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Asymptotic completeness for N-body quantum systems with
long-range interactions in a time-periodic electric field

PRI BiL [EFH (Tadayoshi ADACHI)

Graduate School of Science, Kobe University

1 Introduction

In this article, we study the scattering theory for N-body quantum systems with long-range pair
interactions in a time-periodic electric field whose mean in time is non-zero, where N > 2. We
describe the results obtained in [A4] on the asymptotic completeness for such systems.

We consider a system of N particles moving in a given time-periodic electric field £(t) € R?,
&(t) # 0. We suppose that &(t) € C°(R; R?) has a period T > 0, that is, &(t + T) = &(t) for
any t € R, and its mean & in time is non-zero, i.e.

1 T
g=7/0 £(t) dt # 0.

Let mj, ej and r; € R%,1 < j < N, denote the mass, charge and positionl vector of the j-th
particle, respectively. We suppose that the particles under consideration interact with one another
through the pair potentials Vi (r; — r¢), 1 < j < k < N. We assume that these pair potentials are
independent of time ¢. Then the total Hamiltonian for the system is given by

A=Y {_Z_I;A,j~e,.<g<t>,r,.>}+ S Vielrs ),

153N m 1<j<k<N

where (§,7) = ZLI ¢m; for €, € R%. > 1<jck<n Vik(rj — i) will be written as V' later. We
now separate the part associated with the center of mass motion from H(t) by standard procedure:
We equip R¥*N with the metric r- 7 = ZQN=1 m;(r;,7;) forr = (ry,... ,rn), 7 = (F1,... ,7N) €
RN We usually write r - r as 72. We put |r| = v/r2. Let X be the configuration space in the

center-of-mass frame:
Z ijj = 0}

1<j<N

X={reRd"N

7 : R*™" — X denotes the orthogonal projection onto X. We put z = rr for r € R**", and

e T
Et)=r (%g(t), . ,m—t’vg(t)) , E= %/0 E(t) dt.

Throughout this article, we assume that there exists at least one pair (j, k) whose specific charges
are different, that is, e;/m; # ex/mi. By virtue of this assumption, one sees that E(t) # 0
whenever &(t) # 0, and that E # 0. By separating the part associated with the center of mass
motion from H (t), we obtain the Hamiltonian

H(t) = —%A— E()-z+V
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on L?(X), where A is the Laplace-Beltrami operator on X. We will study the scattering theory
for this Hamiltonian H ().

A non-empty subset of the set {1,..., N} is called a cluster. Let C;, 1 < j < m, be clusters.
If Ui<jemC; = {1,... ,N}and C; N Cx, = B forl < j <k <m,a= {Ci,...,Cp}is
called a cluster decomposition. #(a) denotes the number of clusters in a. Let & be the set of
all cluster decompositions. Suppose a, b € &. If b is obtained as a refinement of a, that is, if
each cluster in b is a subset of a cluster in a, we say b C a, and its negation is denoted by b ¢ a.
Any a is regarded as a refinement of itself. The one and N-cluster decompositions are denoted by
Gmax and Gmin, respectxvely The pair (4, k) is identified with the (N — 1)-cluster decomposition

{GR), (@) () s (R),e e, (VD)

Next we mtroduce two subspaces X®and X, of X fora € &

Xaz{reX

ijrj = 0 for each cluster C' in a}, X, =X 6 X°.

jeC

In particular, X %) is identified with the configuration space for the relative position of j-th and
k-th particles. Hence one can put V(; x)(z%%)) = Vji(r; — 7). It is well known that X, = {r €
X | r; = i foreachpair (j,k) C a}, and that L?(X) is decomposed into L?(X®) ® L?(X,).
m®: X — X%and 7, : X — X, denote the orthogonal projections onto X* and X, respectively.
We put 2° = 7%z and z, = 7, x for x € X. We now define the cluster Hamiltonian

1 .
Ho(t) = —5A—-E(t) -2+ V% V®= D Vim(U®),
(4:k)Ca
which governs the motion of the system broken into non-interacting clusters of particles. The
intercluster potential I, is given by

I(z) =V(z) — V%z) = Z Vi (@08))
(4.k)ga
Put E%(t) = n® E(t) and E,(t) = m, E(t). Then the cluster Hamiltonian H,(t) acting on L?(X)
is decomposed into
H,(t) = H°(t) ® Id + 1d ® T, (t)

on L?(X®) ® L?(X,), where 1d are the identity operators,

1
Ho(t) = —3A° ~ E*(t) -2+ V*, Ta(t) = —%Aa — Eat) - za,

and A® (resp. 4,) is the Laplace-Beltrami operator on X (resp. X,).

Now we will state the assumptions on the pair potentials. Let ¢ stand for a maximal element
of the set {a € o I E® = 0} with respect to the relation C, where £ = 7%E. Such a cluster
decomposition uniquely exists, and it follows that (5, k) C c is equivalent to e;/m; = ex/my. If,
in particular, e;/m; # ex/my for any (j, k) € &, then ¢ = apin. Since E # 0 as mentioned
above, we see that ¢ # amax. We will impose different assumptions on Vj; according as (j, k) C ¢
or (j,k) ¢ c: Letp > 0.
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(Ve Vik(r) € C=(R?), (j, k) C c, is a real-valued function and satisfies
|0°Vji(r)| < Ca(r)=@+1eD

withv3—-1<p <1.

(Ve Vir(r) € C®(R?), (4, k) ¢ c, is a real-valued function and satisfies

[0°Viu(r)] < Car)=e¥?, 5] < 1,
0°Vie(r)| < Cp, 18] 2 2,

with 0 < pg < 1/2.

(Ve Vik(r) € C=(R?), (4,k) ¢ c, is a real-valued function and satisfies

0°Vir(r)] < Ca(r)~6+19/2,

Under these assumptions, all the Hamiltonians defined above are essentially self-adjoint on C§°.
Their closures are denoted by the same notations. If Vik, (j,k) C c, satisfies (V). r, then Vji
is called a long-range potential. We note that if Vi, (j, k) € c, satisfies (V)z ¢ or (V)zp,, With
p < 1/2, then V), should be called a “Stark long-range” potential.

To formulate the obtained results precisely, we will define modified wave operators: Let U(t, s),
U,(t,s) and U,(t,s), a C c, be unitary propagators generated by time-dependent Hamiltonians
H(t), H,(t) and T,(t), respectively. The existence and uniqueness of U(t, s) are guaranteed by
virtue of results of Yajima [Ya2] and the Avron-Herbst formula [CFKS] as follows: We introduce
a strongly continuous family of unitary operators on L2(X) by

9~(t) — e—ta(t) eii(t)-z e—-ié(t)-p, (1.1)
where
_ t t_ 1 [ft.
b0 = [ B, a0 = [bnan a0 =g [ 1.2)
0 0 0
We also introduce the time-dependent Hamiltonian H¢(t) on L?(X) by
1
HSe(t) = —5A +V(z + 1)

Since the propagator generated by H5°(t) exists uniquely by virtue of results of [Ya2], we write it
as U5¢(t, s). Then one sees that the propagator U (¢, s) generated by H () also exists uniquely by
virtue of the Avron-Herbst formula

U(t,s) = Z)US(t, s) T (s)". (1.3)
We here emphasize that U(t, s) enjoys the domain invariance property

Ut $)2((p* +£*)") c 2((p* +2*)"), neN, (1.4)
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and that U(t, s) is strongly continuous in 2((p®+x?)™) with respect to (¢, s) under the assumptions
(V)e,r, and (V)g or (V)zp,, (see [A4] for the details).

We now note that for a C ¢, H%(t) is independent of time ¢ because of E?(¢) = 0. Thus we
write it as H%. Then U,(t, s) is written as

Ua(t,s) = e 98 @ [, (¢, ). (1.5)
‘We here introduce
Ua,n(t,0) = Ua(t, 0)e™ fo Fatpar)dr (1.6)

fora C c. Here I¢ = I, — I, and p, = —iV, is the velocity operator on L?(X,). Under the
assumptions (V). and (V) ¢, we define the modified wave operators W G ,a C ¢, by

Wi = s-lim U(t,0) U p(t, 0)e™ o FCM 47 (pe @ 1q), (1.7)
G =glm

where P* : L?(X®) — L2(X®) is the eigenprojection associated with H®. We call e~¢/o Te(&(r)) ér
the Graf (or Zorbas)-type modifier (see [A1], [AT1], [Gr3], [HMS2] and [Zo])).
One of the main results of this article is the following theorem:

Theorem 1.1. Assume that (V). and (V)z¢ are fulfilled. Then the modified wave operators
Wféi, a C ¢ exist, and are asymptotically complete

L*(X)=> oRan W5

alc

Next we suppose that (V')z p , with 0 < p < 1/2 instead of (V'); is satisfied. First we consider
the case where ¢ # amin, that is, #(c) # N. Since 2 < #(c) < N by assumption, N > 3 is
assumed here. Under the assumptions (V). 1, and (V) p, with (v/3 — 1)/2 < p < 1/2, we define
the modified wave operators Wf ’Di, a Cc, by

Wrs = s-lim U(¢,0)"Ua, (2, 0)e™ i g Le(per+En) 47 pa @ [q) (1.8)

Then we have the following theorem:

Theorem 1.2. Assume that ¢ # Gmin and that (V). and (V)s,p,, with (v/3—1)/2 < p < 1/2are
Sfulfilled. Then the modified wave operators Wf bi, a C ¢, exist, and are asymptotically complete

L*(X) =Y ®Ran W25

aCe

Finally, we consider the case where ¢ = a.,;,. For example, when N = 2, ¢ = apy, is satisfied
by assumption. We here note that if ¢ = apin,

H(t) = ~3A ~ B(t) -z = Ho(t),
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I.(z) = V(z), z. = z and p. = p, where p = —iV is the velocity operator on L*(X). Ug(t, s)
denotes the unitary propagator generated by Hy(t). Under the assumption (V)zp, with 0 < p <
1/2, an approximate solution of the Hamilton-Jacobi equation

(BK)(6,€) = 5(€+ KO + V((VeK)(t,6)

can be constructed (see [A4]). If V = 0 and K (0, ) = 0, K (t, £) is written as
K(t,€) = Ko(t,€) = 56 + () - £ +a(0), (1.9)
where @(t) and &(t) are as in (1.2). We here note that (V¢ Ko)(t, €) is written as
(VeKo)(t, &) = &t + &(2). (1.10)

Under the assumptions ¢ = ami, and (V)zp,, With 0 < p < 1/2, we define the modified wave
operators W, by

Weip = s-lim U(t,0) Us(t, 0)e~t Jr VTR (mip) dr (1.11)

If1/4 < p < 1/2, etJrV((VeK)TP)dr in (1.11) can be replaced by e~/o V((VeKo)rpdr —
e~iJo Vr+¥1) dr \which is called the Dollard-type modifier (see [A1], [AT2], [JO), [JY] and [W]).
Then we have the following theorem:

Theorem 1.3. Assume that ¢ = ami, and (V)zp,, with 0 < p < 1/2 are fulfilled. Then the
modified wave operators W(fD exist and are unitary on L*(X).

Remark 1.1. In our analysis, we need a certain regularity of V; like being at least in C¥(R%) in
order to obtain some propagation estimates which are useful for proving the asymptotic complete-
ness of wave operators (see §3, in particular Lemma 3.6).

The initial time O can be replaced by any s € R.

For time-dependent Hamiltonians, the lack of energy conservation is a barrier in studying this
problem. For instance, the time-boundedness of the kinetic energy was the key fact for studying the
charge transfer model (see e.g. [Grl]). Howland [Hol] proposed the stationary scattering theory
for time-dependent Hamiltonians, whose formulation was the quantum analogue to the procedure
in the classical mechanics in order to ‘recover’ the conservation of energy. Yajima [Yal] applied
this Howland method to the two-body quantum systems with time-periodic short-range potentials
and studied the problem of the asymptotic completeness for the systems (see also [Ho2] and [Yol]).
His result was extended to the three-body case by Nakamura [N] later (as for the spectral theory
for general N-body systems, see Meller-Skibsted [M@S]). Under the same assumption on &(t)
as in this article, Moller [Mg] studied the scattering theory for two-body quantum systems with
short-range interactions, and Adachi [A3] also studied the scattering theory for N-body quantum
systems with short-range interactions between particles whose specific charges are different as
mentioned before, by using the so-called Howland-Yajima method.
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The Howland-Yajima method reduces the problem under consideration to the problem of the
asymptotic completeness of the usual wave operators associated with the Floquet Hamiltonian
given by K = —i8, + H(t) on L*(T; L*(X)) formally. Thus this method matches the quantum
scattering theory for time-periodic short-range interactions, but seems not sufficient for the time-
periodic long-range ones. For instance, Kitada-Yajima [KY] dealt with the so-called AC Stark
effect, in which the mean of &(¢) in ¢ is zero, for two-body quantum systems with long-range
interactions, by using the so-called Enss method. As implied by this, in studying the scattering
theory for time-periodic long-range interactions, one needs to know some propagation properties
of the physical propagator U(t,s). One of purposes of this article is to give some propagation
estimates for U(t, s) (see §3), that was not done in [Mg] and [A3]. In the case where &(t) =
& + o(1), which is not time-periodic, this was done by Yokoyama [Yo02] for two-body systems
with short-range interactions.

In the argument below, we will consider the case where t — oo only. The case where ¢ — —o0
can be dealt with quite similarly. For an X-valued operator L, (L?)/? is denoted by |L| for
brevity’s sake.

2 Asymptotic clustering

In this section, we prove the so-called asymptotic clustering for the system under consideration,
which is the key to showing Theorems 1.1, 1.2 and 1.3. Throughout this and the next sections, we
suppose that (V). 1 and '

(V)ip, Vix(r) € C(R?), (j, k) € c, is a real-valued function and satisfies
10°V;i(r)| < Ci(r)=+IB/A 18] < 1,
18°Vi(r) < Cs, 18] 2 2,

with 0 < p < 1/2 are fulfilled. We note that under (V)zc with p = pg or (V)ep,p (V)zp, is
fulfilled.

In this article, we often use the following convention for smooth cut-off functions F with 0 <
F < 1: For sufficiently small § > 0, we define

F(s<d)=1 for s<d-4, =0 for s>d,
F(s>2d)=1 for s>d+46, =0 for s<d,

and F(d; < s < dg) = F(s > d;) F(s < dp). To clarify the dependence on § > 0 in the definition
of F', we often write Fj for F.
We now introduce the time-dependent intercluster potential I.(¢, z) as

L(t,z) = L(z)F, (t7%|z — &(2)] < 2¢1) 2.1)

with some sufficiently small €; > 0, where &(¢) is defined by (1.2). Since

é(t) — —E;—t2 = /Ot(i)(s) — Es)ds = O(t) (2.2)
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in virtue of the periodicity of b(t) — Et by the definition of E, we see that (¢, z) enjoys the
estimate

821c(t, 7)| < Cp(t + (2)!/%)~CeHD, 1B <1, (2.3)
fort > 0,if0 < €; < mingg, |E*|/4. Then we define the time-dependent Hamiltonian H,(t) by
H.(t) = H(t) + I.(t,z), (2.4)

and denote by U,(t), t > T, the unitary propagator generated by H.(t) such that U,(T) = Id. We
here note that the domain invariance property of U,(t)

U.) 2% + %) c 2(p* + 2°)

holds and that U,(t) is strongly continuous in 2(p? + x?) with respect to ¢.
In order to prove Theorems 1.1, 1.2 and 1.3, we will claim that the following asymptotic clus-
tering holds:

Theorem 2.1 (Asymptotic Clustering). Assume that (V). and (V) p , with0 < p < 1/2 are
fulfilled. Then the strong limit

Q. = slim U(t, 0)*U.(t) (2.5)
—0C
exists and is unitary on L*(X).

This property played an important role to prove the asymptotic completeness of N-body quan-
tum systems in a (time-independent or time-periodic) homogeneous electric field in the works of
Adachi and Tamura [AT1, AT2], and Adachi [A3] (see also [A1] and [HMS2]).

In order to prove Theorem 2.1, we need the following propagation estimates for both U,(t) and
U(t,0). From now on the norm and scalar product in a Hilbert space 9%, are denoted by || - ||.»
and (-, ), respectively. The norm of bounded operators on % is also denoted by || - || #():

Proposition 2.2. The following estimates hold for ¢ € 2(p? + x?) as t — oo:

1o = b Te(®)8| 12y = O, (2.6)
[z = EIT)B|| 2y = O). @7
Corollary 2.3. Let ¢ > 0. Then the following estimate holds for ¢ € D(p* + z?) as t — oo:

| Fe(t7%1z = &t)] 2 )Ue(t)8| 125y = OC™). 28)

These can be shown by computing the Heisenberg derivatives of H¢, p, — b(t) and = — &(t)
associated with H,(t). Here the Heisenberg derivative of ®(t) associated with H (t) is denoted by

Do (@(0)) = () + ilH (), 8(1)].

For the details, see [A4].
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Theorem 2.4. Let 0 < ¢ < mingg.|E*|/4. Then the following estimates hold for ¢ € 2((p* +
z?)?) ast — oo:

[Fe(t™e = &(t)] 2 e)U(t,0)9]| 125, = O3, 2.9)
[lp = bO)| Fe(t 2|z — &(t)] < 2€)U(t,0)0|| 1oy, = O?), (2.10)
llz = &I Rtz = &(0)] < 26)U (1, 008 ey = OE2). @11)

Theorem 2.4 is one of the main results of this article. In the next section, we describe the outline
of the proof. We will now prove Theorem 2.1 under the assumption that Theorem 2.4 holds.

Proof of Theorem 2.1. We have only to prove the existence of the limits
lim U(t, 0)*U.(t), Jim U.(t)*U(t,0)¢
—00 —00

for ¢ € 2((p*+2?)?), because D((p?+2z2)?) is dense in L?(X). We here putn(t) = Fy, o(t 2|z~
&(t)] < €1). By virtue of Corollary 2.3 and Theorem 2.4, we see that

lim U(t,0)*(1 = n(®))Ue(t)p = 0,  lim Ue(t)*(1 ~ n(t))U(t,0)¢ = 0.
Thus we have only to show the existence of the limits
tlim U(t, 0)*77(t)0c(t)¢7 tlim 0c(t)*"7(t)U(t: 0)¢. (2.12)

We here note that
I(z)n(t) = L(t, x)n(t)
for t > 0, which is the key in the proof. Since

(U, 070 e()9)
= U(t,0)"[m(2) - {—2t7%(z — &) + ™% (p — b(t))} + Ot~ Ue(t),
= OO (,0)9) |
= U.(t)"[{—2t"%(z — &) + t72(p — b(t))} - m(t) + O™V (¢, 0)¢
with () = F, ,(t 72|z — &(t)| < e1)(z — &(t))/|z — &(t)|, we obtain from Proposition 2.2 and
Theorem 2.4

=0(t™),

L3(X)

=0(t™/?),
L3(X)

| @ oraowe

|5 @0 moue.0s)

which implies the existence of (2.12) by virtue of the Cook-Kuroda method. Thus the proof is
completed. O
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Remark 2.1. If p > 1/2, that s, if all Vj’s with (j, k) ¢ c are Stark short-range,
st—lim U.(t)* Uq(t,0)

exists and is unitary on L?(X), by virtue of (2.3) with —2p < —1. Therefore it follows from this
and Theorem 2.1 that

Q. = si-lim U(t,0)"U.(t,0) (2.13)

exists and unitary on L2(X). This gives an alternative proof of the asymptotic completeness ob-
tained in Mpller [Mg] and Adachi [A3].

3 Propagation estimates for U(¢,0)

We first move the oscillation arising from E(t) — E into the potential V, and reduce the present
problem to the one for a so-called N-body Stark Hamiltonian with a certain time-periodic potential,
by using a version of the Avron-Herbst formula initiated by Meller [Mg]: We define 7-periodic
functions on R

¢ T [t
b(t) = /0 (E(s) — E)ds — by, b= % /0 /0 (E(s) — E) dsdt,

t T ;
«®) 2/0 b(s)ds —co, co= %/0 (—%Ib(t)|2+/0 E - b(s) ds) dt-IEﬁli,
a(t) =/.. (‘;‘V’(S)lz - E. c(s)) ds, a.1)

where b(t), c(t) € X and a(t) € R, and a strongly continuous periodic family of unitary operators
on L?(X) by

9(t) — e—’ia(t)eib(t)~ze——ic(t)-p. (32)

We here note that the constants by and ¢, in (3.1) are chosen in order to make ¢(t) and a(t) T-
periodic. Moreover we define the time-dependent Hamiltonian /°(t) on L2(X) by

HS(@t) = HS + V(z + c(t)), HS = —%A —E-z. (3.3)

H§ is called the free Stark Hamiltonian. We note that the time-periodic potential V(z + ¢(t)) is
written as

Vg + c(t)) = Vo(@) + L(z + (), (3.4)

because c(t) € X. by definition and V¢(z) = V¢(z°) is independent of z. € X, also by definition.
Put

bS(t) = /0 ‘Bdr=Et, S@) = /0 ¥ (r) dr = %—tz, 3.5)
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and define 75(t) as
) = OO g5(0) = ] /0 b ()2 dr. 36
It is well known that the original Avron-Herbst formula [AH] holds:
e #HE = FS()e~#HS  HSe = —%A 3.7

Let US(t, s) be the unitary propagator generated by the Hamiltonian H5(t), whose existence and
uniqueness can be guaranteed by the Avron-Herbst formula

U(t,s) = T@)US(t, )T (s)*, or US(t,s) = TS5(t)US(t,s)T5(s)*. (3.8)
We here note that the domain invariance property of U (¢, 0)
Us(t,02((p* + 2*)*) € 2((p* +2*)"), neN,

holds and that US(¢, 0) is strongly continuous in 2((p? + x2)™) with respect to ¢, by virtue of the
property of U(t, s) mentioned in §1. Noting that

T ()" (p— b(t)) T (t) = p— b(t) + b(t) = p — 65(¢) — by,
T (x — &) T (t) =z - &) + c(t) = z — (&) — (bot + co)
by virtue of (3.1), we see that Theorem 2.4 is equivalent to the following:

Theorem 3.1. Let 0 < € < mingg. |E*|/4. Then the following estimates hold for ¢ € 2((p* +
z?)?) as t — oo:

[Fe(t™%|z = ()] 2 ©)U (£, 0)¢]| 12 x, = O™, 3.9
[lp = 85 )| F(t7%|z — 5 (1)] < 2)US(8,0)9)| 1oy = O), (3.10)
[lz = S@OIF(t7|x — (1) < 26)US(,0)8| 12, = OC¥). (3.11)

Now we introduce the Floquet Hamiltonian associated with H¥(t), which is key in the Howland-
Yajima method (see Howland [Hol, Ho2] and Yajima [Yal]). We let T" = R/(T'Z) be the torus
and introduce S = L?(T; L*(X)) = L*(T)®L?(X). We define a family of operators {U(c)}oer
on ¥ by

U(@)N(t) = US(t,t — 0) f(t — 0) (3.12)

for f € 2. Since {U(0)},er forms a strongly continuous unitary group on %, U (o) is written
as

Ulo) = etoK, (3.13)

where K = D, + H5(t) is a self-adjoint operator on 9, where D; = —if; is a self-adjoint
operator on L?(T') with its domain AC?(T'), which is the space of absolutely continuous functions
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on T with their derivatives being square integrable (following the notation in [RS]). K is called
the Floquet Hamiltonian associated with F5(¢).

The following two theorems show some spectral properties of K, which can be proved in the
same way as in [A3] (see also Herbst-Mpller-Skibsted [HMS1]) by using

[Vik(r)| + |VVj(r)| = o(1)
as |r| — oo, which is fulfilled under (V). and (V) , , with 0 < p < 1/2. So we omit the proof.

¢,D,p

Theorem 3.2 (Absence of Bound States). The pure point spectrum o,,( K) of the Floquet Hamil-
tonian K is empty.

Theorem 3.3 (Mourre Estimate). Let A= FE - p/|E| and 0 < v < |E| < V. Then one can take
§ > 0 so small uniformly in A € R that

ns(K — N)i[K, —Alns(K — A) > —v'ns(K — A)® (3.15)

hold, where n; € C$°(R) satisfies 0 < n5; < 1, ns(t) = 1 for |t| < § and ns(t) = O for |t| > 26. In
particular, the spectrum of K is purely absolutely continuous.

Now we prepare the maximal and minimal acceleration bounds for e=**X, by following the
abstract theory of Skibsted [Sk]. For the proofs, see [A4].

Proposition 3.4 (Maximal Acceleration Bound). Let f € C§°(R), so > 51 > 0, and ¢ > 0.
Then there exists M > 0 such that the following estimate holds as ¢ — oco:

(6™ (PN Fe(o™ (p) 2 M)e™ X f(K)(p)™*|| g(py = O(0™™). (3.16)
(

Proposition 3.5 (Minimal Acceleration Bound). Let f € CP(R), sp =2 51 > 0ande > 0. Let
A, v and V' be as in Theorem 3.3. Then the following estimates hold as o — oo:

(v = 07rA) Fo(67r A S v — €)e™ K F(K)(A) ™| gy = O(0™*), 3.17)
(672 A = V) Fe(07 A 2V + €)e ™K f(K)(A) ™| gy = O(0™). (3.18)

In order to translate these propagation estimates for e~ into the ones for US(¢,0), we need
the following lemma.

Lemma 3.6. Let f € C°(R), s > s1 2 0, ande > 0. Let A, v and V' be as in Theorem 3.3. Let
M be as in Proposition 3.4. Let J, 5, be one of the following three operators on ¢ :

(U Fe(o™Hp) > M), (v—0'A)F (o' A<V —¢),
(671A= V)" F(c7'A>V +e¢).

Then the following estimate holds as o — oc:

(D) Jo,sre K F(K)(p)~**(De) " | ey = O(0' 7). (3.19)
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Proof. Since

—iadp, (K) = VI(z + c(t)) - b(?),
(—9)%add, (K) = VI(z +c(t)) - (B(t) = E) +b(t)"V2Le(z + c(t))b(2),

are bounded on J#, it can be shown easily that
(D)2 f(K){Dy)™* = O(0®),

which implies
(Do) Jope™ " f(K)(Dy) ™% = O(c®)

because p does commute with D;. Noting that p does commute with D; again, by complex inter-
polation between this and

Jozsre” "% f(K)(p) ™ = O(07*)
in virtue of Hadamard’s three line theorem, we obtain (3.19). O

Now we will translate the obtained propagation estimates for e~“*¥ into the ones for U°(t, 0).
Take sy = 2. Let ¢ € 2((p* + %)) ¢ L*(X) and put ¢(t) = U5(t,0)¢. Then we see that
#(t) € 2(D,) and that D;¢(t) € D(p? + z?) by virtue of the domain invariance property of
US(t,0) mentioned before. Let % be the unitary operator on J# defined by

(ZY)(t) = US(t,0)9(t), teT,p(t) € H#.
It is known that
e TK = 7 (1d @ US(T, 0))% * (3.20)
holds on % = L*(T) ® L?(X) (see Yajima-Kitada [YK]). Then we have
(f(K)@)(t) = US(t,0)g(US(T,0))¢, teT,

where f € C§°(R) supported in (A\g — 7/T, Ao + 7/T) for some Ay € R, and g is the function
on the unit-circle defined by g(e="7*) = f()\) (see Meller-Skibsted [M@S]). We here note the
following: Let J = J(t) be an operator on J#, and v = (t) € J# be such that e~*¥¢) € 9(J).
Then

T
TR p|2, = /o 11t + ) US(t + 0, E)p(t) [axy dt

holds. Noting that J, ,, in Lemma 3.6 is independent of ¢, we see that
T
| 1203+ 0,000 (T.0)¢la0x, dt = 00,
0

T
/0 18:{J0.0s US (2 + 5,0)9(US (T, 0))8} 2, dt = O(02)
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hold with 0 < s; < 2, by virtue of the above formula and Lemma 3.6. From these, we obtain
1706, U5 (t + 0,0)g(U°(T, 0))8l|32(x) € W(0,T),
| 12,6, U° (¢ + 0,0)g(US (T, 0) @l Z2(x) [l w0y = O0™)

by the Schwarz inequality. Here W11(0,T) = {u € L'(0,T) | v’ € L*(0,T)} is a Sobolev space
on the interval (0, T'). By using the Sobolev imbedding theorem (see e.g. [B]), we obtain

” ”Jo,sx Us(t + o, O)Q(US(T’ 0))¢“%’(X) HL“’(O,T) = 0(0—2)7
which implies
1,6, U5 (0,0)g(US (T, 0))l| L2(x) = O(0™).

Therefore the following propagation estimates can be obtained by using a partition of unity on the
unit-circle.

Proposition 3.7. Let 0 < s, < 2ande > 0. Let A, v and V' be as in Theorem 3.3. Let M be as in
Proposition 3.4. Then the following estimates hold for ¢ € 2((p* + z%)?) as t — oo:

[ ()" Fe(t™(p) = MYUS(2,0)8| 125y = O, 321
[(v =t A F(t7 A < v = )US(8,0)9| 1oy = O, (3.22)
|tPA= V) F(t7TA >V +e)US(, 0)9| L) = O™). (3.23)

Based on these estimates, we will derive some useful propagation estimates for U°(¢,0). For
the proofs, see [A4].

Proposition 3.8 (Maximal Acceleration Bound). Let 0 < s, < 1/2 and € > 0. Then there exists
M’ > 0 such that following estimate holds for ¢ € 2((p* + z?)?) as t — oo:

|(t72(2))* Fe(t™(z) 2 M)US(t,0)9| 12, = OC7Y). (3.24)

Proposition 3.9 (Minimal Acceleration Bound). Let 0 < s; < 1/2ande > 0. Let v and V' be
as in Theorem 3.3. Then the following estimates hold for ¢ € 2((p? + z2)?) ast — oo:

|(v/2 = t722) Fe(t 22 < v/2 = e)US(£,0)8)| 1o 5y, = O, (3.25)
(t722 = v/ /2)" Fe(t722 2 V/ /2 + €)U(¢,0)9| 125, = O ™), (3.26)
where z = E - z/|E|.
Theorem 3.10. Let € > 0. Then the following estimates hold for ¢ € 2((p? + 2%)?) as t — oo:
[Fe(t™ lp = b5(8)| 2 )US(t, 00| 12, = O™?). (3:27)
[lp = B3 ()| Fe(t™H|p — b°(2)] 2 £)US(2,0)¢|| 11, = O?). (3.28)

By virtue of these estimates, one can show Theorem 3.1 in the same way as in [A2]. For the
details, see [A4].
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4 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. Throughout this section, we assume that ('), and
(V)¢ are fulfilled. We first note that under (V)z ¢,

|02 1e(t, )| < Cpa(t + (x)*/%)72e+fD, 15 < 1, @“.1)

holds for ¢ > 0, which is finer than (2.3).
We introduce the time-dependent Hamiltonian H.;(t) as

Heo(t) = H.(t) + L.(&(2)). “4.2)
U.c(t) denotes the propagator generated by H.g(t) such that U,;(0) = Id. We here note that
1.(&(t)) = Le(t, &(2)) (4.3)
for ¢t > 0, and that U,s(?) is represented as
Uu(t) = U,(t, 0)e " Jo L@ dr (4.4)

Noticing D o) (H®) = 0, Dy () (pe — b(t)) = 0 and Dy ) (x ~ &(t)) = p— b(t), the following
propagation property of U.z(?) can be proved as in the proof of Proposition 2.2. We omit the proof.

Lemma 4.1. The following estimate holds for ¢ € D(p* + x?) as t — oo:
1z = BV () || 12 x) = OF). - @43)
By using this lemma and Proposition 2.2, we obtain the following.
Propdsition 4.2. The strong limit ,
s-lim Ug ()" Ue(t) (4.6)
exists and is unitary on L*(X).

Proof. We have only to show the existence of

lim U(t)*Ue(t)¢, (4.7
lim Ue(t)* U ()¢ (4.8)

for ¢ € 9(p? + z?). Using (4.3), we have

S U0 T(06) = Uos0)"ilLe(t,&(0) — L6, 2) D0

Since
L(t,&(t) - L(t,z) = — / (VI)(t, 52+ (1— 8)&(t)) - (= — &(¢)) ds

and sup_.x (V1) (t, z)| = O(t=2—2) by (V). the existence of (4.7) can be proved by Propo-
sition 2.2 and the Cook-Kuroda method, because —2p5 — 2 + 1 < —1. The existence of (4.8) can
be proved quite similarly by virtue of (4.5). ([
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Combining this with Theorem 2.1, we obtain the following, which is the key to the proof of
Theorem 1.1:

Corollary 4.3. The strong Iirhit
Qg = limU(t,0) U (?) 4.9)
exists and is unitary on L*(X).

Since
N c — . prt -
U (t,0) = e~#H° @ (T (t, 0)e 4 Je &) dry

by (1.5), Theorem 1.1 can be proved in the same way as in [A3], [AT1] and [HMS2], by combining
Corollary 4.3 and the following result of the asymptotic completeness for H¢ = —A°/2 4+ V¢(z€),
which is proved by Derezifiski [D] (see also [DG1] and [Z]). So we omit the proofs: We introduce
some notations. Suppose a C c. We define the cluster Hamiltonian HS = —A°/2+ V@ on L?(X°)
and put

U:,D (t) = o itHS =i 2 IS(pau) du

acting on L?(X¢). We put X¢ = X°© X°. Then we see that L?(X°) is decomposed into L*(X?)®
L23(X¢). Thus H¢ is decomposed into HS = H® ® Id + Id ® T¢ on L*(X°) = L*(X?) ® L*(X),
where T2 = —A¢/2 and A¢ is the Laplace-Beltrami operator on X¢. It follows from this that

U:,D (t) — e—itH“ ® (e—itT:e-i fot IS (pau) du) (410)
on L?(X°) = L*(X?%) @ L*(X}).
Theorem 4.4. Assume that (V). is fulfilled. Then the modified wave operators

Qo = slim *H°UZ () (P* @ 1d)

—I00

acting on L?(X¢), exist for all a C c, and are asymptotically complete
L*(X°) = ZEB Ran Q5%

aCc

5 Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Throughout this section, we assume that ¢ # @min and
that (V). . and (V)z p, with (v3—1)/2 < p < 1/2 are fulfilled. We first note that under (V)¢ p,»

|881.(t, z)| < Ca(t + (z)}/2)~@e+BD ¢ >0, (5.1)

holds. Since the proof is quite similar to the one in Adachi-Tamura [AT2], we sketch it.
We introduce the time-dependent Hamiltonians

Hap(t) = Ha(t) + IS(pat) + I(pat + &(t) — tb(2)),
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Hoi(t) = Ha(t) + IS(pat) + I(t, pat + E(t) — th(t)),
HZ(t) = H% + I(t,z + &),
Hii(t) = Hasc + Ig(pat) + Ic(tapat + E(t))

for a C ¢, where H3® = —A/2 + V°(z®) acts on L¥(X). U.p(t), Uasa1(t), US(t) and US$(t)
denote the propagators generated by H.p(t), H,1(t), H(t) and HZ$(t), respectively, where
Uap(0) = 1Id, Up1(T) = Id, USS(T) = Id and US$(T) = Id. Since U, (t, 0)paUa(t,0)* = po—b(t)
for a C ¢, U,p(t) is explicitly represented by

Uap(t) = Ua,p(t, 0)e ™ letpest it s,
Then the following Avron-Herbst formula holds:
Ue(t) = T@QUZ)T(T)*, Uap(t) = TRV )T (T)". (52

By virtue of the relation (5.2), we have only to study the asymptotic behavior of U°(t). We
now apply to US¢(t)the result by Derezinski [D] on the asymptotic completeness for long-range
N-body quantum systems without electric fields.

Theorem 5.1. Assume that (V). and (V)zp , with (/3 — 1)/2 < p < 1/2 are fulfilled. Then
the modified wave operators

Q75 = slim UJ*(¢) U5 (1) (P ® 1d)
exist for all a C c, and are asymptotically complete

L*(X)=) ®Ran0;.

aCc

The condition 2p > /3 — 1 is essentially used to prove this theorem only. By virtue of the
Avron-Herbst formula (5.2), the following corollary is obtained as an immediate consequence of
this theorem.

Corollary 5.2. Assume that (V). and (Vs p,, with (v/3 — 1)/2 < p < 1/2 are fulfilled. Then
the modified wave operators

Qa1 = s-lim Ue()" Va1 () (P* ® 1d)
—00
exist for all a C c, and are asymptotically complete

L*(X)=> ®RanQq,.

aCc

Leta Cc. Since Dy ) (Pa — b(t)) = D, ,t)(pa — b(t)) = 0, we have the following propaga-
tion properties of U,p(t) and U, 1 (¢).
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Lemma 5.3. The following estimates hold for ¢ € 2(p* + z*) ast — oc:
Hlpa - E(t)lﬁao(t)¢uz,2(x) = 0(1),
[1Pa = B(®)|Uan ()] 12(xy = O(1).
Corollary 5.4. The following estimates hold for ¢ € D(p*+z%) ast — oo:
|| Fey 2t pa — b(8)] = £1/2)Uan ()| 125, = O,
| Fey/2(t ™ pa — b(t)| = 51/2)Ua,1(t)¢HLz(x) =0@™).
By these estimates, we have the following.
Proposition 5.5. The strong limit
| s-lim Uap(t)* Ua, (£)
exists and is unitary on L*(X).

Proof. We put 1,(t) = F.,/2(t7}pa — b(t)| < €1). By Corollary 5.4, we have only to prove the
existence of the limits

Jim Uap () 16(t)Ua 1 (2) 0, Jlim U1 (8)*na(t)Uan(t) @
for ¢ € 2(p® + x?). Noting
I(pat + &(t) — th(1))ma(t) = L(t, pat + &(t) — th(t))ma(t),
Dy (Ma(t) = =t F, 2t pa — B()| < €1)lpa — b(2)],
we obtain the proposition by virtue of Lemma 5.3. O

Combining Corollary 5.2 and Proposition 5.5 with Theorem 2.1, Theorem 1.2 can be obtained
immediately.

6 Proof of Theorem 1.3

In this section, we prove Theorem 1.3. Throughout this section, we assume that ¢ = @min and
that (V) and (V) p, with 1/{2(jo + 1)} < p < 1/(24o) for some jo € NN are fulfilled. The
case where p = 1/(23jo) can be included in the 1/{2(jo + 1)} < p < 1/(2jo) by making p slightly
smaller than 1/(2j,). Since the proof is quite similar to the one in Adachi-Tamura [AT2], we
sketch it with minor modification.

We construct an approximate solution of the Hamilton-Jacobi equation

(85)(t,8) = 587~ E(t)  (VeS)(t,€) + Lt (VeS) (1,€)) 6.1



49

associated with H,(t). Putting K (¢,£) = S(t, £ + b(t)), (6.1) is translated into
. 1 =
(BeK)(t,€) = 5(6 + B(E)? + Le(t, (VeK) (1, ). (62)
Thus we will construct an approximate solution of (6.2). Ky(t,£) denotes the solution of
1 -
(G:Ko)(t,6) = 5(5 + b(t))?, Ko(0,§) =0.

As mentioned in §1, Ko(t,£) is written by (1.9), and (1.10) holds. We further define K(t,£),
1 < 7 < jo, for t > T inductively as the solution of

(B:K;)(t,€) = %(5 +b(1))* + Lo(t, (VeK;-1)(8,€)),  K;(T,€) = K;j-a (T, 6).

Noting (8,K0)(t, ) = (£ + b(t))?/2, we have

. t '
K;(t, &) = Ko(t, &) + /T I(1,(VeKj-1)(,€))dr, t>T (6.3)
for 1 < j < jo. We here note that
sup |08 (K;(t, &) — Kj-1(t,€))| = O('7%°) (6.4)

holds for 1 < j < jo by virtue of (5.1), which can be proved by the Faa di Bruno formula and
induction in 7.
Putting S;(t,€) = K;(t,& — b(t)), Sjo(t, &) satisfies
1
(8:S50) (¢, €) = 552 — B(t) - (VeSj0)(¢,€) + Le(t, (VeSjo-1)(2,€))- (6.5)
We will write I,(t, (V¢S;)(t, €)) as I ;(t, €) below. We define the Hamiltonian H,(t) by
I:Ic(t) = Hc(t) + Ic,jo—l(tvp)

fort > T, whose definition is slightly different from the one in [AT2]. U.(t) denotes the propagator
generated by H(t) such that U (T) = Id.

Lemma 6.1. The following estimates hold for ¢ € 2 (p? + z%) as t — oo:
[l = (VeSio-1) (&, P Ue()8)| 12y = O ~7°7), (6.6)
|||$L‘ - (VESjo—l)(tap)|UC(t)¢HL2(X) - O(tl—zjop)' (6'7)
For the proof, see [A4]. Since g(t, z,p) = O(t~?*D) and r(t, z, p) = O(t~3+D),

Ic(t’ .’E) - Ic,jo—l(t,p) |
= O(t“(2p+1))(;1; — (VESjo-—l)(t,p)) + O(t—(2p+1)) + O(t-2(jo+1)p)

holds by virtue of (6.4). By this and Lemma 6.1, the following proposition can be obtained im-
mediately, because —(2p + 1) + (1 — 2jop) = —2(jo + 1)p < —land —~(2p+ 1) < —1 by
assumption.
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Proposition 6.2. The strong limit A i
s-lim U (2)"Ue(t)
exists and is unitary on L2(X).
We would like to replace U,(t) by
Ue(t) = U(t, 0)e~t Jo LU(VeKmaar - ¢ >0 if jo =1,

Ua(t) = Ug(t, 0)e™ r 1el(VeKig-D () a7 ¢ > T if jo > 2. ©®
We note that U,(t) is the propagator generated by the time-dependent Hamiltonian
H(t) = He(t) + L((VeSi-1) (2, D).
We here used U,(¢,0)pU.(t,0)* = p — b(t). We need the following lemma and corollary.
Lemma 6.3. The following estimates hold for ¢ € D(p* + z2) as t — oo:
lllp — BN T()¢]| L2y = O(L), (6.9)
[P = B Te(8)¢]| 125y = OL), (6.10)
11(VeSio-1)(t,0) = EONUe)| 2y = O2), (6.11)
11(VeSs0-1) (8, ) = EDOIUe(t)8]| 12 x, = O(8). (6.12)
Corollary 6.4. The following estimates hold for ¢ € 2(p* + z*) as t — oco:
|| Fey /2 (¢ 72((VeSio-1) (2, P) = ED)| 2 €1/2)Te(0)9| 125 = OTY), (6.13)
|| Fer 2 (82 1(VSio-1) (2, ) = &) 2 €1/2)Ue(t)@|| 1) = OTH). (6.14)

By these results, we have the following.
Proposition 6.5. The strong limit )
s-lim U (2)" Ue(?)
exists and is unitary on L?(X).
Proof. We put 7(t) = Fv,/2(t72|(V¢Sjo-1)(t, p) — &1)| < €1). By Corollary 6.4, we have only to
prove the existence of the limits
lim ) n(t)0e(0)¢,  lim Ue(t)"n(t)Ue(t)$
for ¢ € D(p? + 2?). Putting a(L,€) = F, ;o(t2|(VeSjo—1) (£, €) — &t)] < €1)((VeSjp-1)(4,€) —
&) /1(VeSjo-1)(t,€) — &), D (vy(n(2)) is calculated as
Dy (n(?))
= a(t,p) - {~2t((VeSjo-1) (¢, p) — &(1))
+ t-z((atvssjo—l)(tsp) + E(t) - (stjo-l)(t,p) - E(t))}

= a(t,p) - {—2t7((VeSjo-1)(t:p) — &(t)) +t72(p — b(t) + (Velejo-2)(t, D))},

where we used (6.5). Therefore the proposition can be obtained by virtue of Lemma 6.3. g

Combining Propositions 6.2 and 6.5 with Theorem 2.1, Theorem 1.3 can be obtained immedi-
ately.
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