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B f LBAMDISX C LOHEMIZ, f D C
T 3PENTLEERTRETSS. Kic,
FRBABLERSERNO Y S5 A L OHMIZ, EREE
RELEMEIERL, EEIMATHS. Viola &
Widgerson i€ &> T, GF(2) D Gowers —#EH
C OHEBMOFEICEA L h, BEMENX ERIRE
Nnie. ERRTIZ, HEBAMMGIC GF(3) LD Gowers
—H#E 2 WAL, MOD,, B L GF(3) LD d XS
HAOEWD LR exp(—Q(n/3%)) THBC L%
Rl TORRR, RRRENTWIEOLAROE
By —ACBIFEIEMLES>TVS. £, SO
REIHIEOMERBEOTHREIEL TV 3.

1 PR

w& f : {0, l}n - {1’ _1} &uu g: {O’I}n -
{1, -1} DAEBE Corr(f, g) X RATEMENS :
Con(f,9):= | B Uf@s(a)

Pr [f(z) =g(z)] -

z€{0,1}"

Thbb, RTOAACHLT, BROHAN BT
AWEL, —BLEVNALORSENTSS. HlL
LT, ROBEOY f LAY g OEMEEXS !

Pr
z€{0,1}"

o IRTD z € {0,1}" T f(z) =g(x) xBDL
&, Corr(f,9)=|2"/2"-0|=1.

o TRTD z € {0,1}" T f(z) # g(z) LB L
&, Corr(f,g9)=10-2"/2" =1.

o 2ERDEND z € {0,1}" T f(z) = g(x) &%
5L, Corr(f,g) = |20 Y/2n - 271 20| =

[f(z) # 9(=)]| .

0.

D%, HMEN 055 1 ETOMERD, 0 ICED
ZE g B f RENTETVENT EERLTVS.
BES: f LBEBD Y SR C LD Corr(f, C) i,

Corr(f,C) = max Corr(f, g)

TEBINAS. f L C OHERNOIIETINE, f%
ELT MBS C ORicB3FEELRNWC & 2RLT
W3, Tiabb, f& C OoHEBDLERR, ClickB
f DBECHEOTRERLTVS.

AERER T, B EXSRADOHEMN
EROBIMAESELI MSfTOITE: (X 1. HER
X, ThESTHROTSNEEL S ZRISREL
%55, HRRERICBVWTEESERIERANSS.
#D 12D& LT, polynomial method %A\ Tz# X
BRI SADTROMBAMNETFLNSD. REMICIE,

1. EXRBHX p LHARY S X C OB
2. BIfL f LERBIEN p OHBMEL

BREIE, L feCBL2ICFPB/TBOT, f¢C
THBZ LHhbhs.

polynomial method i, EITERE»/hEVEER
PSRAEMNLTHBENS. FOEXHELELT,
Razborov IC & % BRI MAJ A% AC® (KM
BIPvAy, EHER, BRAY A XDOERY S R)
KBENZNT LORERA [11] &£, Smolensky ILX B
RIARMWM| MOD,, ' AC°(g) (MOD, ¥"— b 2MX
7 ACY EIER) IKBENZL (m & ¢ REWKK) T
& DRI [14] HIF5NB. Razborov i,

1. GF(2) DR poly(logn) U TOHRKA L
AC’® EREDOERIH WL



2. MAJ Bt L GF(2) LDOXRE poly(logn) U F
DOHBFADHEMAME

TLERL, BCHh5 MAJEAC’ CHBZZ L2l
W, TTT, 1B 3 R poly(logn) RIREE
THRETHATVEVDT, polynomial method I &
% f ¢ AC’ DREFATIX, f L X poly(logn) MU E
DHERADOHEMERDZFNUTVIT R,

R poly(logn) K DNEWBRKICMT 5
e, ERHARNDOSAMNSS. Alon L Beigel
i, m & ¢ BEVWICRTBRETHNIE, MOD,,
BORL L EMRIT Z, LOBHRAOHML, EM&LD
RUS/NENT L RRLE. %7, 513 Hajnal ¥
AURLT: “-MBISEHRE" [10) 2 OERICEAT S
¥, MAJoMOD, o ANDy B8 T MOD,, %8N
SBMCEIRTERY A XOTRIBLNBT LER
U7 [2]. MAJoMOD, o AND, EIE&IZ, HHE
BB — b, PMEIC MOD, ¥'— bk, AKBUC
TZ7 A48 d BFD AND 7*— b 2#D 3 B[
B&T, d ) poly(logn) HOMBRRY A XOERET
T, AC' BIRTHETE3LTOMKEHNT
BrLnTES (1.

MOD,, B# L z, LOBRAOHENA, BEMN
BT/ E W L 2D TRLDIE Bourgain T
%%. Bourgain i3, MOD,, B¢ Z, tOEHRN
EREMBOMTEERL, ThENETALT
RERAL 7= [4). Bourgain ORERHICIZBD MH > 775,

Green, Roy, Straubing M#8D ZBEL[9). &5

{T, Chattopadhyay WNEBDOF I =—wv 7 E2RANT
Green OBREBR L [5].
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Viola & Widgerson (&, Bourgain H&i3R%-
TeF2=w o, m HBEFRDOLE MOD,, L
GF(2) LOZHRAOHEMSERBEMICME N L
ZxRL7 [15. T DOREATE, Bourgain FLFL
{, MOD,, M8k BEMBONTMERT S,
EFNEFMET 70, Gowers —~RIELRIZNS
BMAEBA LTS, Gowers —HbEIR, 7—V M
FEMEERDOTA T4 PRAVTER S NI BZ
T, Szemeredi DEHEDFIMEXR L X 5MIC Gowers
L& > THMAT NI [6, 7) &OIEN, BERICHT
2 RECIELMAE AR [3) % PCP OMEHHIE (12, 13]
Z¥, BEE, HAREROSBFTEWL DHDEHA
WNH%B. Gowers —HEOKEL LT, ERBHRA
LOEEDIERICEI VT LIRITFEND. RENIC
i, d RBBRD d + 1 K Gowers —#fEiz 1 Lk
% [8). ¥z, Gowers —RMENRMONIFHETER
ENTVBZ LS, BENEREASRL 2B f,
! OMTER/ENTBMD Gowers —MlEE, ZW
® f. f' D Gowers —RMEDMICIMT B LHT
&5 [15. ChEDERE®ESCLICk->T, BE
MREOMENBINMYT 2 X D ARICHMERMGTE
5. B, Gowers —REIIEROMER | TERE
hah, CTOMATIE GF(3) LD Gowers —iMt%
HOTwna.

EFRTIE, m A 3 LENCRIERMOL #,
MOD,, Bi# & GF(3) LOEREMA DM, &
BMMICNES BB LERLE. CTOERI,
Chattopadhyay I X 2#ROEHKr—Z (¢=3) D
/Lo TWS. TOMAAR, Viola & Widgerson

#1 fLdRBRX p OHEMK

Corr(f,p)

f d XREWEX p
Razborov AC’ DERE GF(2) L >1-1/nvM
Razborov MAJ GF(2) £ <0(1/vn)
Alon & Beigel MOD,, Z, t o(1)
Bourgain, Green et al.  MOD,, Z, - < exp(~-2(n/(q29)%))
Chattopadhyay MOD,, zZ, t < exp(—Q(n/(g2971)9))
Viola & Widgerson MOD,, GF(2) Lt < exp(-Q(n/49))
SEDHER MOD,, GF(3) £ < exp(—Q(n/3%))




ICXBHALRALL, Gowers —RMERZBHVTY
5. HEBHDOKE#HEXIRT

1. MOD,, B8%%, f(z1,...,z,) = e(x1) ... e(zn)
DEIIT1EY MM e TOMTE2AMKF T
TS :

Corr(MODy,, p) = Corr(f, p).

2. HB% f D Gowers —HME U(f) THIX 3 :
Corr(f,p) < U(f).

3. f D Gowers —i#fE% 1 ¥ NS e D—itE
Ule) iCMT 3 :

U(f) = Ule)™

4. e DR MBHNT S !

U(e)* < exp(—Q(n/3%).

CTT 155 3 ¥TI¥ Viola £ Widgerson DIE
BHLEURNED, 4 T2 GF(3) LD Gowers —
MEEMNT HERBENHS. EDORYD, GF(2) £D
Gowers —HME & D, MMELMFENIRLES. £
Te, TORERENICTER “c-MAIMHEE" [10] o8
R¥5L, MAJoMOD;3 o AND, BB MOD,, %
HETHLEZOTRERDBZ LN TES.

2 WEE

Y, EXHRANIBEZEOERETS. M
RBW MOD,, ZRTEREHhS :

4 1 m Y.z
MOD (21, ..., Zn) = {_1 - 1)(22'512- .
=1

GF(3) 218 3 DHBHKL T 5. EIREH W RE N
DT TIR, GF3) LOBHKX p %, BEA ¢ :
{0,1}* - Z BT,

_J1 3|9(x11""z")
p(.’zl,...,zn) - {_1 3 Ig(zl,...,zn)

LERTD (21,...,2, € {0,1}) TEI—MNTH

25, SEIRRITRYT Gowers —HE L DBIKN 5,
XM 75,...,2, B GF(3) DFTLAEB &SI LD
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#EEETS. Tiabb, GFQ) LOBRA p %,
FHA g: GF(3") — GF(3) AW\ T,

1 (9(z1,...,20) =0)

p(-’t1,---v$n)={__1 (g(ml,...,mn)#o)

LERTS. BHN p ORYZ, BARX g OXXUT
EBTS. X dLTD GF(3) LOBHRADORE
%2, PpTERICLLTS.

Ric, ARRTREXR/WNERL = Gowers —
RE [6, 7] IKDWTHEAT 5. Gowers —HiMEIR, £
ROMER LOBMRICH L TERTEZY, $EIIX
GF(3) LORMICH T3 Gowers —HMER AWV 3.

& 1 (GF(3) LD Gowers —##% [6, 7]). d >0,
f:GF@3") - C, © %2 GF(3) Ltom%e¥s. C
DL ¥, f D GF(3) LD d X Gowers —#E U%(f)
4

€{0.1,2)*

Ist
= p H’(w@’”) ]
SCld JES

TERTS. EL, [d RBREOKS (1,...,d}
ZET. 7, WKz LBBIICHLT, ik
DD L WM 2, i HFFHD L 23R
z BERT. '

Gowers —#ER, ROX S XRASXERER-T
Vw5 [8, 15].

®H 2 (8, 15]). f:GF(3") —»C, f':GF(3") —
CiITHLT, ROERMRDILD.

B [f(w)]l —Ui(f).

1.
z€GF(3™)

2. EMDOBENRM L ITHLT,

UK(f) < \JU(f).

3. R d LUTD GF(3) LOBRK p it LT,

U - p) =U(f).

4 (f-)=,y) = f(z)- f'ly) LT BE,
UH(f - 1) =U*(f) - UML)



3 MOD,, & GF(3) LOBIRFDHERY

ABETIX, AROHERTHSRRMY MOD,,
& GF(3) LDEXRSHRADHEMENET 5. XicH
FAHEE 3 T, TOHEMMENT LERT.

E® 3.

n
Corr(MOD,, Py) < exp (—a - 3—4) .

eZl, mi3d 3 LEVWCREZBRKT, o(>0) i
m ICRET B EM.

KEBA. em(z) = exp (32¢ -

m-1 [m| iz;)
wi) = . s
-1 m ) Zz;)

i=1

z) LERT S,

ExBDT, f(z):=em(Xiz; ) EBLL,

m-—1
MOD (21, ...,Za) = —Sgn (E f(w)“)

e=1

Ziizd. DD, MODn,(z) % Y, f(z)* TllZE

MAXDENNTRD. COTEHD,

Corr(MOD,,,, p)

= zeGF(3" LZ_; fla ]

£(m-1) m [f (z)°p(=)]

E
1<a<m zeGF(3")

%%, TTT ki=d+1LBLL

B V@) =0 )
< {Us(fe _p)}1/2"“
= {vrem} "
= {U* )"
= {U*E2))*
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&b, 1 ¥y MK e2, D Gowers —RE

U*(e2)
(e (ro) |

= TvlllyE---syk H Em
.
= —-1)Isl. .
= |em. M(D D a(w@w))
e{012} | SClk] jes

€{0,1,2} |SC[k]
ERHETHIEI T ePbIB. TTT n,. .. 0k
EEETIHL, RD 2 DOHMBHPRDILD. Thb
2 DOHED, ERROPLLAZHETHS.
ME 4 y;=0L1%%i(1<i<k) BFEETII,
£&D z € {0,1,2} KNLT,

€m ( Z (-1)!8! (I@@yj)) =1.
SCik) jes

MES. 2TOi(1<i<k)icWL, y; #0HhDk
NERMES,

> (= (w@@yj) = {ga

SCk] jes -3%

felEL, 2403 ¢ % {0,1,2} H5—RICRE
L, W%} TRhAS.

kESAEOLE, ThoomBERNT,

Uk( ‘em(0) + w7

2 2k
m) = 3R+l Zk+1 e"‘(3§ -a)
2k 2k
+ g cen=34 )+ (1= 5 ) -en©)
3.2k 2k gk+l 2r
=1- ELES +3k+1cos ;-3’1-11
2k+1(1 )
=l- =g
(efEL, 6 :=cos(21-a-3%*2/m)). m ¥ 3 &
BEWeRT, D a€{l,....m—-1} TH23Hh5
6 <1l @RJC. '
L]
o n/2* 21-6) 1 \™?
{U*Em)}™ = (1- WT/EF)
2(1 - 0)
<o (-2552.5)
_ 21-4)
ceo(250.3)

2s %
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TCT, R (m-1) LK 20-0)/9 2R o W k>20rE%EX3. £7,
THRERIANSEHEBS. <1 XD, a>0. k

AABOL 2R, k+1 %2 Lk ICBEERIZL, FR
, (_I)ISI r® Yi
DFER%EB/S. [ ] Sgc] ‘ ]@ 7
Kic, EEOERDIC BV, EHEODEERT =z +a1(z@1) +o2(z92)
2 DOREEETT .

(ap, 01,02 € Z>p, ap+ a1 +a2=0) &BLE, R

MB 4 (). 3 =0 LBBi(Si<kAFE 00 T

ThiX, £8D z € {0,1,2} ITHLT,

em (E (=18l (xe@yj)) =1. EFR1 k>20DLE, K MABES

SClk] jES
Eﬁ = {ﬁksﬁkv "2ﬂk} , 1
| {ao, 01, a2} {{-ﬂk,-ﬂk,Zﬂk} (1)
) | s @ P
sgz[k] 2‘2 ! PR T
= ) (-p+l (m eEBy,-) {o0, 1,02} = {0,6, -8}  (2)
SC[k\{s} j€s
Lixd O WEE. L, kiR kIKK>TRES
- -1 ISl <) : D Y;
SQ%{H( ) (-’3 ‘ié.éyj y) BT, {} & multiset. :
SQ%{;’)( ) (z@i‘éy,) (X3 1 OLER). k ICBTEIMMETRYT. k=2
nLx,
- ) (- ($@®yj)
SCk\{s} j€s
=0 > (-1)¥ | ze Py
Sci2] jes
LE30T, =z-(z0y)-(TOY)+ (TSN DY)
; z—2zl)+(x®2) if (y1,32) =(1,1)
em ( Z (z@@yj)) =éem(0)=1. =¢2z-(z®1) - (z®2) if (y1,92) =(1,2) or (2,1)
SClk] jes r+(z®1)-2(x02) if (y1,¥2) = (2,2)

n
t&%o)?. {ao,al,a;} = {1,1,—2} gt‘.':
MU 5 (B). RTOi(Q<i<k) ML w#0 () 59} pab, g =1 LB (1) R

Dk BMERES, +3.
0 Wi, k-1 %7T (1), (2) PRULTSLEETS.
Y (-1 ze@Puys | = {3t
SClk) jes _3%
Y -1 zePy;
TelEl, RLADMIE o % {0,1,2) H5—#ICBER SClk—1] j€S

L, % 31; THRNS. =aqpz+a1(zd1) +a2(x$2)



LB,

> (-1 (w @w)

SClk] jes

= Y (-ps (xe@yj)

SClk-1) JES

- Y (-pe (-'CEB@wGByk)

SClk—-1] j€s
=ar+0o1(z@1) + 2(z®2)

—ap(z®yk) —(z® 1O yk) — a2(z D 2O yi).

Zhix, uy=10Dk 2
(a0 — a2)z + (@1 — ag)(z @ 1) + (a2 — 01 )(z B 2),

(o —a1)r+ (o1 —az)(x@1) + (a2 — ap)(z D 2)

k%, DD, REKE {ao - 02,00 —ap,a2 —
a}, {a2 = a0, a0 — a1, 01 — az} ICEETHIEX .
kY RYEoLe, k-1 3F™{ETDOT,
{ao,al,ag} = {O,ﬂk_l,—ﬂk_l}. CCTC, a=0
L33,
- ag = ag = —=(£fk-1) = FPk-1
a1 — ap = FPr-1 = Flk-1
ag — o3 = £fk-1 — (FPk-1) = £208k-1,

BEU
a2 —ap = £6k-1 = £fk-1

ag ~ a3 = —(FPr-1) = +Pr—1
oy = ag = FPe-1 — (£Bk-1) = F2Pk-1.

FIRIC, 01 =0,a2 =0 DL XL BB L,
{ao — az,a1 - ap, a2 — a1}
= {az — ap,ap — a3, 1 — a2}
= {xBk-1, £Pr-1, F20k-1}

LBBDT, By = fey LBHE, (1) BRI,

E RBEROLE, k-1 BAKEDT,
{0, 1,22} = {£Br—1,%Pk-1,F20k—1}. TTT,
Qo = =F2,@k_1 k"'a a. '

ag — ag = F20-1 = (£Pr-1) = F30k-1
ay = ap = 20k-1 — (F26k—1) = £36k-1
ag ~ay = 2Pk = (£Pk-1) =0,
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BIU

az —ap = £fk-1 = (F2Bk-1) = £36r1
ap — o1 = F2Pk-1 = (£Bk-1) = F36k—1
a1 —az = fk1 = (£fk-1) =0.

FRIC, a1 =0, =0DLELEXBL,

{ao - Q2,Q1 = g, Q2 — 01}
= {az - ap, ap — 1,01 — a3}
= {0, £30%-1, F30k-1}

EBBDT, B :=30k— BN, (2) BEDIL

2. [ |
ZZe,
1 (k=2
Bk =4 Be-1 (k: )
30k-1 (k: #H)
£, .
Br =371, (3)

z,z2®1,z®2€{0,1,2} &b, k HAKDOL =,
+3Bk
Y ) zo@Puy | ={F6
SClk] jes 0

LxBDT, Chic 3) ZRATHLHENET
3. "

4 BIRHRRNDOGH
FMTR, ROHTERENSHEREANS.

corr(f, g)
= ze{lgfl).‘ l9(z) = —-1] - v (Po,‘m l9(z) = -1]|.
f(z)=-1 f(z)=1

I!.cwﬁwtmmrﬁ.iﬁatmﬂoin&
wzedves. chid,

corr(MOD,,,, p) < O(m) E  [f(z)p(x)}|+27*"

z€{0,1}"

(e > 0) A" Bourgain iL& > TRENTVS [4] D
T, EH3 TRLELARLEBBLOED S XV
HTH5.




COETEBRE AR, MERBOTREZE
BLTW3. EhERLEOD, XICBIFS “c-#5
8 HWETDHS.

A 6 (-MFI58 [10). C ZEAEE LMY — Mic,
BIER c1,...,cs DHAEANT B L TR
NHERETH. ThDB,

Cz)=1 <= ici(z) >t

=1
(JeXEL teN). Tob#,

. ) >
8 lx'g?.sx’ corr(C,¢5) > 1

L3,

EH 3 TRLN/ENO LR LM 6 OHMicE
B3T3k, % 71285 MAJ o MOD;3 0 AND, HER
T MOD,, 2HHT3BOTENBENS. MAJo
MOD; o AND; BB L i3, HABRICSHRY—F,
PMEIc MOD;3 ¥'— b+, ANBRICT P A oH d
L{Fd AND '— 2R LU%: 3 BOERTH 5.
%8, Allender iL& 5T, d = poly(logn) D& ¥,
AC’ ERRCHI T2 3 MDA, nOlos"n) 4
XD MAJ o MOD3 0 AND,; BB THATR3C L
ARENTVS 1)

R 7. MAJ o MOD,, 0o AND, EIBEH' MOD; 23K
FTHLE MAI V= M\DT 7L Vid expla- &)
B,

5 MR &RMRME

AWA TR, MOD,, Bif & GF(3) LOERXD
1B ® L exp(—an/3?) CHBT L%, Gowers —
BEEZRAVTRLE. COMRI, BEOLARK
B/LTNB.

Gowers —HMER I\ 7z, MOD,, Bl L GF(5) L
DERADHERMONEIIRMRTHS. GF(5) Lic
BB e, BID Gowers — %I, z,91,...,00 €
{0,1,2,3,4} cB¥ 3

€m ( E (-1)i8l (z EB@yj))
SClk] J€ES
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DHRETEAENSD, COREGRHEES DLS
i, v1,.-.,yx ZEELTLZDMIZ—RICIZTE
bz, DY, TOMFEERDZDIZHMT
»5.

7, BHADOKRE d 5 poly(logn) THH L ¥,
ERAONMIETIZERHK LR LHORDSNE.
COREDERNEZDL S BZMICEINERMRT
H5.

L S B4

[1] E. Allender, A Note on the Power of Thresh-
old circuits, 30th Ann. Symp. Foundations
Comput. Sci., pages 514-519, 1989.

[2] N. Alon, R. Beigel, Lower Bounds for Approx-
imation by Low Degree Polynomials over Z,,,,
Annmual IEEE Conference on Computational
Complexity vol. 16, 2001.

[3] A. Bogdanov and E. Viola, Pseudorandom
Bits for Polynomial, 48th Ann. Symp. Foun-
dations Comput. Sci., pages 41-51, 2007.

[4] J. Bourgain, Estimation of Certain Exponen-
tial Sums Arising in Complexity Theory, C. R.
Math. Acad. Sci. Paris, 340(9), pages 627-631,
2005.

[5] A. Chattopadhyay, An Improved Bound on
Correlation between Polynomials over Z,,, and
MODy, Electronic Colloquium on Computa-
tional Complexity, Technical Report TR06-
107, 2006.

[6] W. T. Gowers, A New Proof of Sze-
merédi’s Theorem for Arithmetic Progressions
of Length Four, Geom. Funct. Anal., 8(3),
pages 529-551, 1998.

[7] W. T. Gowers, A New Proof of Szemerédi’s
Theorem, Geom. Funct. Anal., 11(3), pages
465-588, 2001.

[8] B. Green and T. Tao, An Inverse The-
orem for the Gowers U3(G) Norm, 2005.
arXiv.org:math/0503014.

[9] F. Green, A. Roy, and H. Straubing, Bounds
on an Exponential Sum Arising in Boolean



Circuit Complexity, C. R. Math. Acad. Sci.
Paris, 341(5), pages 279-282, 2005.

[10] A. Hajnal, W. Maass, P. Pudlak, M. Szegedy,
and G. Turan, Threshold Circuits of Bounded
Depth, J. Comput. System Sci., 46(2), pages
129-154, 1993.

[11] A. A. Razborov, Lower Bounds on the Di-
mension of Schemes of Bounded Depth ina
Complete Basis Containing the Logical Func-
tion, Mat. Zametki, 41(4), pages 598-607, 623,
1987.

[12] A. Samorodnitsky, Low Degree Tests at Large
Distances, 2006, Manuscript.

[13] A. Samorodnitsky and L. Trevisan, Gowers
Uniformity, Influence of Variables, and PCPs,
In Proceedings of the Thirty-Eighth Annual
ACM Symbosium on Theory of Computing
2006, pages 11-20, 2006.

[14] R. Smolensky, Algebraic Methods in the The-
ory of Lower Bounds for Boolean Circuit
Complexity, In Proc. 19th Ann. ACM Symp.
Theor. Comput., pages 77-82, 1987.

(15] E. Viola and A. Wigderson, Norms, XOR
Lemmas, and Lower Bounds for GF(2) Poly-
nomials and Multiparty Protocols, CCC '07:
Proceedings of the Twenty-Second Annual
IEEE Conference on Computational Com-
plexity, pages 141-154, 2007.

140



