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1 Aggregation operator &IX

Aggregation operator &1, W DO OBET— 2 E—DDBEICHETHLDENS, ¥4
B AVT7 VR ERBEO—MELLIBXZTLETXS, BENICIITHOXSICERINDE
®BTH%,

E# 1.1. D C RN £33, aggregation operator :Ag LI3BMR Ag: D — R TTFitOEHEER
TEDEWVD,

(1) (Unanimity or idempotency) Ag(a,...,a) =a T T (a,...,a) e D £T B,

(2) (Monotonicity) a; < b; foralli=1,...,n, a= (a1,...,an),b=(by,...,bxy) a,be D T
H37%5, Ag(a) < Ag(b).

TOMICRLTEREEMAB L H%, FIXIE
e Boundary condition: Ag(0,...,0) =0,4¢(1,...,1) =1

e Intenality: minsa; < Ag(ai,...,an) < maxia;

BETHB, £, D:={0,1]N LLTAg:[0,1] - [0,1] £TBH5T L HH 5, Internality ZHe/c
3 & DHE R Aggregation Operator L1 V5 T e AH B, FHOMRIIH IHERFU I THH
b, TNE—RELTBLDOLEIDEH B, & XL, Cauchy[6] (& Internality Z#7=F LD
¥4 (moyenne) & KA THAL TW\Wb,

BETIR O ¥ a— 2RO, K THENMBAICZ->TETEY., XX, 2001
£ 5 2 4EIC—BF Aggregation Operator Z &P & 3% Summer School Agop ASBiA N (2007 £F
BARALFE—DHF Y b, 200 FERZARAS O IANHE), T, BITERLE [4, 5, 23] HEHHRE
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T3, BODHEDREE L LT, IEEE Transactions on Fuzzy Systems % Fuzzy sets and
Systems 7Zx & TRHESHHIN TS,

THVo et OBERL LTI, BEOBREREDISHICHE L THAL P TRERVLD,
BB 7— 2 D7 ((a1, a2, . . ., an) L¥EA (aggregation) A, FCIV K a— YA LU ADR
BELBIIHELEINTECLICEB,

T T TREAML Aggregation Operator T& % FH9% Aggregation operator iEDWT, Fh%
FRRZFED DR WS FATTEBNT B L LI, ZDEGHETH BMY, 8T Choquet
MO DPONERAZRET LD LOMKRERNR, BEIC. SEROBEICOVTERT 3,

2 777« RE&E Choquet integral

CTTTR. 77V« R (FEIERRIE L &1 5) & Choquet T DNT, EANTER LR
ZELHTEL,

ER 2.1. 20 (X,B) ZARAEEELE TS, 77T« R (HBWVIIIEINEAIRIBE a non-additive
measure) p CIIEHERSBERTTORERWZITLDOLT S,

(1) w®@ =0, u(X)=1
(2) ACB,A\BeBT%% &% u(A) < u(B).

CT T, F(X) 2IEATRIBEHOES LTS, ThDEFX)={flf: X - R, f: 8@} T
%%0

ER 2.2. [7,18] 77V BE uicBBT B f € F(X) D Choquet RITJITTORTERBEINS,
du= [ dr,
© [ sau= [~ ustrrar
T TT pg(r) = p({z|f(z) 2 r}) TH %o

X ={1,2,...,N} T%BL%, The i~th order statistic a® [25] &iZ. RY LOMKT
a= (a1, - ,an) € RN ZTFROL S ICHEINECYEXR7ZEDD i BEHTH S,

a<...<aP <... <@,

X B ERRD & ¥ the i—th order statistics #2{#> T Choquet integral {3 FAZD X 5 ICEIT B,
N
(©) [ adu=Y_@® - (@) -+ D),
i=1

CZTa9:=0L¥5.
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E# 2.3. (8] fgc F(X) £¥ B, f & g H'$LHIH (comonotonic) TH 3 & it
f(x) < f(a') = g(z) < g(2")
forz, 2’ € X THBILZ S, £fz. f & g I strongly comonotonic & (.
f(z) < f(2') & g(z) < g9(z')
for z,2' € X THBT &%®\W5, f & g M strongly comonotonic THB L ¥, f~, g LB,
IN—2 s RFINDFEBIOLUTOZ LARYE S,

FE 2.4. (X,B) Zu[JIZEME L, uZT77 V4 BELET B, TRTD f € Cp(X) DWW, BE
DFER Py HFEL T

© [ sau= [ 1apy,

3 Aggregation operator & Choquet #§%

T T T, F9I70D Aggregation Operator D5 5, KL AWVLNBEDEMEML. T & Choquet
Mo L DBEREHS,

=8 3.1. "MV p=(p,....o~) TN pi =1, p 20 ZHETEDE N ROBEHRY
RV (weighting vector) £S5, £z, fi : 0,11V — [0,1] fori=1,...,N % N HOBEKT
Zi’il fi(x1,...,zNn) =1 for all (z1,...,zN) € [0,1)N =T EDLTH L E, NI FIVEEK
F=(f1,---, N) B N ROEHB (weighting function) £ 3,

£l 3.2. EHEXZ bV p=(p,...,pNn) KU TERMTE Y (the weighted mean) WM 1&LL
TOESCERENS:

W Mp(a) = i;piai = (p, a)
ZZTCa=(a,...,an) € RN TH3.
KEABRDFBRBEZHI L LTHTHK S,
P 1. BBERORBMLEADNTORDES THBH LTS,

K| OW¥E EHE
/| 80 70 60
BH»| 04 04 02

TDLE, WMp(a) =80 x 0.4+ 70 x0.4+60x0.2 TH%,
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RO LREBEIOHALITH S,

W 3.3. X :={1,2,...,N} ¥ U p=(p1,...,pNn) ZBEIRNY FL LT3, 2X OERRIE P #*
P({i}):=p; TEBT B L, a=(a1,...,ay) € RN ITHRLT

)l AIRTAS N
Yager {3 D &K 5 7% Ordered Weighting Averaging operator (OWA operator) Z¥A U7z,

£l 3.4. [26] EHRY ML w = (wy,.. ,WN) IZDWT, Ordered Weighting Averaging operator
BTDOXSICEBENS: N
OWAw(a) = Z wiao(i)
=1
TZTold {1, e ,N} o)ﬁm'@ Qg (1) = Qo (i+1) EHBIETEDOTHD, £le.a= (0,1, .o ,an) € RN
TH%,

BUKZARNEOMTRTHE I,
Bl 2. aBLbBOENDANOBRDNITORDOLI Ko/ T %, TT T, w=(05,05,0,0)

LB {2 Y %
Baa| 8 70 30 40
B b 50 50 60 70

ET5L. AEOBRNLEDOIE 2REDBEADHERT R LICKD, TDLE, OWAw(a) >
OWAw(b) THB, —FH. NIVAZEHLTw = (02,02,03,03) £T5&, OWAw(a) <
OW Ay (b) &b, a & b DIEMITHIET 5.

T ZT. OWA operator £ Choquet R & DEEBERTHEK 3. B LOT 7PV s R u B
$H#5 (symmetric) [12) T$% L&, |A| = |B|, A, B€ B TH5%5 p(A) = w(B) BRDILDEE
B3, 2O MBI 7Y 1 RIERE>T OW A operator % Choquet integral TRI C EMNTE
B, TOT Ll Ralescu ic k- TH/WE Nz,

i 3.5. [16] X :={1,2,...,N} £¥ 5. {EBD OW Ay icH LT, symmetric fuzzy measure
FELT u({N}) :==wy, p({1,...,i}) == wi + -+ w; fori=1,2,...,N ZilL. ac RY Iz
HLT

OW Aw(a) = (C) / adu

%5,
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Torra (1996) & weighted order weighted averaging operator (WOWA) 2% L 7.

W 3.6. 21/ R P : N — [0,1] LIEHPER w* : [0,1] - RPIEIBNATVBEDLT 3,
the Weighted Ordered Weighting Averaging (WOWA) operator I3 FTORTERE N3,

N
WOWApw(a) = Z'w.-a,(,-),
=1
CTT. ol {1,...,N} DE®mT Qs(i) 2 Ao(i+1) L2380, ¥z, w; = ’w*(szi Pd(,-)) —
w‘(z_j» Po(i)) a=(ai,...,an).

B 3. ERO4BEDBELBEENTORTEIONTWVWA LTS, COEBRIZSHTZ L

Y ez Y g
BEal 8 70 30 40
HEFE P | 0.2 0.3 0.4 0.1

17230, ThEBER v (z) =2 TEDHB, TDL X,

WOW Ap.g(a) = (1 — 0.8%) x 80 + (0.8% — 0.5%) x 70 + (0.5% — 0.4%) x 40 + (0.4% — 0%) x 30
THB, TCT.a— o0 LTBLBARTHD WOWApw(a) =80 THh, a—0LTBL
BIESTHS WOWApw(a) = 30 TH3.

B D7 7Y« R p A distorted probability T3 LIiIHEER P HH Y. [0,1] LDIERD
B f BB Ou=foP LBIBLEELVS,

Ml 3.7. X :={1,2,...,N} L 93. WOWApy i LT, distorted probability u BEEL T
WOW Apw(a) = (C) f ady
ZZTCTacRYTH3.
Yager [28] I FEED & 5 5 —HML X #17= OWA operator ZHBF L 7=,
Bl 3.8. (28] F = (f1,..., fn) % N RD weighting function £ 3%, T T T. Yager’s generalized

OWA (YGOWA) B FD XS IcEBEN S,

N
YGOW Ax(ay,...,an) = Y wiay()

=1

CZT.old{1,...,N} _Lo@Emc Qo(i) 2 Ao (i+1) EHRIZTED, wi i3 w; = fi(aa(l), oo 8o (NY)
9%,

EHIC—REEI N OWA ZERL &K 5,
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TE® 3.9. F = (f1,..., fn) & N RD weighting function ¥4 3, TDE ¥ generalized OWA
(GOWA) 3 FTDORTEBRINS,

N
GOW Ar(ay,...,an) = Zwiad(i)
i=1

T, od{1,....N} EtoE#T Qo) = Ao(it1) il e0, w; Fw, = fi(a1,...,an)
9%,

GOWA & YGOWA L DB f; 1IcH B, YGOWA ODFIXEBEHIBET ATV B LicE
BLzWN,
E 3.5 LEIRRIC L TILTOMED R D T,

@ 3.10. X := {1,2,...,N} ¥L. F = (f1,....fn) Z N ROBHEHL T3, cOL*
GOWAr,a€e RN,i=1,2,... NIZHUTHR u, MEEL T ua({N}) == f1(a), ua({1,...,i}) :=
fi(@) + -+ fi(a) ERETz L.

GOW Ax(a) = (C) / adjia
LD LD,

CTT. E¥ 241X D Choquet F5d GOWA THBH, &3 LE GOWA X Choquet
FTEREENC LICERT B,

T T T GOWA ICED &K 5 skt {F 13X 72 5 Choquet #5731 7% 5 A& Open Problem &
T 5.

4 Choquet-Stieltjes 53R Aggregation Operator

EW 4.1, [14) (X,B) ZRIRIEML L, p BB EDT 7+ HIETH B, ¢: R — R 3FEW
DRAMETBH L &,  Lebesgue-Stieltjes FIBE v, [17] %
ro((@,8)) 1= (b — 0) = p(a +0),

where p(a+0) := limz a0 @(x), @(b—0) := limy—p_op(z). TEBL. u, BT S Chogquet-
Stieltjes BT CS, () %
CSupl) 1= [ ny(r)av(r),

TE#T D, TTT ps(r) = p({z|f(z) 2 r}) TH 3B,
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X ={1,2,...,N} £33 k& &, Choquet-Stieltjes F43'l& i—th order statistics Z{#i>T

N
CSup(a) = 3 (e(a®) - @@ u({(@)- - (W)}

i=1

=3 @) {r({® - P - u{i+1)--- (M)}
i=1

iz, TDOTEHSLTOMENED LD,

Bl 4.2, [14] (X,B) 2A[RIZ=EE L, u BB LOT 7V BEL T B,
¢: Rt - RT BIERDBBEL T B L E 4,0 iCB8T B f D Choquet-Stieltjes 53T o(f) D
Choguet integral TH 3, Txdb

CSuu(f) = (O) / o(f)du
TH53,

T 4.3. EHT Mvp = (p1,...,pN) ERBBIRIGINBIEL ¢ ITDWT, quasi-weighted mean
QWM WBUTOXTEB NS,

N
QW Mp(a) = ¢7 (D pid(as))

=1

ZZT a=(a1,...,aN)€RN'C“§%.

M4a.0;>0,p;=1/N2TB, TTT¢(z)=logx D& E QWMIIHRILZLZD ¢(z) =1/z
DL EX ANEHL RSB,

@Ml 4.4. X :={1,2,...,N} 2L, p=(p1,...,pn) & a weighting vector L3 3. 2X LD
¥ Pk P{i}) =py TEBTDL
QW My(a) = ¢~ (CSpg(a))
fora= (al,...,aN) € RN.
2RI Losonczi mean ZE8L K 5,
B8 4.5. [11] m; BT o IIBHAEMBIMEL T 5, Losonczi’s mean LM IZTFORTE
BEEIh3, N
_ 1 | Zizimi(ai)é(ai)
- (Bl

C D Losonczi’s mean 3 QW M, W M, RFDDFTEHI X 1 counter-harmonic mean ¥ af/ Y a? ™!
( the BADD operator [27]) £ &PFRHEND) IR ZDO—B{Licz>TWv3 [3, 23],
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Pl 4.6. X :={1,2,...,N}, m: R — R, BBFEM¢: R R £T5. cOLx, 2X ¢
DR P B Pa({i}) = =Bl CHEBETET.

i=1 Ti(ai)
LM, 4(a) = ¢7' (CSp, ¢(a))
fora=(a1,...,ay) € RN,
& BiC T D Losonczi mean Z—M{LL X 5,
W] 4.7. (Generalization Losonczi mean) F = (f1,..., fn) # N ROEHBAKE T B, DL
&, Generalized Losonczi’s mean $ FOR TCEHRTE 5,

N
GLMz(ay,...,an) = ¢~ ( Z wip(a;))

t=1

ZCT wq W Wy = f,-(al, ey aN) ?iaéh% B@?&)%o
Generalization Losonczi mean & #8573 & ORI TOX Sk B,

Rl 4.8. X .= {1,2,...,N}, m;: R— R*, MBHFM¥M. R R &L, F=(f1,....fn) %
NROBHBEME TS, a=(a1,...,an) € RN ITH LT 2X FOER P #® P.({i}) := f"”:%
TERTH L.

GLMgr 4(a) = qﬁ‘l(CSp,,,x,(a))

AR D D,

LIFTE. THhHD Aggregation Operator DA/NEFRZER TN 5, u & (X,B) LDT77P«
PELT S, pu(X)=1RKET S L TROFRERXDEDIID, [15].

(@/@Ump2¢0m/}w)

(@/@UMng¢@m/}w).
C NEFIRT B L ROMENESN S,
W 4.9. (1) ¢ Bk D

(1) ¢ HHES

(2) ¢ HM=EH

©) / adPa < GLMg 4(a).

@) ¢ D
©) f adPy > GLMs 4(a).

EOMBEICFENT pi = 1/N,¢(z) = logx £F % L HINERFHOMKRARLENS,



18

5 RBYlc

T C Tld. ¥R Aggregation Operator IZ DWW TRHRD & — N\ V5 AT, Choquet 7 &
DORIRICDONTHE T EENSMBL T E T,

AVEa2—ZORZBIE S ATHISESHFOHER - LAMRORBLLLIC, RRETF—E2D
HEDREICZ>TETVS, TALNEREINTEDOATVBEDLE, B#EEIhTICHEDhTY
ZEDLHANEIONDD, KEBOHSOBT, FHLN TS Aggregation IcDWTEDXKS
TEDONHBD. TNEEKRMICELDHAZLISHEOHELLT. o LEBLILTHA
S TDIFL A LIREMEFETIRERL, hEeV->THEHETHBNEGLMOETHAZ L4k
WEAS, ESvolzb Eic, EDXK 5% Aggregation ST HOL WA EERETZ L, BZEHEE
BT THB, ¥z, B4 % Aggregation Operator DHEMHRL TR ENTVB LIV X
TV, BRXTHRHNIZEXSICRID (779 4) RIEN—DDERL 1357245, [CHEZEXS L
T Aggregation Operator & U TEF|ZDLDIE. DRV IS A—R2 THRO IS A—2 A
TBHILT, PFEKRBICEILIKCTEBRLDTH S, RESZSRIWMEIN I THNT, £L
DMIHIRBBINTVLIN, CThHBRERZELWVS BORREZICEEL TV EVRRTH S, 5
BRODBELEEEHBETHH LV LD,
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