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1. P&

AR CTEAINSEEE L AR (1] & [12] IKkE). NZERELE, R2EHK
2@ R, =[0,00) &L, FEEEEM (X, d) OF7EMY OWIEEL dy £ 5.

EBOFREALE 27 FTH D L) EREN L 7O/N\—RE#ER L
WY, BREICBTAHENROBRIZa V2 FThL a8 — R L,
AV PTG =R EERORIBRI RN S 5 IR E 2R
RZZELEEBRLTS (cf [6], [17]).

asympototic KJtIF Gromov 3 [13] IZB W T KEMARITTE LTEREL .

Definition 1.1 (asymptotic KJT). (X,d) Z FEERERM & 7 5. asdim(X,d) < n
i, BEEDr>0kN LT XDOHEBEU=UU---UU, £ R>0DEFEELTU
TR,

(1) EED U c UK LT, diamU < R.

2) EBDi=0,...,nicR L, MERZU,U el K/ LT, dU,U)>r.
asdim(X,d) < n Casdim(X,d) €n— 1D & i asdim(X,d) =n £ T3,
iz, GRERERBL L, £D Cayley 77 7 % Cay(G) (Cayley 7’7 7

LTik[2] BBENE), ZECOBOEIhoBNNBHEME d LT3 L
%, asdim G = asdim(Cay(G),d) L ED %, Cayley 7' 7 7 IZERTTITKET 3
2%, asymptotic RICORDF1Z G DEBRTICKFEL B I EBMoNTWV 3,

Remark 1.2. asymptotic XITICE L TROBELRWNLBERBIAMS LTS (cf. [1]).
(1) asdim(R",d,,) = n.
(2) Y € X e LT, asdim(Y,dly) < asdim(X, d).
3) B r > 0INLTY D (X,d) DRTr-MELSIE, asdim(Y,dly) =
asdim (X, d).
(4) asdim(X x Y,dx + dy) < asdim(X, dx) + asdim(Y, dy).

asymptotic RITLZ AT 2ERIIDITORERICK 3.
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Theorem 1.3 ([21]). T Z B[N ERFE TasdimI <o £ T3, ZDLEE, #
BEEDT TH S ERE 2B L T Novikov FHE E Gromov-Lawson PIREDSEILT 5.

CDFERD S, asymptotic RITOH R & Novikov FHEE & U Gromov-Lawson
FRISEOGEREH S Z L2325, asymptotic RITIEWTLE Dranishnikov %
DICBAICHARRZINTWL S ([1] 22H).

Definition 1.4 (CAT(0) Z2[ (cf.[3])). (X,d) ZEEBEZ=M L 3 3.

(1) (X,d) »%geodesic space TH 5 LI, EBDz, y € X XN L TEE
DAARE:[0,d(z,y)] » X BEETLIETH S, £]0,d(z,v)]) % [z, y]x
EETZEICT B,

(2) (X,d) % geodesic space, z,y, z € X, T =[z,y]xU[y, 2]x U[z,z]x &F
5, TOLE, d(xa y) = dRQ(E,g)’ (_i_(_y’ z) = agkz(_g’z)’ d(z’x) = Oﬁgz(-z-,-f)
WY Z, 7,2 eR?PVFETS. T=F,7pU[G2pUE TR 2T
EE=ZAfL V), ZDLE, ;eTIINLTZe TH—BWICHIET 3,
Bz, z € [z, ylx KN L Td(z,2) = dp2(Z, 2) W75 Z € [T, Glge 25—
BERICHEET S,

(3) (X,d) X CAT(0) =& ik, EBDP=Z=AWT C X & 2,2/ e TIZXHL T,
W& =BT cR2DOFDOMET 3 2,27 43

d(z,2) < dg2(%,7)

T,

Definition 1.5 (CAT(0) #). G 2 EREMRFEL T 5,

(1) G H3EEREEZERY (X, d) ICBAINICIERT 3 & 13,
(a) G IREEWICIERT 5.
(b) EBDr>0,ze XIZNLT, {g€G|d(x,gz) <7} 3HR.
() AV 7 MREK CXVHFELT, X =),c9K 27T,
27§ L EITNR),

(2) G2 CAT(0) B & i, G3EMARNIIEAT 3 CAT(0) 2/ (X, d) 23
TBH5ILETHS.

ERERY G VEREM (X,d) CRMNICERT 2% 51F, asdimG =
asdim (X, d) B3HIS LT 5,

RRZ 28 D asymptotic RITDFHEB LR ENTLAIBRBULERLBRTE
. BlLw I iRl 2sRBINnn,

Theorem 1.6 ([9], [17]). Gz ERERB & L, FEREZRM (X, d) IS8 Ic e
LTWw3ET3, DL E,
(1) G &% Cozeter # (Cozeter BIC DWW TIZ [5] 2RI N v) &5,
asdim(X,d) < oo, b bB, asdimG < oo ([9]) .
(2) BEREZER] (X, d) 2% (Gromov DEHT) WEHZEH (Weh&E/MIicDV>TiZ [15]
(%‘éﬂ;ﬁé‘hf:lﬂ) %61, asdim(X,d) < co. bbb, asdimG < oo
7).
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Theorem 1.7 ([19]). G 2 HRERFEL L, CAT(0)ZEM (X, d) i STz /ERA L
TW5ETS ZODLE XOEBERIX (EEZERCOWTIZ] 2, 780
BRIZOOVTIZ[15] 28I N 0) WERKTE b2, Thbb, dimdG < .

UED 208 RS, UTO &) RENEZ NS,

Question 1.8 ([7],[14]). Does every CAT(0) group have finite asymptotic dimen-
sion?

LERDORIER CAT(0) ZRIcEH L, BEAZKEL ZVLRD D IcEMic &
ZOTBILICEDUTDL ) LHEEBREZ NS,

Question 1.9. Does every CAT(0) manifold have finite asymptotic dimension?

CAT(0) E#jix AR & b, CAT(0) ZRFITMELR DT, SHIKRET S LUT
D& LRENEZSNS,

Question 1.10. Does every CAT(0) space which is homeomorphic to R" have
finite asymptotic dimension? :

Question 1.9 & 110 ZBEAZEEL TR, H50IE, n =120k &
Question 1.9 & 1.L10IBFALC Z L TH B Z LIcHERT S, £/, Question 1.10 D
n=10D& ZFidasymptotic XITIZ 1 I B 2 LIcdbEET 3,

UEZBE Z CEAHEDEMIZ Question 1.10Dn =20 L FiIcBLNI-EE
Z2HRSG, ZDERIZ Question 1.8, H 3 m;.t Question 1.9 2k $ % L TOF
FDE>DITERDZIBTHAS.

2. BRUCEIL T

Notation 2.1. (X,d) 2 FEBEZRM, z€ X, r>0&7F 3,
B(z,r) ={ye X : d(z,y) <}
S(z,r)={ye X :d(z,y) =71}
£9 35,

(X,d) % CAT(0) BRIt T 3. ZDLE, TXTDB(zx,7) & B(:z:,'r)\S(x T)
Bz ICAMETH D, ¥612 B(x,r) & B(z,r)\S(z,r) 1T AR £\ 3 Z Ed5h» %
7, B(z,r) & B(z,r)\ S(z,r) Da v 37 Mt (BRI S(z,r) EHRT x
BTES,

S, r) BT —I NS ORI T 2RO EEZRTIEICE DU TOZ LHEE
BATZ %, #FLVIEHIZ 4] 22Ba ik,

Theorem 2.2. Let (X,d) be a proper CAT(0) space which is homeomorphic to
R2. Then, S(z,r) is homeomorphic to S for allz € X and all r > 0.
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Remark 2.3. (X,d) % proper CAT(0) 2/, z € X, ke N&T 5. [z,2]x C
B(z, k+1) i U T pi(lz, 2]x) C [z, 2]x, pe(S(z, k+1)) = S(z,k)s Pr|Bk) =1d
it LD RERLER p - B(z,k+1) — Bz, k) PHFET 5.
XUdX iz X pav,y v,
X UOX = 1im{B(x, k), pr-1}
oX = ;_i_x_.n{S(a:, k), Pr—1]5(z,k) }

BHIGN T3,

Pr—1ls(zk) : Sz, k) = S(x,k—1) D7 PAN—Darc THBHZ LICFEET B L
LTI Lxbh s,

Corollary 2.4 ([4]). If (X,d) is a proper CAT(0) space which is homeomorphic
to R2, then the boundary 8X of X is homeomorphic to S'.

AFh o NN Bd, UTOBROEFICE Y 2 HRISIER ICHKEY,

Theorem 2.5 (Gromov). Let G be a group and let (X;,d;) (i =0,1) be a proper
hyperbolic space such that G acts geometrically on X; for i = 0,1. Then 80X, is
homeomorphic to 0X;.

Theorem 2.6 ([16]). Let G be a group and let (X;,d;) be a proper CAT(0) space
such that G acts geometrically on X; for i = 0,1. Then 80X, and 80X, are shape
equivalent.

Theorem 2.7 ([20]). There erist a group G and a proper CAT(0) space X(a)
(0 < a < 7/2) such that

(1) G acts geometrically on X(a) (0 < a < 7/2)
(2) 8X(a) = 0X(B) if and only if o = .

3. ASYMPTOTIC RJG

ROFERDBERDERRICE S,

Theorem 3.1. Let (X,d) be a proper CAT(0) space which is homeomorphic to
R?. Then, asdim(X,d) = 2.
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Example 3.2. R2DFTCHEADEZIB I DEnBED 2-cel 2EZ B, ZDLkD
7% 2-cell ZEBHABL (n DEIFELLTE), Z0EBD 2ccl ZEX 1D
FUTH—BRICLK DR AHLES I L TR ICAHEYL 2-complex X 22 32 ¢k
BTESH, T I T 2-complex X DEEATORBOEMHEY 2r L ETH B L
&, X ZCAT(0)ZMILt7% 5, ZdD& % Theorem 3.1 &V, asdim(X,d) =2 T
HBHIEWOhZ, JITXITHEHMEALTWIREIZ R, EBREEAL
WIDXIBREHX 1TV STOIEET 3,

£7:24¢ B2 B & U C Theorem 3.1 06U TB 55,

Corollary 3.3. Let (W, S) be a Cozeter system. If the boundary O5(W, S) of the
Davis complex (W, S) is homeomorphic to S, then asdim W = 2.
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