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1. INTRODUCTION
The Gauss map G : [0,1) — [0,1) is defined by

6@ ={ 1 1) otormis

1 _[3] otherwise

where [-] denotes the integer part. In [4] D. Barrow has shown that the Mixmas-
ter universe model exhibits chaotic behavior as time goes to 0 near the initial
singularity state of the universe by connecting the Einstein equations with the
dynamical system {z,Gz,G?z, ...,G"z, ...}, which has positive entropies.

For a sequence of partial quotients in the continued fractions of an irrational
number o = [ag, a1, a2, ..., @n, ...] the Gauss map G is a shift map for this squence:

Ga = [ay,az,...}, .-y G*a = [an,an41,...].

Khintchine’s conjecture is as follows: the sequence of partial quotients in the
continued fraction expansions of an algebraic real number of degree > 3 is un-
bounded and “random”( aperiodic), but almost nothing has been proved yet.
Our main purpose is to investigate chaotic behaviors of the partial quotients
of these irrational numbers. In this paper we give some partial results by esti-
mating recurrent dimensions and topological entropy of these continued fraction
sequences.

First, introducing symbolic dynamical systems, we give inequality relations
between recurrent dimensions and entropy of an alphabets sequence. The re-
current dimensions have been introduced in our previous paper [9] as the pa-
rameters, which evaluate recurrent properties, defined by using e-neighborhood
recurrent times. For a sequence u = {a;}i>1 of the partial quotients of a and
a shift map o, defined by (0u)p = Unt1 = Gny1, We consider a discrete orbit
% = {u,0u,0%y,...,0™u, ...}, which corresponds to the discrete dynamical system
{G"a : n =1,2,..}. We define the lower recurrent dimension by the following
limit infimum value as ¢ — 0, using the infimum of the first e-neighborhood
recurrent times in the orbit ¥, which is denoted by My (e):

log M
D(5) = liminf 28 2£5(6)
c—0 —loge
and we also define the upper recurrent dimension by using their supremum values:
log Mx(g)

D(E®) = limswp =
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We give the following inequality relations between these recurrent dimensions of
3 and the topological entropy H,(u), which is defined by using the complexity
function of the sequence u.

D(X) < H,(u) < D(D).

Recently, in [1] B.Adamczewski and Y. Bugeaud gave a class of transcendental
numbers, the partial quotients sequences of which have some recurrent properties.
For this class numbers we call them 7y-transcendental numbers or 7y-recurrent
numbers with the recurrent order value 79 > 0. The complement of the set of
To-transcendental numbers in the set of irrational numbers contains algebraic
numbers of degree > 3 and 0O-recurrent or non-recurrent transcedental numbers.

For the sequence u of partial quotients of an irrational number o we can show
that

D(x)=D(X) =0

if o is a mp-transcendental number for 75 > 0 with some unifomly recurrent
conditions.

In our previous papers [10], [12], [13] we introduce the gap value G(X) of
recurrent dimensions by

¢(z) =D(T) - D(T)

as the parameter which specifies the levels of unpredictability of a sequence u
or a discrete orbit. Thus, if we could prove the converse statement: D(X) = 0
yields that « is a transcendental number (or a quadratic irrational), we could
show that the sequence u of partial quotients of an algebraic number, which has
its degree > 3, satisfies

0=D(E) < D(E) or 0< D(T) < Hy(u),

that is, the sequence u is unpredictable, since its gap value G(X) of recurrent
dimensions is positive, or chaotic, since its topological entropy H,(u) is positive.
Nothing has yet been proved for the converse statement, but here we give an
example of continued fractions which has positive gaps of recurrent dimensions.

This paper is an anouncement of our recent results and so their complete
proves will be given in the forthcoming paper.

2. SYMBOLIC DYNAMICAL SYSTEMS

In this section, introducing notations of symbolic dynamical systems, we show
some inequality relations between the recurrent dimensions and the topological
entropy of an alphabet sequence.

Let A = {a1, a2, ...,aq} be a finite set of symbols and a word V' = v,v;..v, be
a finite string of elements of A with its length r, denoted by |V| = r. The set of
nonnegative integers is denoted by Ng = NU{0} = {0, 1,2, ...} and we consider a
(one-sided) sequence of elements of A, u = (Un)neN, = UoU1Uz... € AN, A word
W = wyw,...w, is called a factor of u if um = W1, Umt1 = W2y oy Umpr—1 = Wy
for some m € Ny. L(u) denotes the set of all factors of u, which is called the
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language of the sequence u and £,(u) denotes the set of all factors with its length
n

We denote the complexity function of u by P,(n) = #L,(u), which is the

number of different words of length n occurring in ©. We consider the following
metric on ANe:

d(u,v) =9~ min{n€No:un#vn}
for u,v € ANo : 4 £ v. The one-sided shift o : AN° — ANo is defined by
(0u)p = Uny1, N € Np
and its discrete orbit is denoted by
Y =%, = {u,0u,0%, ...,0"u, ...}.

Denote the recurrency function of u by R, (n), which is the least integer m(:=
R,(n)) such that each m-factor of u contains every n-factor of u.
We define the first e-recurrent times by

Ms(e) = llelll\? min{m € N : d(e™u, o'u) < €},
[s]

Mx(e) = lsz;p min{m € N : d(c™u,0'u) < €}.
[+]

Then we can obtain the following relations

Lemma 2.1. Fore, =2, n=1,2,..., we have
(2.1) My(en) < Pu(n),
(2.2) Ms(e,) = Ry(n) —n+ 1.
In [6] Morse and Hedlund have given the following inequality
(2.3) P,(n) +n < R,(n).

Now we have the following sequence of inequalities:
My (en) < Pu(n), Pu(n)+n < Ru(n), Ry(n) —n+1= Mg(en).
It follows that
(2.4) My(en) < Pu(n) < Mr(en).
The topological entropy Hp(u) is given by the complexity function:

Hp(u) = lgn ligigu—(g-)-.

Here we also put

T log, Ru(n)
Hp(u) = lim —==—=
and we define the recurrent dimensions
—_ ) log Mx(e)
D,(%) = limsup — Toge ’
log M5 (€)

D,(x) = hrzll»lglf —loge



In [10] we have shown that these recurrent dimensions are given by

p— l rw
D,(X) =limsup sup _"._g...”.[_’i(fl’
n—o0  epp15e<en T log £
log M 5(c)

D,.(X) =liminf inf

n—o0o ep41<e<en, — log )

for any sequence {¢,} : €, J 0 as n — oo.
Then we have the following inequality relations.

Theorem 2.2. For a sequence u € AN° and ¥ = {o™u : n € Ny} we have

log 2 log 2
<
Togd - D,.(¥) < Hp(w) < He(u) = Togd

Proof. The first (left side) inequality can be estimated by the definitions and
Eq.(2.1) in Lemma 2.1.

.D,(%).

D.(Z) = liminf inf 28M2()

N300 En41SelEn —logs
n—oo  —loge,
logd 5 log P,(n) logd
log 2 rimso0 nlogd =~ log2
The second inequality is obvious from the definitions and Eq.(2.3). The right
hand side equality is also obtained by the following estimates, using Eq.(2.2),

= L  log Ms(e)

brx) = hfﬂfogp enjlslgsﬁ. —loge

< limsup log Mx(€ni1)

n—00 —log e,

— limenp BT D = (0 +1) + 1)
n—0oo nlog 2

logd lim logR,(n+1) n+1 logd

log2 nvo (n+ 1)logd n  log2

<

- Hp(u).

IA

- Hp(uw)

—_ . log Ms(e)
D-(®) = limsup ennSicen  —loBE

> limsup ________“log Ms(en)

n—oo —logen

o ToB(Ru(m) -~ nt 1)
n-—00 n log 2
logd o log 3R.(n) logd
log2nse nlogd — log?2
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3. To-TRANSCENDENTAL NUMBERS

In this section we investigate the recurrent properties and the entropy of dis-
crete orbits given by partial quotients sequences of continued fraction expansions.

For an irrational positive number o : 0 < a < 1 we consider the sequence
u = {a;}i>1 of its partial quotients: a = [0 : a1, az,...]. Let U;,V; be words of u:
Uj =aiaz-+-a,; and V; = a10z - -+ am;. We denote the concatenation of the two
words U; and V; by U;V;.

We say that a real number a has a linearly recurrent continued fraction se-
quence (abr. c.f.s.) if there exists an infinite sequence of prefix words U;V; in
the c.f.s u of a which satisfy the following conditions for a positive constant 7y:

(i) |U;| is increasing,

(11) :—‘I;ZJT > To for all j

Hereafjter we also consider the case where the sequence of the partial quotients
are unbounded, but, for simplicity, we assume the following condition on the
denominators of convergents {pn/¢.}:

]
llim (@)1 = e := K (Khinchin-Lévy Constant)
—00

It is well known that almost all numbers satisfy this condition.

In (1] Adamczewski and Bugeaud proved that, if an irrational number a has
a linearly recurrent c.f.s., then « is transcendental. So we also call a real num-
ber, which has the linearly recurrent c.f.s with the conditions (i) and (ii), a
To-transcendental number.

We need the further definitions on recurrent dimensions. For an element o'u €
3, | € Ny, define the first e-recurrent time by

M, (¢) = min{m € N : dy(c™"u,0'u) < €},

and the upper and the lower recurrent dimensions of o'u € T by

— , log M1, (€)
by) = 5~ ogul"/
D,(c'u) —-‘hr?jyp " Toge
log M, (¢)

l R T
D, (o'u) = lugl—}glf —loge

It follows from the definitions that we have
(3.1) D, (%) < D,(¢'v) < D.(d'u) < D,(Z)

for every I € Ny.
We can obtain the following relation between the recurrent dimensions and
the mp-transcendental numbers.

Theorem 3.1. We assume that a is a To-transcendental number for some 79 > 0,
which satisfies the conditions (i), (ii) and the following condition (iii) in addition:
. log |Vj+1l
——— = 0.
) Jim =)
Then D,(c™u) = D,.(c™u) = 0 holds for all n € N.
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We can prove Theorem 3.1 by using the following Lemmas.

Lemma 3.2. If a is a 1p-transcendental number for some 15 > 0 with satisfying
the condition (iii), D,(u) = D, (u) = 0 holds.

Lemma 3.3. If a is a Ty-transcendental number for 7o > 0 with (i), G"a, Vn €
N, is a To-transcendental number for 7y > 0 with ().

Lemma 3.4. For n € N, assume that G"« is a To-transcendental number for
some 19 > 0 with (ii1). Then D,(c™u) = D,(c™u) = 0 holds.

Adamczewski and Bugeaud have also given the following transcendental crite-
rion in [1].

Let o : 0 < a < 1, an irrational number and consider the sequence u = {a:}i>1,
the sequence of the part1al quotients of a = [0 : a3,a2,...]. £ = {o™u: n € Ny}.

Here we say that « is a weakly 7p-transcendental number if there exists a
sequence {W;U;V;} of prefixes of u, which satisfies the following conditions:

(i’) each Vj; is a prefix of U;V; and [W}]| is increasing,
il
Ul =

(iii’) there exists a constant 71 > 0: 79 > 71,

(ii’) there exists a constant 79 > 0 : > 71p for all j,

W
< 71 for all j.
]
Theorem 3.5. Assume that a is a weakly To-transcendental number. Then we
have
D.(%) =0.

By using the same argument as in the proof of Theorem 3.5 we obtain the

following corollary.

Corollary 3.6. Assume that o is a Tg-transcendental number. Then we have
D.(X)=0.
To obtain the estimate
D/(Z)=D,(£)=0

we need the following uniform assumption on the recurrent property.

We say that o has a uniformly recurrent c.f.s. if there exist two increasing
sequences of integers {l;}, {m;} such that for every I € N the c.f.s. of a real
number G'a has a sequence of prefix words {U;V]}, which satisfies

Vil 21, |Uj| < m,.

Theorem 3.7. Assume that a has a uniformly recurrent c.f.s. for the sequences
{l;}, {m;} and assume that

(3.2) lim 0841
j—o0 lj

Then D.(Z) = D,(X) = 0 holds.

= 0.
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If the sequence {G'a} is almost periodic, then a has a uniformly recurrent
c.f.s.. The definition of almost periodicity in this case is as follows.
For every small € > 0, there exists I, > 0 (e-inclusion length) such that for

each integer m, there exists a integer p € [m,m + l.] (e-almost period), which
satisfies

sup d(G'a, G"Pa) < ¢.
leN

Putting g; = 27U, le, = m;, we can take an ¢;-almost period p; € [1,1,],
which satisfies

supd(G'a, G*Pia) < ¢;.
1eN

Thus we can admit the c.f.s. of G'a, which has prefixes {U;V/} such that

4. CONTINUED FRACTIONS OF STURMIAN SEQUENCES

Let A = {1,2} and u = wpujus... be a 1-type sturmian sequence, which does
not contain a word 22. Then it is well known that the complexity function
P,(n) = n + 1 and the frequency value of the letter 1 is given by

= lim [uguy...Un_1|1
n—oo n

where |U]; is the number of occurrences of the letter 1 in a word U.
For the discrete orbit

2

Y =%, = {y,ou,c%u,...,0"u,..}

it follows from Theorem 3.5 that the lower recurrent dimension D,(X) = 0, since
the irrational number o = [ug,u;,- -], which has a Sturmian c.f. sequence, is
To-tarascendental (cf. [2], [3]). Since the complexity function P,(n) =n + 1 for
Sturmian sequences, we can also show that D (¥) = 0 by using the definition of
the topological entropy H,(u) and the inequality relation in Theorem 2.2.

Here we estimate its upper recurrent dimensions D, (X) according to the al-
gebraic properties, parametrized Diophantine conditions, of the frequency value
7. In our previous papers [10],[11] we introduce dp-(D) condition, which specifies
the (good or bad) levels of approximation by rational numbers.

If an irrational number 7 satisfies dg-(D) condition for 0 < dy < oo, then 7 is a
Roth number with its order dg + € for every € > 0 and also 7 is a weak Liouville
number with its order dg — € for every € > 0. In case where an irrational number
7 does not satisfy the Diophantine condition for a finite value dg, we say that 7
is a Liouville number or dy = oo.

Theorem 4.1. For a discrete orbit . given by a Sturmian sequence, assume that
the frequency T satisfies do-(D) condition for 0 < dyp < co. Then we have

(4.1) D,.(T) =0.
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Theorem 4.2. For a discrete orbit & given by a Sturmian sequence, let {rn/sn}
be the convergents of the frequency T and assume that T is a Liouville number
such that there exists a subsequence {s,,} C {s,}, which satisfies

(4.2) Spj+1 = L
for a constant L > 1. Then we have
—_ log L
4.3 D.(X) > .
( ) 7‘( )— 10g2
Consequently, the gap value of the recurrent dimensions is positive:
log L
¥Y) > .
g(z) 2 log 2
Remark 4.3. It follows from(4.2) that
Tn; 1
- i<
Ir s,,jl T sp, L5

which gives the extremely good approximation property (dy = oo) by rational
numbers.
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