences moreover.
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