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This paper formulates Evolutionary Game Theory, with new idea, statistical mechanics. When
each players game with the nearest-neighbor and random matching, it is used the analogy with the
simplest model, Ising model, SK model. It is thought that the emergence of equilibrium caused
the phase-transition. As a result, the theoretical calculation gives agreement with the traditional
evolutionary game theory at the size of a parameter, In infinite agents game, it showed that it does .
not have equilibrium.

Moreover, using the Master equation, it made the model of the dynamics. It is derived that the
dynamics equation of the ordered parameter, a kind of Replicator equation. It showed to do the
one to have considered exteriority, this paper shows that it has the multiple equilibria, in Quenched
System.

1. EC&IC

S ¥ TS - LERIREZICEROMRORM¥EE R T, Replicator FEAEMS LOLENEAHL
3, BSR4 X KB LI-HRE(LS— L (Stochastic Evolutionary Game) D 2 D4'% 5. AT
(L5 — LERICHH N EEBAL, SROMEEINRT AT LA TEIFELS— LERERETS.

Wi H2ERWT, B — LERESH U I EBRSITRIRI Diederich and Opper (1], Tokita and
Yasutomi [4] ZEHNHS. ThERMEROIFTHAIN TS MENLR=ALY T T X (spin glass))
DORFEEXER L UTELS —LERIEBEETVS. 2 TREILS— LEROBERNTFHNEET
3754, FOEEEAERELICKRESDOT, FRTIIBEENTBMEN S — LERERRLE. &
b BRI IZFAE %2 TR E BMMUT Ising 7/, TR HL5E L7z SK(Sherrington-Kirkpatrick) €7/ (3]
ZRAWT, BRTOELS — LEROMBEIT 2. |

ARIRDE S ICHMBEEINTVS. [T, WEBETFLY—LETS>ETFNVEERILTS. B3MT,
SVHENCRYFVTL, F~L%ITDETIVE Annealed & Quenched RTERILL, BE/IRS A—4%
ZRDB. 5 4T, Master FARXEAVT, MEOEFT M Lz, B 5T, BREDRRS.

2. MEWIBEEM (Ising €T IV)

EMTEIHMH AL TRLEMBEFNVTH S, BFEFNEELS - LERICEATS. k>TTITR
HETHIH, Hizb BHOEENNT, 2 24 7OXEN 1 14 1 THEL, BE 2 0%2RDL, LT
3LT5.

FCTHEMTRCOBFLEOBERETARLRT, TOEEKIERE 2 D> T, 1 DEMEAN, ED
K5 BL BICEBMOSBBIRHSTD, ERRSVHLEDHET IO LVWS T LEEXS. ‘

REMICIZ 1 5O N $TOBROREV = {1,2,--- ,N} = (i}i,... v BT, TOER I RY 1 | (site)
HBIVIIBFREMRCLICTS. YA 2@OMEELICHMDIKE B = {(ij)} Z{ED, TOEER
(i) (RY FHBVIIKEE) IZBEFEI LD (ML (nearest neighbor) FRN) T/ —L2ITS. ETTOK
RAE < BISHE (fitness) HAAHEL TV L. EHENGSELS — LR TR —PIC A TURDIT> TV —
LERT, BoDBBERTET 5H, TOEF/VTIRER (one-shot) i 7 —LEITS. &> THEERTIX
L, BEHERTHS.
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EXAMPLE 2.1 F#A'1, 2 K52 BINTHEERANHIRAICHS LT 5. FICERED 2 DRED
M2 ANT—LEEXD. FIIRER 1 BBEHOMIEIZ S, = (1,2),5; = {1,2} TH5. xlEHk1 OB
fu=a, faa=0b fi;i#3j)=0%49%. FBR2IKHNETRLEMETTINTHS Ising EF I LFEIR
WKERLZEDTHD. ZOZEEN +1, -1 BRF->TWV3B. EELIDLEDONINV =TV (ZRVF—,
FI18) 1L, a,b> 0 THB.

1N\2 | KA8 1(+1) | YRRE 2(+2) 1N\2 | ¥R 1(-1) | ¥Em& 2(+1)
BERS 1(+1) a,a 0,0 RE 1(-1) a,a 0,0
HRRE 2(+2) 0,0 bb BRRE 2(+1) 0,0 bb
FIBE 1 FI8% 2

ASSUMPTION 2.2 ZFXHIEEVFIE - MISEEBEC L E2DATVS,

PROPOSITION 2.83?. ASSUMPTION 22 D% L TDEths DHZHM {S5;},i=1,--- ,N ZED,
HBHHE fEZBBLVI T —LOKATICEE (S;} DHEBIHIIRDEL SIS,

(21) P({5:}) = Z~' exp(7f).

FiEL {8} i Eki ‘Dﬁ'ﬁ’ v ZEED, f 3HZHME (S} B Te L 2DFE - WHE, Z ZHKBILER

ZELTWS. £oT Y P({S}) =1 &3, £ Z =T exp(vf), (Tr BT RTOBEBREFICDOVTO

) L@ LeBL.

&> TT D PROPOSITION 2.3 5, FIf8 f WKEITNIE, FOBRME L Z2ERAES BB LEHL
TV3Y,
DEFINITION 2.4 WBBY—EOHBFER TV AINESHELUNT I REHKE/AS A—F (order
parameter) £V MAERD XS ICWAT 3.

N

(22) m=(5) =5 25 = (L sPUsD).
REL () GPGERLTOS, ' |
EXAMPLE 2.5 EXAMPLE 2.1 2flliclR3. COL ¥ {S;} =1,2,N =2 THSZDT, BBEER > 7=
L XOBENRSTA—2F,

WiRE 1 XHEE 1 TLBBRE, m =3, KRRE 2 R 1 TLABA, m=1,

MiRE 1 LR 2S5 ALICEDRE, m=4§.
LHRTES. ThHhomDEi i <m<1 OMT, m= 3 IGETHUE, B8 1 BB AR BN EFHB.
m = LIGEGNIE, Bk 2 ZERBANB. SUXLTRRENSRER, § THELIDS.

Tl lsing EFNVTR, S = {-1,1} ELTVBDT, m=1,0(5V% L), ~1 £33, yHBRETNT,
FBORNEDST S = {-1,1} DELEMIWANGRT 3. 4 AVDEFhIE, BEHAPERE S, 54 A
L%, FBCE> TR 35, 25 CRAVEE, INRLEWVEEEHS. DEDBEERSA—Em
DEEHRMEFEL, m OENS ELL5OBMOALELMALTVS, SVUFLCR>TVR R EEBEO
DEERLTVBT LHIHS. .

DEFINITION 2.6 (Weibull [5]) € A AELHICLE /KM (Evolutionary Stable Strategy: ESS)
THHLR, LOLI BBy £z ICHLTY, BB ¢ € (0,1) BEEL, TRTDe € (0,§) KDVTRK
DRFADED DT LEVS.

(2.3) ulz,ey + (1 — €)z] > ufy, ey + (1 - €)z].

PROPOSITION 2.7 DEFINITION 2.6 TE# L /LR EXWMIIUTORYS LEMTH 5.

DEYNILT B, FORHD(LFA ML BB, SREEGET D LTOBLAD. BRI IZOKRBESMOT L.

Ny BERTHIY, TOEFVTIRY —LE—FIIT, MENEDE S ZHEMEROTVEDMFH SR, ETTCOEK v
PMUROTHENSE S, AAZEOHBBREZERXELTVS, LoTEM vy HRADL ¥, BHLDMEL Y — LB L MIc S, 7=
ELEOMBEMNILLTY, ZOBWME L ZRRE TS LS MHEHE (externality) & LTV,

V(LY — LR T -MIC b N TV B Replicator AHRIE #; = z:((Az) —z - Az),i=1, - ,n, ARIHTR,

THD. COARAIHIEE | B> EDEFOMBUSTHIREBE D LR RVBRICIE, TOWRENSHPHIHEL XD, £
e —LELTOARDOEARDSEOMBEIND BPLIEiEZEOMMKE B XD (HABIEDLELE), LS T EEBRLTNS.
PROPOSITION2.3 X T DBERCHHIE L TOB A, NBHERFELED. LA LS 4 BiCTHBIESRET 2L DEMO#KS.

S)EWIEIERT B, Weibull [5] & ZicidEh TV 3.
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(2.4) u(y, z) < u(z, z), vy,
(25) u(y, z) = u(z,z) = u(y,y) < u(z,y), Yy # z.

RICHEFIRT A= m ZBRAVT, #ENICEEZBIBORE I 2175
PROPOSITION 2.8%9 #igt h2%& AT (by — LERIC 8B 2 EILMICRE TR & I3 RD&ME%
Wy,

(2.4) u(y, z) < u(z, z), vy, (Equilibrium Condition)
(2.6) |m - m*| <e. (Stability Condition)
RlEL m* RER y BYHRED m OEERLTW3.

PROPOSITION 2.7 Tid, Nash Wi ORMIC, REMDORY (WERE) ZHIMXBT Lic&->T, #
(ENIcRETEMEFETHS T LEE > TVBH, PROPOSITION 2.8 D& 5 ic#E/ T X— 2 M0,
4% Lyapunov BEMDRBFIRAZTLNTEZ L WVS T LEE>TV5. PROPOSITION 2.7 Tk
BZILLED, MEOBREELEATVS. LHL PROPOSITION 2.8 ZMEDBEDHEEX TS
DT, Lyapunov RERDRMGFICRIB T LHTES.

EIIEN 2 AF— LOBAIRE S KRS X— 2 MRE, ThTRED 3. LLic XM HY%eR
WT, #EL5 — LERTRE BRI 2 AV — L, JENFR 2 AV —LEEREL .

3. 5S4 LIXHEEM (Sherrington-Kirkpatrick €F/l)

MWD Ising EF NV EZBEL LIz DT, MBOBAS 2DTHD, REBEHEERNSHZREES
ATEREN, XM TRIEROBN 2@HBY, SVALXHEEERAEZLTVWREFIVEELS. Lo THL
BEENBD, BRRE 2DORL, SYHLIYFUTREL, 1IN 1T/ —LETEIRAEEXD. ¥'—LOD
HBREENRGA—ADBAL R ZEERD, HHOLEROEREXEX S, HICTTTWMY LIFBEFVIE
Sherrington-Kirkpatrick(SK) Model [3] T3 5.

CCTHIR - EEERRDX SIS,

(3.1) H({Ju}) = Z J{jS.'Sj, where
i

BE&idi,j e BTHD, Jij SRS P(Jij) KESTSVHLICRTHLTED, Th J, T, 7l J?

D Gauss FHEEFEL TS, £z Sk = {-1,1}7, k=14,j.

_ (i — Jo)? Jo)’}

Annealed %

TOEWTE ASSUMPTION 2.3 ZWIcLTWB ERET 5. EEEMOHEEERDOA S LEDITH R
2—Y LBATHED, FIBOEVAICE(LT S (PROPOSITION 2.4). &h%E—AIC Annealed % & MHEN
TV, ZHICHL THY S EHRMOEEERDOBRENMRE > TV AR %E Quenched R LS.

BERHIINF—DOREMTEERDZ EHIC, BRI RVF—, SHERBMORMTEIRDOL SIS,
(3.2) F = vlog(Z),
(3.3) (2y=% / [1d75P Iy} exp(vH{T5}) = E exp [}: {rdosis; + - ("" X (55, 7}

{8} 7% ()

ij)
CHEBEEIRT A—Z m DOV TOBRBLMEERL, OF ')Mﬁﬂl@’&ﬁkk‘d‘%ﬁﬁl<7x—ﬂi x
DES5IcieB.
8

(3.4) -57’1'; =2/ R Nim + AN =0, m=0or /0 -
EoTm#£0LZTdm* BBHAET Lo, BAARTLEHRICAOHDHRENEETH Lhgh o1z,
DEOEMOEFEERIRLUTED, ORI 2 L AROKSIRHNBONS. EI2ERUCIENRR 2 AY—L

KHRTZBELARTHS. LELEESRENSZ S —LTREWILTVEVWS T e ghotk.

S) I BT B.
NZOWTE Si, = {1,2} TH>TEHLMDAV,
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Quenched %

C T T Quenched RESGHTS. Ko TIDEFINTREMHSHEER L FOBREMNFEESTNAEY,
FRCEITHIE (1,4] TIXC D Quenched RESH LTS,

(8.1) DF T Quenched R TDEHHALRXNVF—RERD L SicE 3.
(3.5) F=+(logZ).

THERBENLREEZACT, BF/S A—2 m IOV TOBALRIELAR LS, DF D RIS L RA
KT BBFRTA-2Z, %So@& Sk,
(3.6) m= \/—15_;/ exp ( - %z’) tanh(vJ /g2 + vJon)dz.
 &>T Quenched ROBBIZSETOEDLIZEAED, tanh DBHKE o 78, BAEIRS A—ZHS Y
HLIERELBFELDDIBEDDBZC LI 3.

4. 155 - H¥

SETHBEDOIH TH o1z, TOMTIE Master FERZAVCTHRICT S [2]9. BFA(1,2,---,N)
LOEKDOWRE (S,,S;,---,Sn) ORA ¢ ICHT BHEHHR P(S), S, ,Snit) ET B, TORME(L
&, XD Master FERRICHES L DLT 3.

d
(4.1) P81 SNit) = = 3 Wi(Si)P(S1,- -+, SNit)+Y Wi(=Si)P(Sh,-++ ,=Si, -+ , Snst),

FIEL Wi(S:) 3, VRS S, BB —5; ICBT ZHEERL, 5, LAOKM S AL,
TN SRR T ORBIER W,(S;) £ RSB, T TRITWREL 15 +5804, —RNICIZIEEN
b B RHF (local detail balance condition)'? ZA3 L RDL ST S,

) Wi(S:) _ 1— Sitanh(vE;) o i
(4.2) Wi(=5) = 17 Sctash(yEy)’  VPere B = 2 JuS;.

SRS IS SRR W,(S,) BRO X > KMRTH .

43) Wi(Si) = o=(1 - 5 tanh(vEy),

FREL © GHEIRR J; B L 2 OBBOL(LBMERT. & o> THRRAS A—F (m) i 3RMR
BABRE (4.1) £ 43)IC KD W LRDK 31023,

(4.4) -ri(m)t = (tanhyE;), — my,

BIC £ — co DRWRTIL, REMS,

(4.5) - m=(tanhqE;).

L>THHOF)E ((tanhvE;),) BWEERERT A— & m & D L REVBAICE, m ML, HEVRE
i, m DT BT LERLTVS. £ OABRIBELY — LERICEIT B Replicator HRAICHIS
LT3,

RIS/ A= 2 0E 5 FRRICITHIOBESEORHEER VS T Lic k> THESRET B EL BT
5. AMICIZMABEAE (Frobenius 1) %R, £ Z 55 Perron-Frobenius DEHIC X D BE, FRE .
DRRZRDSD. BEURNT VX LIV FL, S~ LT BDTEDL ERZHIBET LA TE SR
SURLICETS. COTLERTTENTEZON, Random ITRITHS. BRNT VX LIELLTS
TEDEHEI—EDEAINSE ENHENT VWS, J; = J; VS REERRIF THRIBICHIT B Affine
ERARETH BT L5, TO Random {THIEERIE Hermite ITRIL BB TE S, FORH Wigner DM
Rl (semi-circle law) & b MABEHEARE D, Perron-Frobenius DEFEEMA T HIL I\ .

Annesled RTIIBF/IAT A—2 m BRBIC—FETHole. TCTITTRES—DOBM h;(HBH LD

85— LARDXRNSERX D &, CORERFERTHS LRULNBS, LW A SRMBRL LEHET S L, H50W
A RHBWM B LORILHAEITS &, REMICRE > TV, B9 C % D LRMEARRITDEV. $>TTDEIAT LM
RLTVBYATLARBOTRRYTHS. 127 UHA-BORD & 5 TROMEMHRANS S MEIIENA 2 K/~ LT BAENH S,

?)#%20 Ising € 7)L & Thouless-Anderson-Palmer(TAP) 52 [3] & DBIFIC DU THIRIICER TV B & DIRTFE LKL
M AMTERTLSKCM—DALETHS.

Wi(S:) _ exp(—vEq:S:)
10) = s here E; = JiiS4.
W50 ~ oGBSy | here Be=2_JuS)

k
D772 L Replicator HRAUISHBIEATHIET B, T O RANWBILITEELZY. Bk 4 28O L.




@) EWATE. TORRERLKIAOERSC LATE, ADOBEICL > TLRIBIELT 5B %%
23, TOBEAE - BISER (3.1) LHN, RO S ICERT 5.

(4.6) H({Ji;}) =3 JijS:S; + D h;S;.

i#) j
B3 LR TRV F— FRHEL, BEAS A— S ERDBERDE 515D,
(4.7 hj = 2ym(1 = N)(Jo + J?m?),

o TCDFELHEFITA—2 m BMRER L2800, T Annealed REREL TWA 0, £
BHRESFBERLBILSITHLUTV32Hh5TEEL X3 ADEFEELEV.
RiC Quenched RDFEF/RS X~ 2 DELERND. T THERRTOKRFIRT XA—&% (4.7) LRI
WHL, ( ) % tanh ORITBTIELIEITS & Weiss IELIORANE LN S.
m; = tanh <’7(hi + Z J,-,~m,-)>,
Jo=0ORUTEMTBE,
m; = 'yZJ.-jm,- —‘72.],2]771. +qhi+---.

J J
N x N O J;; TTRDOEERY FUC X ZBMETS. BERYS ML {(i))} BTLRBERR L L, BEE
‘I LT3 (Z Ji{ilA) = Jk(il)\)). Efe,ma =) m(ilA), ha = Y hi(ilA) T, BhEFNAE—FE

WAT S L, REBS.

my =

——=—hy,  where T=-1—.

BAEAES Jy 7 2J, MNEAED —2J FOMOEHEIEEOMIC LA

2 1/2

p(Ir) = ;ﬁ(JZA - Jf) ,

LEBDT, To = 2Js ThB. DE D FT-IWAERT 5735 A—Z—DfEIE 2J, TH3.
UENSRTKIZED ZEBC LATE, A D OBEIC X T LRBAHNELL (SHBORE), Quenched

ROBEICHF/RS A—2 m OIEERTE(L, FEVED, SEMERFDOLVS T Lghofe.

5. W8

HPED &S M H¥EERAWTHELY — LEREER(LRITo . FDORER Replicator FRREES &
DORHERELS —LLRIBEBZFLVEDE XS FICREMICHHEL TV B EES—Fi S —L21T
W, EOREERS—BLTVWADOLEKRENRT A—-22AN . FORBBHRENRIA—RICX>TIER
DT — LB —BTIREPEMON TN SVELLEY  BEOLDLRZBLBELSHS
Teyhotz. ELIKCERMNMEBNZ S —LTRERNRSA—2¥allxh, BBOIHRSVHLE
ZAOT, HEMERET VLW T Lok,

¥ 1z Master ARERE VT, MEDOEFNIC L. FT T Replicator ARAUCTHIET B, /S A—
ZHETHHBAEME Uiz, X5ICRNERE (A0S —LICEE) ZERL 2L O%MH L, Quenched
RICBNWTEREENEC TR T LRBRLT.
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