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Abstract.
In this paper we introduce results on asymptotic behaviors of

Papaschinopoulos et al. [1,2], which are concernmg positive $eqi\dot{u}hb\dot{n}um$

points of fuzzy difference equations with delays. We discuss sufficient
conditions of the stabihty for positive solutions to real types of difference
equations with delays and also we speak about open problems on the
existence and stability of positive equilibrium points for fuzzy difference
equations with finite delays.

1. Introduction
Consider the following fuzzy difference equation with finite delays

(1) $x_{n+1}-A+ \frac{x_{n}}{x_{n-k}}$ $(n-0,1,\ldots)$ ,

where $\{Xn : n=0,1,\ldots\}$ is a sequence of positive numbers, $A,$ $x\cdot k,$ $X\cdot k+1,$ $\ldots$ , xo
are positive fuzzy numbers and $k\geq 1$ is an integer. If A is a function &om
$R^{+}=(0, +\infty)$ into the interval [0,1] with the normalty that there exists a real
number $c$ such that A(c) $=1$ , with the upper semicontinuity and fuzzy
convexity, then A is a called fuzzy number (fuzzy set of one variable).

Sequences of positive fuzzy numbers Xn for $n=0,1,.$ . are bounded and persist
if the set $\{supp Xn : n=0,1,..\}$ is uniformly bounded and away from the zero
and the infinity. Denote the $a$.cut sets with $0<a\leq 1$ of A by $[A]_{a}=\{x$

$\in R:A(x)\geq a\}$ . The $a\cdot cut$ set $[A]_{a}$ denotes by a bounded closed interval $[A_{1,a}$ ,
$A_{r.a}]$ from the fuzzy convexity, where $A_{1,a},$ $A_{r,a}$ are the left, right end point of
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$[A1_{a}$ , respectively. In [1,2] Papaschinopoulos et al. proved boundedness,

convergence and stability results on positive solutions of fuzzy difference
equations with delays(Section 2). A solution $\{x_{n}\}$ of Eq.(l) is positive if $aU$

functions Xn for $n=0,1,\ldots$ are bounded away $hom$ the zero. In Section 3 we
discuss asymptotic behaviors for real types of difference equations with
delays and also we deal with open problems of real types and fuzzy types of
difference equations.

2. Boundedness, convergence and stability results
In [1] Papaschinopoulos et al. proved boundedness and stability theorems

on positive solutions of fuzzy difference equations (1) as follows.

Proposition Pl. The following statements (i) and (ii) hold truly.

O Suppose that Al,$a>1$ hold for au $0<$ asl. Then every positive solution to
Eq.(l) is bounded and persists.

(ii) Suppose that there exists $0<b\leq 1$ such that Al.$b>1$ . Then Eq. (1) has at
least unbounded solutions.

In [1] they gave the following results on the existence and convergence of
positive equihbrium points for Eq.(l) as follows.

Proposition P2. Suppose that there exists a constant $M>1$ such that
$A_{1_{J}a}>M$ . Then following statements G) and $\omega$ hold truly.

(i) Eq.(l) has a unique positive equilibrium $x$ with $[x]_{a}-\lceil L_{a},R_{a}]$ such that

$L_{a}- \frac{AaeA_{a}-1}{A_{a}-1},$ $R_{a}- \frac{A_{ta}A_{a}-1}{A_{l,a}-1}$

for $0<a\leq 1$ .
Gi) Every positive solution { Xn} is of Eq.(l) tends to the positive

equihbrium Xe as $narrow\infty$ .

The above propositions are proved by an elementary method. It is possible
that the Liapunov’s second method $(e.g., [3 \cdot 9])$ leads to so many ffuitful
results and weaker conditions for stability results on fuzzy difference
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equations.

In [2] Papaschinopoulos et al. proved the existence of an infinite number of
positive equihbrium and convergence theorems to the following equation.

(2) $x_{\hslash+1}= \sum_{l- 0}^{k}\frac{A_{i}}{x_{n-i}^{p_{l}}}$ $(n=0,L\ldots)$ .

Here $k$ is positive integer, Ai for $i=0,1,$ $\ldots,$
$k$ are positive fuzzy numbers and

pi for $i=0,1$ , ..., $k$ are positive real constants. [2] gave the followmg
boundedness, persistence, the existence and stability of equihbrium points
and the unboundedness theorems of positive solutions for Eq.(2).

Proposition P3. The following statements (i) and Gii) hold truly.
G$)$Every positive solution for Eq.(2) is bounded and persists if

either the following conditions (a), or, (b) holds.
(a) For every $i=0$,l,..,k, there exists a hi such that $p_{i}p_{\lambda}<1$ ;
(b) pi $=1$ and every Ai is positive real constant for $i=0,1,..,$ $k$ .

(ii) If the relation $p_{i}\leq 1$ for $i=0,1,..,k$ and

(3) $\sum_{i\cdot 0}^{\kappa}p_{i}<k+1$

holds, Eq.(2) has a unique positive equilibrium $x_{e}$ . Moreover, every
positive solution { Xn} of Eq.(2) nearly converges to Xe with respect to $D$

and $D_{1}$ as $narrow+\infty$ .
$\omega$ Under the same condition (b) of (i), Eq.(2) has an inffiite number

ofpositive solutions and every positive solution $\{x_{n}\}$ of Eq.(2) nearly
converges to a positive equilibrium with respect to $D$ and $D_{1}$ as $narrow+\infty$ .

Here the metrics $D$ and $D_{1}$ between fuzzy numbers $y,$ $z$ are as follows. Denote
$[y]_{a}=[y_{1.a}, y_{r,a}]$ and $[z]_{a}=[zl.a$ , Zr,a$]$ for $0<a\leq 1$ .

$\alpha_{\mathcal{Y},Z)-\max_{0a\cdot 1}(|)}|y_{l,a}-z_{l_{1}a}|,|y_{ra}|-z_{r,a}$ ,

$D_{1}( \mathcal{Y},z)-\int_{0}^{1}||y_{r,a}-z_{r,a}|)da$ ,

$D_{s}(y, z)-\sup_{aq_{0.1}ps}\max(|y_{l,a}-z_{l,a}|_{i}|y_{r_{l}a}-z_{r1a}|)$,
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where $S\subset(O,1]$ is a measurable set. An equihbrium $x$ of fuzzy Eq.(2) is said
to be nearly asymptoticaUy stable if $x$ is stable with respect to $D$ and for each
$6>0$ and each solution $\{x_{n}\}$ of Eq.(2) there exists a measurable set $S$

$\subset(0,1]$ with the measure meas(S) $<6$ such that $\lim_{narrow+r}D_{s}(x_{n},x)-0$ . The

following theorem is concerning the above asymptotic stability of the
equihbrium of Eq.(2).

Proposition P4. Suppose that each Ai and pi for $i=0,1,..,k$ satisfy

$h- \sum_{l\cdot 0}^{k}p_{i}<L$
$( \frac{E}{H})^{\frac{1}{1- h}}>p_{l}(i-0,l\cdots,k)$ ,

where $E=m\dot{m}${Ki: $i=0$ , l,..,k}, $H=\max\{H_{i} : i=0,l,..,k\}$ , Ki, Hi are defined
as supp(Ai) $\subset[Ki$, Hi$]$ for $i=0,1,..,k$. Then (2) has a unique positive

equihbrium $x$ which is nearly asymptoticaUy stable.

The authors[2] proved an unboundedness theorem as follows.
Proposition P5. If there exists non real number Aj at $0\leq j\leq k$ and

each pi $=1$ for $i=0$ , l,..,k, then every solution of Eq.(2) neither is bounded nor
persists.

3. Discussion and open problems
In this section we discuss asymptotic behaviors of positive solutions for

real types of vanious difference equations (see [8]). Moreover we give open
problems to $re$al types and fuzzy types of difference equations.

Consider the $f_{0}u_{ow\dot{m}g}$ real type of difference equation

(4) $x_{n+1}=F(x_{n},x_{n-1},\cdots,x_{n-k})$ ,

for $n=0,1,\ldots$ , and $k$ is a positive integer. Assume that $F=F(xo, x_{1}, \ldots,xk)$ is a
$C^{1}$ -class function defined on $R^{k+1}$ to $R^{1}$ and let an Xe $\in R^{1}$ be an equuilibrium

of Eq.(4). If all the roots of the polynomial equation

(5) $\lambda^{k+1}-\sum_{i-0}^{k}\frac{\theta F}{\theta x_{i}}(x_{e},x_{\ell},\ldots,x_{e})\lambda^{k-i}$
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lie in the open unit disk $\{z\in C : |z|<1\}$ , then the equihibrium $x_{e}$ of Eq.(4) is
asymptotically stable. If at least one root of (5) has absolute value greater
than one, then the equihbrium $e$ of (4) is unstable. See [8].

In case where the real valued function $F(x_{n},x_{n-1})=A+ \frac{x_{n}}{x_{n-1}}(A$ , Xn, Xnl

are real numbers) with $k=1$ Eq(4) has the equilibrium Xe $=A+1$ with $A>\cdot 1$ ,

because we consider positive solutions for Eq.(4). The characteristic Eq.

$(A+1)\lambda^{2}-\lambda+1=0$ has the roots $\lambda\cdot\frac{1f\sqrt{-(4A+3)}}{2(A+1)}$ . The relahon $|\lambda|$

$<1$ leads to an inequality
(6) $A>0$ .
Then we have the following open problems QI-Q3.

Ql: Prop.P2 shows that the equihibrium for fuzzy types of (1) with Ai,$a>M$
$>0$ is the globally property. In real types of Eq.(l) with $k=1$ and $A>0$ ,

does the local stability mean the global stability ?
Q2: Find a condition for stability for real types of (1) with $k>2$ .
Q3: Is fuzzy types ofEq.(l) stable with $0<M\leq 1$ ?
We consider positive solutions for the following real type of difference

equation

(7) $x_{n+1}= \frac{a+bx_{n}}{c+x_{n-1}}$ $(n=0,1,\ldots)$ ,

where $a,$ $b,$ $c$ are positive real. Eq.(7) has the positive equihbrium

$x_{\epsilon} \cdot\frac{b-c+\sqrt{(b-c)^{2}+4a}}{2}$ . In the special case where (8) , or, (9) hold, the

equilibrium of Eq.(7) is globaUy asymptotically stable (see[8]):
(8) $b<c$,
(9) $b\geq c$ with either $a\leq$ bc) or, bc $<a\leq 2c(b+c)$ .
Ref.[8] gives the following open problem Q4.

Q4: Is the positive equilibrium of Eq.(7) globally asymptoticaUy stable
under that a,b,$c>0$ hold ?

Q5: Find the local, global stability conditions for the positive equihbrium
of fuzzy types of Eq.(7).
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Every positive solution of Eq. $x_{n+1}= \frac{1}{x_{n}}$ is $2\cdot pe\dot{n}oAc$ . Every positive

solution of Eq. $x_{n+1} \cdot\frac{1+x_{n}}{x_{n-1}}$ is $5\cdot pe\dot{n}0\mathbb{A}c$. Every positive solution of Eq.

$x_{n+1}= \frac{1+x_{n}+x_{n-1}}{x_{n-2}}$ is 8-periodic. See [8]. Every positive solution of equation

(10) $x_{n+1}= \frac{1+x_{n}+x_{n-1}+\ldots+x_{n-k+1}}{x_{n-k}}$

is $(3k+2)$ for $k=0,1,2$ . $Ref.[8]$ gives the following open problem.
Q6: Computer work indicates that positive solutions for real types of

Eq.(10) are not all of the same period for any $k\geq 4$ . Is every positive solution
of Eq.(10) $(3k+2)$ -periodic for $k\geq 4$ .

An positive equihbrium for the following real type of equation

(11) $x_{n+1} \approx\frac{A}{x_{n}^{2}}+\frac{1}{\sqrt{x_{n-1}}}$ $(n=0,1,\ldots;A>0)$

with $0<A<15/4$ is locally stable and also Eq.(ll) has a 2-periodic solution
with $A>15/4$ . See [8], which gives an open problem to Eq.(ll). Ref.[8] gives

the following open problems to Eq.(ll).

Q7: Show that when $0<A<15/4$ the equilibrium is global stable.
Q8: Show that when $A>15/4$ there exists a positive $2\cdot periodic$ solution

which is global stable.
The following question is concerning fuzzy types of Eqs.(2) and (11).

Q9: The positive $eqi\dot{u}hb\dot{n}um$ for real types ofEq.(ll) with positive $A<15/4$

is stable, which is a weaker stability condition for fuzzy types of Eq.(2) with
$p_{i}p_{A}<1$ of Condition (a) in Prop.P3. Is fuzzy types of Eq.(ll) stable?

Real types of Eq. (4) is said to be pemanent if there exist positive

numbers $C<D$ such that for any positive imtial conditions $X\cdot k,$ $X\cdot k+1,$ $\ldots$ ,xo $>0$

there exists a positive $N$ such that $C<$ Xn $<D$ for $n\geq N$ . For example, the
following real types of equation is pemanent under some conditions. See [8].

$x_{n+1}- \frac{a+bx_{n}}{m}(n-0,1,\ldots\cdot,a,b,b_{i}\geq 0)$

$1+ \sum_{i-0}b_{i}x_{n-i}$
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Condition (i) in Prop.P3 to fuzzy types of Eq.(2) shows that $Ai_{;^{d}}>1$ for all $0$

$<a\leq$ lleads to the boundedness and persistence of positive solutions. The
permanence means the boundedness and persistence.

Q10: Find a condition for the permanence to fuzzy types of Eq.(2).
Consider the following real type of

(12) $x_{n+1}= \frac{a}{x_{n}^{2}}+\frac{1}{x_{n-1}}(n\approx 0,1,\ldots;a>0)$ .

If $0<a<2\sqrt{3}$ , then the equihibrium to Eq.(12) is locaUy stable and
unstable if $a>2\sqrt{3}$ , under which there exists the following $2\cdot pe\dot{n}odic$

solution p,q of Eq.(12) such that

$p- \frac{a+\sqrt{a^{2}+2-2\sqrt{1+4a^{2}}}}{2},q-\frac{a-\sqrt{a^{2}+2-2\sqrt{1+4a^{2}}}}{2}$.
In [8] the following open problems are given:

Qll: For what values of a is the positive equilibrium of Eq.(12) globaUy
asymptotically stable?

Q12: For what values of a is the $2\cdot perioAc$ solutions p,q of Eq.(12)
asymptoticaUy stable?

Moreover it is possible to solve similar problems to fuzzy types of Eq.(12).

REFERENCES
[1] Papaschinopoulos, G. and Papadopoulos, B. K. : On the fuzzy difference
equation $x_{n+1}-A+x_{n}/x_{n- n},$ , Fuzzy sets and systems 129 (2002), $73\cdot 81$ .
[2] Papaschinopoulos, G. and Stefaniou, G.: Boundedness and asymptotic
behavior of solutions of a fuzzy difference equation, Fuzzy sets and systems
140 (2003), $523\cdot 539$ .
[3] Yoshizawa, $T$ : Stability theory by Liapuov’s second method, Math. Soc.
Japan, Tokyo, 1966.
[4] Lakshmikantham, V. and Leela, S. : Differential and integral inequalities,
Acad. Press, New York, 1966.
[5] Lakshmikantham, V. and Mohapatra, R. N. : Theory of fuzzy differential
equations and inclusions, Taylor&Francis, London, 203.
[6] Elaydi, S. N. : An introduction to difference equations, $3^{rd}$ ed.,

117



Spinger-verlag, New York, 2005.
[7] Elaydi, S. N. : Discrete Chaos, $2^{nd}$ ed., Chapman&Hffl/CRC, Boca Raton,

2008.
[8] Kocic, V. L. and Ladas, G.: Global behavior of nonlnear difference
equations of higher order with applications, Kluwer Acad. Publ., Dordrecht,

1993.
[9] Edelstein Keshet, L. : Mathematical models in biology, Random House ,

New York, 1988.

118


