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ABSTRACT. Jensen’s inequality (Z-2\ T Mond & Peéari¢ %, EREXE2EBL-. &
b OEBO—{L AR TR 5. 41, Holder-McCarthy inequality D #IZ-2>T
HAENS.

72, Jensen BUD J /L AR — Araki-Cordes inequality — 1%, ME 72 idqBi%% B
WTHIRBRS D, £ 2 TARE Ti, submultiplicative ZzINMBSE Iz L CEDOFRERD
WEREZONDZLEHEO—MEERWTHENRTS. BOoNFREOSHLE LT, Bourin
BRI RART MAFRIZEDERF / VAOFBERERDO—RILIC OV TN D,

1. IXTL®IZ

AT, [17], [23] THE 572 Mond-Pecarié¢ method (Z X % Jensen inequality Di¥EF
IR E, £ DIBRIZE DS Araki-Cordes FIRZRIZOWT, BELR#HET 5.

#Af& T, {ERF (operator) IX, b/~ FNEM H EOFFRBRFHIEAE (bounded linear
operator) B L, IE{EAR (positive operator) A % A >0 TKT.

iR Jensen’s inequality (cf. [15]) %, ‘HBEICBET AR L EERAERD—DOTH
%: Let f(t) be a convex continuous function on an interval [m, M] and w = (wy, ..., w,)
a weight, i.e., >, w; = 1 and w; > 0. Then for ¢4,...,t, € [m, M]

f (Z witi) < Z w; f ().
i=1 =1
LEF2 Jensen inequality IX, RO X HIZHLREEINS:

(1.1) f({Az,z)) < (f(A)z, )
for a selfadjoint operator A on H with m < A < M and a unit vector z € H. #{Z, B L

f(t) =t TH5H & %, RO Holder-McCarthy inequality 73 5415 For all 1 < p (resp
0<p<1)

(1.2) (APz,z) > (Az,z)? (resp. (APz,z) < (Az,z)P).

2 BT, EEREE gL T g((Az,z)) — MN(f(A)z,z) DFFHEZFTARD. £DD
{2 V>3 Mond-Petari¢ Method [14] ZHRAZFHETH 0, b 5l s Fig & OBIE % i
BEEE L OBEELSE TS, £77, ZOWEE (L1) OB REREETrs LIk b.
IR E LT, ZoOMX, BRREWVES K(h,p) (see (2.10)) % AV T Holder-McCarthy
inequality (1.2) DFERERXEES.
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% 3 ETIX, Cordes & Araki (ZXDKRD /N ARERO—RL L FIZ OV TREND.
YEF R/ V2128 T % Cordes inequality [5] iX, H LFOIEERFE A, B IZBETH2KRDOFR
HEXTHB:

(1.3) | APBP || < |AB|P forall 0<p<l.
[1] 128V T, Araki 1%, ROFEX L HE trace inequality % & 2 7z:
(1.4) | BPAPBP | < ||BAB|P forall 0<p<1.

FREToD A LARER (13) & (14) LiE, FETHY ([3), [9]), Hoélder-McCarthy
inequality (1.2) D—f&{t.T&H 5. ¥FiZ, Furuta [11] i%, Cordes’s inequality (1.3) 23R D
Lowner-Heinz inequality (e.g. [20]) (CFHECH B Z & &R L7x:

(1.5) A>B>0 implies AP > B? foral0<p<1.

A & LT, R®D Bourin’s reverse inequality [4] # —#%{t 3 %: For a positive definite
matrix A with 0 < m < A < M and a positive semidefinite matrix B

M+m
2vVMm

(1.6) I AB || < r(AB)

where r(-) is the spectral radius.

2. MOND-PECARI¢ METHOD (Z X %A REVERSE JENSEN’S INEQUALITY

m< M EBETES m,M %25, KB IO [m,M]) LOEMMEEEE f o3l
T, ROESIEK a & by £ED B

(21) Qy = af(m’ A/I) = f(]\j@ : :rfyfm) ’ :Bf = ﬁf(m’ M) = A{f("]a::nnf(M) .

Mond & Pecarié i%, FEHENEKEZ RV EFARICETIROTRERER LT (cf.
[18, Theorem 4)):

Theorem M-P. Let A be a positive operator on a Hilbert space H such thatm < A< M
where 0 < m < M. Let f(t) be a real valued continuous convex function on [m, M] and
J an interval including flm,M]. If Flu,v] is a real valued function defined on J x J,
non-decreasing in u, then

P [(f(4),3), f((Az,2))] < max Flagt+p;, £(2)

for every unit vector x in H.

®iZ, Mond & Petarié [19, Theorems 1,2] i%, IROLEEEAROBHEIZIIT D Jensen
RAREXE R LT

Theorem A. Let A; be positive operators on a Hilbert space H satisfying m < A; < M
(G=1,2,...,k) where 0 <m < M. Let f(t) be a real valued continuous convez function
on [m, M. Suppose that x1,Ts,...,Tx are any finite number of vectors in H such that
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Z_’;zl || zj ||*= 1. Then the following inequalities hold

(2.2) f (Z(Aj$j>mj)) <. (f(A45)zj,z;),
k k
(2.3) Z(f(Aj)fj,wﬁ < oy Z(Aﬂj,%‘) + Bs.

wiZ, Theorem M-P OyLE% R~

Theorem 2.1. Let A; be positive operator on a Hilbert space H satisfyingm < A; < M

(J=1,2,...,k) where 0 < m < M. Let f(t) be a real valued continuous convex function
on [m, M] and also let g(t) be a real valued continuous function on [m, M]. Suppose that
T1, T2, ..., Tk are any finite number of vectors in H such that Z?=1 | z; I*’= 1, and U

and V are two intervals such that U D flm,M] and V D g|m, M]. If Flu,v] is a real
valued function defined on U x V', non-decreasing in u, then

k

(2.4) F [Z(f(A])IJ,$J>,g (Z(AJIZIJ,(E]))] S mrgtag’)lc\/l F[O(_ft + ﬁf,g(t)]

=1

Proof. Let take to = Z;‘.;l(Ajmj,wj) in (2.3). The hypothesis ensures the inequality
m = Z?zl(mmj,z,) < ELI(A]-:L'J-,Q:J-) < Z.?:l(ij,fcj) =M, ie,m <ty < M. Using
the non-decreasing character of F[-,v], we have

k k
F [Z(f(Aj)xj,xj),g (Z(Aﬂjvzj))} < Flast + B, g(to]

and hence the desired inequality holds. O

Theorem 2.2. Assume that the conditions of Theorem 2.1 hold except that Flu,v] is
non-increasing in u. Then the following inequality holds

(2.5) F [;(f(flj)mj,wj),g (Z;(ijj’ ﬂ?j))] > min Flast + By, g(t)]-

(18, Theorems 3,4] IZ3\ T, Mond & Pegarié it g = f DHEIZEBI1T 5 Theorems 2.1,
2.2 Z7~rL7z. Theorem 2.1 DI5A & LT, [21, Theorem 1] DILERXEBETS. EiZ, &
FRMILT DEREFITONTE XS,

Theorem 2.3. Assume that the conditions of Theorem 2.1 hold. Then for any real number
A

(2.6) Z(f(Aj)xj,xj) <)g (Z(ijj,ffj)) + ()

holds for p(A) = maxm<i<p{ast + By — Ag(t)}.
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Moreover, suppose that p(A) = ay Z;?:l(A]-xj, x;j)+08r—Ag (23;1 (Ajz;, a:J)) for some

vectors x; in H such that Z:'::l Il z; |?= 1. Then the equality is attained in (2.6) if and
only if there ezist orthogonal vectors y; and z; such that

(27) T; =y; + zj, Ajyj = my; and Aij = MZj.

Proof. Put ty = Z?=1<Aj$j, z;), then the hypothesis ensures the inequality m < to < M.
Also, put Flu,v] = u — Av, u = E;?:l(f(Aj)mj,xj) and v = g(tp). Then it follows from
Theorem 2.1 that

k k
> (A5, x5) — Ag(D_(Ajzs,T5)) < Jmax Flost+ Br,g(t)]

= m?%l{aft + B — Ag(t)}

which gives the desired inequality.

We next investigate conditions under which the equality holds. Suppose that the equal-
ity Z;?:l( f(Aj)xj, ;) = Ag(to)+u(A) holds. By definition of p(\), notice that the equality
ZLI(f(Aj)xj,mj) = Ag(to) + p(X) holds if and only if the equality E.{;:l(f(Aj)xj, z;) =
afto + (B holds. Let Ej(t) be the spectral resolution of the identity of A;, that is,
Aj = [M tdE;(t). Put P; = E;(M) — E;(M —0), Q; = E;(M — 0) — E;(m) and R; =
E;(m) — Ej(m — 0). Then (A;P;z;,2;) = M(Pjz;,z;) and (A;R;z;, z;) = m(R;z;, ;).
Note also that

M

(f(A4;)Pjzj,x;) = F()d(E;(t)Pjxj,x;) = f(M)(Pjzj,z;)

= ((F(m) + ay (M — m)) Pz, ;)

and
M

(f(Aj)Rjz;,z;) = » f@)d(E;(t)Rjz;, ;) = f(m)(R;z;, ;)

= ((f(m) + af(m — m))R,z;,x;).

Since 3°%_, (f(A;)zj, T;) = ast+Py, it follows that 35 ((or A;+8s — F(A;))Qjz5, ;) =0
and hence Q;z; = 0 for any j because ass + By — f(s) > 0 for s € (m, M). Thus we
obtain the desired decomposition of z; setting y; = R;z; and z; = P;z;.

Assume conversely (2.7). Then it follows that

k k k
ar Y (Aizi )+ Br=ar > (mlly P +M [l 2 1)+ 8 D> Uy 17+ 1l 2 11P)
j=1 i=1 j=1
k k
=fm)D Ny IP+FDD iz 1P
j=1 j=1

k
= Z(f(Aj)iEj,T«j)

which is the desired equality. O
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g=f &L, [21, Theorem 1] DHEIEARME 5 X 5:

Theorem 2.4. Let A; be positive operator on a Hilbert space H satisfyingm < A; < M
(J =1,2,...,k) where 0 < m < M. Let f be a real valued continuous strictly convez
differentiable function on [m, M]. Suppose that xy,T3,..., T, are any finite number of
vectors in H such that Z?=1 | z; |>= 1. Then for each A >0

k k
(2.8) Z(f(Aj)-’L‘j,mﬁ < Af (Z(&%‘#”j)) + u(A)
holds for pw(A) = ast + B — Af(to) and
M if M < F(5)
to=¢ m Z'ff"l(%{) <m

f"l(gxf) otherwise.

The equality is attained in (2.8) if and only if there exist orthogonal vectors y; and z; such
k
that z; = y; + 2, Ajy; = my;, Ajz; = Mz; andto=m Y 5 [l y; 1P +M X5, | 2 I

Proof. By virtue of Theorem 2.3, it is sufficient to see that u()\) = aysto+ 8 — Af(to). Put
ha(t) = ast + By — Af(¢). Since f(t) is strictly convex, we put ¢; = f’“l(g/\i). Then we
have h'(t) = Oif and only if ¢t = ¢;. If m < ¢, < M, then pu(A) = max<i<nmr Aa(t) = ha(t1).
If M < t,, then h,(t) is increasing on [m, M| and hence the maximum value on [m, M| of

ha(t) is attained for ¢ty = M. Similarly, we have to = m if t; < m.
Next, since the graph of Af(t) 4+ By touches the line of a st + B¢ at the point to, it follows

that the equality % (f(A;)e;,2;) = Af (2;;1(/1,-9;,.,3;,.)) + () holds if and only if

two equalities t; = Z;LI(Ajmj,xj) and Z;.“,__l(f(Aj)m,—, z;) = oyt + F5 hold. Therefore we
obtain the Theorem 2.4 by the same proof as Theorem 2.3. O

A>0ZH LT, FEREX u(A)=01%, H—# \=)\; F>D. Theorem 2.4 IZBWT,
f@) =, k=1D&L%E, RDKSIZ Holder-McCarthy inequality (1.2) OFFIZEE3 5
AEADELNS:

Corollary 2.5. Let A be a positive operator on a Hilbert space H such that 0 < m <
A < M for some scalars m < M and h := (> 1). Then forp>1 (resp. 0 <p < 1)

(2.9) (Az,z) < K(h,p){Az,z)? (resp. (APz,z) > K(h,p)(Az,z)")

holds for all unit vectors x € H where K(h,p) is a generalized Kantorovich constant
(cf. [7], [12], [13]) defined by

(2.10) K(h,p) := -

1 R»—h [(p—1h°P—-1\?
—1p—1 \hP—h p

for allh > 0 and p € R.
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3. JENSEN TYPE NORM INEQUALITIES

Holder-McCarthy inequality (1.2) %, Araki(-Cordes) norm inequality (1.4) (, (1.3)) &
DEMPND. ERE, BFERBAXI MM e H 2L EBOXI Mrye HIZXHLT
RAHIFE Y 3LD:

(z®2)A(z®Z)y = (y,z)(z ® Z) Az = (y, z)(Az, z)z = (Az, z)(y, x)x = (Az,7)(z ® T)y.
£oT
(z®Z)A(z®Z) = (Az,z)(z ® T).

BARICHET D Z &I LD

(2 ®3)4(z ®7) = (AP, 2)(5 ® 7).
Zhwp xiZ, Araki(-Cordes) norm inequality (1.4) {23\ C, B=z®% &< & Holder-
McCarthy inequality (1.2) 36 5. LEBROBAEND, (2.8) (, (3.4)) BT H
HEDOIIRE LT Jensen B ) VARERIZOWVWTERT B.

ZIT, BOBBDT=DIZEDOPDEREITI. f % [0,00) LOESEERRISE T 5.
ZDEE, A>B>0IZ8L f(A2)2 > f(B:)? 72 5i%, f X semi-operator monotone
LIS, F7z, f % submultiplicative (resp. supermultiplicative) To 5 &%, £&
D a,b>01Zx LT f(ab) < f(a)f(b) (resp. f(ab) > f(a)f(b)) THDHILEZEWKT S,
f @ adjoint f* ITRD LI ITERSND: t > 0ITH LT f*(t) == f¢1) ([16)).

J.I Fujii & M. Fujii 12, (1.3) ®#E3E% 5 27 ([6], cf. [2, Theorem 2.6]):

Theorem B. If a nonnegative semi-operator monotone function f on (0,00) is submul-
tiplicative, then

(3.1) I fAf B < fUIABI)

for all positive operators A and B.

I, (14) D—MLTH Y, (3.1) IZFMERFTEREL L TROEELTERT S, M, &
L ERIX, [2, Theorem 2.9] DHEEDOHKRETH B,

Theorem 3.1. If a nonnegative operator monotone function f on (0, 00) is submultiplica-
tive, then |

(3.2) | f*(B®)3 f(A%)E (B || < || £1(BY)3f(A)f*(BYE || < f(I| BAB |))
for all positive operators A and B.

(3.2) OF 2 RERICHT 2 B FSEXNEHL o, KOKMEEREERT S, [m, M)
ECHINBEEN (resp. Be3E) 4 ATAERBNK £ IS LT, KOKM I, 2E%HS5:

MY F ' "(M
Iy = Ipns = [fgf ), fc(;n)} (resp. If = Ifmny = [fg?)’ fc(xf )D '

EZATHRED el izt LT, HERX f/(n) =day 1%, —f u=p, € [m,M] %
o, ZOM—BERAWT, ROEEK F(m, M, f;)) 28D 5:

(1= A)f(c1) if 0<,\<%j¢>
(3.3) Fm,M, f; ) := < f(pn) — (maas + BN if A€ IJ:
(1= A)f(cs) if A> L%l

where ¢; = M and c; = m (resp. ¢; = m and ¢; = M).
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ZIT, B F(m, M,p; \) W XEFAREAD L, N ICRET A5 F(m, M,p;\) =0 1%, M
—fE XN=Mp(€ I5) b ([22)).
WDOEHEL, Theorem 24 IZXVHEND BN D:

Theorem 3.2. Let A be a positive operator on a Hilbert space H such that m < A< M
for some scalars 0 < m < M. Let f be a real valued continuous strictly concave (resp.
strictly convez) differentiable function on [m, M| with f(m) # f(M). Then for each A > 0

f{Az,z)) — M(f(A)z,z) < F(m, M, f; )
(resp. f((Az,z)) — M(f(A)z,z) > F(m, M, f;}) )
holds for all unit vectors z € H.

(3.4)

ZOEREZHAWT, Theorem 3.1 DHARERELED:

Theorem 3.3. Let A and B be positive operators on a Hilbert space H such that m, <
A < M; and my < B < M, for some scalars 0 < m; < M; (i = 1,2). Let f and g be
nonnegative real valued differentiable functions on (0,00). Then the following assertions
(i) and (ii) hold and they are equivalent:

(i) Suppose that f is increasing strictly concave submultiplicative and A\s is a unique
solution of F(mq, Ms, f; A\) = 0. Then for each X € (0, Ay]

2 i *( D2\ % *( 12\
o  TUBABD <2 sw o S5 () 15 BB |

+ F(maq, My, f; A) F(M3).

(ii) Suppose that g is increasing strictly conver supermultiplicative and A, is a unique
solution of F(g(my),g(My),g71;X) =0. Then for each \ € (0, \]

g7 (Il (BYig(A)g"(BHE 1) < A sup g7 (g ()¢ | BAB |
(3.6) t€[ma,Mp]

+ F(g(ma),g(Mi), g7 A) g7 (g"(M3)).

Proof. Firstly we prove the case (i). For each A > 0 and unit vector z € H

7(BaBa ) = 1 (A g ey 1 22 1)

<7 ((4TBer TBay)) 101 21
< (MBS B )+ Pl M i) L1 B2 ) (o (5.4

_ ~2y-3 -3, _f(B)iBx _f(B7))iBz
_.)\<f(B ) F(A)f(BY) T F(BIBa | [ f(BDBa H>

 FU Bz ) || f(B7)?Bz |I?
| Bz ||

S| f(BY)If(Af(BY? ||

+ F(my, My, £; N f(|| Bz 1)

JU B ) 1 f(B~)2Bz |*
| Bz |2

+ F(my, My, £; ) f(|| Bz ||?).
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Here, we have

£l Ba |?) || #(B-)¥2

s Bz
f(l Bz | )<f(B )||B I’ | Bz |l>

= (I Bz | V(nB ll)
< s s (})

te(ma,M>]

I B Il

3.7)

Moreover since 0 < f(|| Bz ||?) < f(M3) and F(my, My, f;A) > 0 for A € (0, Af], we have
0 < F(my, My, f; M) f(l Bz ||?) < F(mq, My, f; A) f(M2). So the desired inequality (3.5)
holds.

Next we show (3.5) = (3.6). We replace A, B and f by g(A), ¢*(B?)% and g7},
respectively in (3.5). Since (¢g7*)*(¢g*(X)) = X for all positive operator X and g* is also
increasing, the inequality (3.5) ensures the inequality (3.6). Similarly we can show (3.6)
= (3.5). O

fo(t) := f(t2)? % HEMBEFEM T submultiplicative 72BIE & L, A % X IZBET 3 HEEK
F(m2, M2, fo;\) =0 OME—FRL 45, ZDL X, (35) 2BWT, A, f 2FhEh A2
fo B E, FED X e (0,)f] IR LT

SUABIF < A s () f( ) | F(A)F*(B) |2 + F(md, M2, fo; A) F(Ma)™

4, Z4uX Theorem B O AREXTH 5.
%72, Theorem 3.3 IZBWT f(t) =tP (p=>0) LB &, KORMBELND (see [10]):

Corollary 3.4. Let A and B be positive operators on a Hilbert space H such that m, <
A< M, and my < B< M, and h; = —%f for some scalars 0 < m; < M; (i =1,2). Then
the following assertions (i) and (ii) hold and they are equivalent:

(i) Suppose that 0 < p < 1. Then for each A € (0, K(h,p)™!]

(3:8) | BAB ||P < A || BPAPB? || + F(ma, My, (-3 X) Mp"
(ii) Suppose that p > 1. Then for each A € (0, K(h, p)]

(3.9) | BP4PBP |F < A|| BAB || + F (mf, M7, (:);)) ME.

Remark 3.5. (3.5) (X W ROFEICETAIREXNELND :
f(| BABI) < A; sup f(t?)f( ) | F(BYF(A)F (B} |-

te[mg,M.
—J Theoremn 3.3\ ZBWT, L Af <A 26T, U LA OIrOREXEELZ L
KD, FlxiE, f(| Bz ||?) = f(m3) > 0 232 F(my, My, f;2) <0 20T, (3.5) i
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BE L TR/ LND

f(I BAB|) <A sup f(tz)f( ) | £1(B%)2 F(A)f*(B?) || + F(ma, My, £;A) f(m3)

t€[mo,Ms]

FERDOFEIZRVKRBELND:

Theorem 3.6. Let A and B be positive operators on a Hilbert space H such that m; <
A < M, and my < B < M, for some scalars 0 < m; < M; (i = 1,2). Let f and g be
nonnegative real valued differentiable functions on (0,00). Then the following assertions
(i) and (ii) hold and they are equivalent:

(i) If f is increasing strictly convezr submultiplicative, then for each A > 0

F(IBABJ) < A sup f(tz)f( )u FBY FAF(BY} |
(3.10) telma b

1
- )\F(mlmQ, M1M22, f; 3\‘)
(ii) If g is increasing strictly concave supermultiplicative, then for each A > 0

g7 (Il g"(B)Eg(A)g" (B} ||) < A sup g7 (")t || BAB |
(3.11) t€lma, o]

= AF(g(m1)g*(m3), g(Mr)g" (M), 977 3)-

[4] I8V T, Bourin 1, A7 hAERE r() BT AEMRRER r(4) <|| A @

HREXEZ LT (1.6) 2RL7E. 20 (1.6) D—fixfb e LT [8] ITBWTEELIIRDE
iR g ARV ol

Theorem C. If A and B are positive operators such that m; < A < M, for some scalars
0 < my; < M,, then for each A > 0

(3.12) I (BA’B)? || < Ar(AB?)+ F(mf, MP,()%;A) | Bllz  forp> 1.

Theorems 3.3 & 3.6 12X Y, Theorem C DEAL S5 —{bE 5% 5.

Corollary 3.7. Let A and B be positive operators such that m;y < A < M; and my <
B < M, for some scalars 0 < m; < M; (i = 1,2). Let f be a nonnegative real valued
increasing differentiable function on (0,00). Then the following assertions hold:

(i) Suppose that f is strictly convez supermultiplicative and A; is a unique solution of

F(f(my), f(My), f~% X) = 0. Then for each A € (0, \f]

wiy  VIEIOBI < sp ;e () a0y s)

+ F(f(my), f(M), f750) F7H(M3).
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(ii) Suppose that f is strictly concave supermultiplicative. Then for each A > 0

17 EIAB) | < A sw FE () (A () (B
(3.14) 8€lma,Ma]

— AF(f(ma)m}, FOM)M, £ ).
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