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Abstract

CVA—F R, BREBESOBIRICAVSNZS, wilt—k <k BEOREN L  BEfRX
NEETOTLTREY. TDRSD, UBOBRRIHLT, POk S ZENVA—b b UEFIETZH,
DEOIR—NV—VOBEBEIAREEMETHS. AWTE, CTOXSTEALONEY ST, L
F—FIFVEGOEREEBCTELEDEL, RS 555 Lapunov exponent I &> T4l
A—b b UNERT BREMZ - DBRENE OBREHEX DN 3BTRS,

W—IVES 40, 168 DEAEIVA—F < b i3 Wolfram class I IZBL, E£REN BB & —>
IZFEWT B L TN TV [17], BBHEED configurations L&D LTIREL T+ Th b Ho>THA X
HE2RS [12)[13][14], H/=HBHZ Lyapunov exponent DEEFOC LAREA TS [12][13][14].

Lapunov exponent DEHIC DV TIE, spreading rate FEMBUERELIT LD [6][15] LLotic,
Bagnolli’s Lyapunov exxponent[1] #’% %,

ERTIR, LROEELVA— = ricDOnT, Bagnoli’s Lyapunov exponent Df% Sk R

%, TO Lapunov exponent & Xz, SFL b A — b b U AERT 2280 2 — DMMES
A ENTNT EERWT 3.

1. Introductory Preliminaries
BEAL)VA—1 X+ (elementary cellular automaton (ECA)) iX, {0,1} & g¢: {0,1}3 - {0, 1} b

DM ({0,1},9) THb, MBS ECA g LMEE, g & local transition function DPHEN 3. FHFHhOD
ECA g &, RDK SIcL TERMEN BN —LES R(g) £,

R(g) = Y g(a,b,c)2er+ts2+e
(a,b,0)

local transition function g : {0,1}3 — {0,1} I k2T, A= {0,1}%Z »5 A4 "DEH g%
z€A (9(®))=9(i 1,z Tit1)

LUTERTS. TO g % global transition function & PER,
A LOFEME d ZRDX SICEBTS.

z
d(z,y) = Z L_‘z_ls_lgd T,y € A,

t=—00

TNIT &> THERENIER (4, 9) HEEN 3.
A DERIZ configuration LPREH, #IHE configuration =z € A OBEIX, U TICEBEH ZRY]
{g*(=)}2, THB. ‘ .
QO(m) =&, gt+1(w) = g(gt(:n))’ t= 0’ 1» 2,(' o

nj:A—>AGeZ)BRDEIICERT S,

z€A (ni(@)= { i PR

Ty, ’L=]
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n; (X, configuration x € A D j FEOKEE NI 5.
tIvF—b < b I BIF 3 Lyapunov exponent &,

&, g(m), gz(m)a ga(z)v Tty

nj(z), g(nj(z), g°(n;j(=)), g*(n;(z)), -,
DZDODOHGEOBV DR MR E B O 56D L U TERI N, Shereshevsky’s Lyapunov exponent,
spreading rate, strict spreading rate, Bagnoli’s Lyapunov exponent DDA 3H 5. FE =D FNF

DLUTDESICEBESh TV S.
z,ye AITHL T,

DFR(z,y) = sup{ilz; # v;}, DFL(z,y) = inf{i|z; # y:}

EBL. X, s€eZicWLT
WHa)={yeA|Vi>s, yi=z:}, W, (@)={yecA|Vi<s, y; =z;}

9%,
EFNEThoEM, BRI EAORFIEL, ROKSICEBEIN S,
Shereshevsky’s Lyapunov exponent at a configuration « ;
DFR(g'(=),g'(y)) —J
t

AM(x) = lim max max
t—oo jEZ yewj;l(a;)

b

t t i
A™(x) = limmin min DFL(g'(=),9"(v)) 1,
t—o0 JE€Z yew, ,(T) t

Spreading rate at a configuration  ;

t Ll . s
’Y+(:z:) = lim max DFR(g (m)ag (n_,(:c)) ,7,
t—oo jEZ ¢
t tlo . .
¥~ (&) = lim min DFL(g"(x),g'(ns(x)) — 7
t—oo jEZ n

Strict Spreading rate at a configuration =z ;

DFR(g*(z),g*(n;(=)) — j

@) = o lin t
t tlo . s
sy"(x) = mig lim DFL(g ("’)’f(na(w)) j
J — 00

Spreading rate & Strict Spreading rate £ Tid, max & limit ZEXZMREL RZ 5. limit %2 FElCH
h, X< max ZHEAMEIX, Bagnoli’s Lyapunov exponent ¥ B TH 5.

FRTIE, VIVEBS40EL 168 BOREWIVA—F T FIcDWNT, Bagnoli’s Ly#pqnov expo-
nent(BLE) DfE% MEICRD 5.

W—iL 40 L 16813V TS L7 S ATICML, Bagnoli, et al. (&, HWB I 2l —>avickb,
% LB X 6Nz initial configuration © BLE Dl —c0o TH D, THTEHS, ThED)V—)L
D BLE ¥ —00o THBLL TW3.

CDXIRIE, $H 5 configuration D7 T AL TIXIELWAY, BLE DA 0 % log2 T3H S config-
uration DFELENS, BFMITRRNC K > THLMICAS. TD & 57X initial configuration (&, coin tossing
Ko TREREINT, XWTOKMIE, HWE 2L —2 3 TR,
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iz, JL—)b 40 H)L—)L 168 D a dyanamical sub-system TH YD, LA —b< b UVEicASHD
NBYE H 2RV EEL B3 T L REEh 3.

W—ILES 40 £ 168 D local transition function 940, 9168 W RDEIC X ->TEX LN B,

(a,b,c) (1,1,1) 1 (1,1,0) | (1,0,1) | (1,0,0) | (0,1,1) | (0,1,0) (0,0,1) | (0,0,0)

940(a, b, c) 0 0 1 0 1 0 0 0

g168(a, b, c) 1 0 1 0 1 0 0 0
AN

940(1,1,1) =0, g18(1,1,1) =1

DHTHBIH, BRICEI-TBREC BT LickS.
FEDR %> Tz configuration D¥ FZAERD L > ICEHT B.

Soy1(ck) = {(0,1m,)2 _oo|mi=1o0r2 or--cork, i€Z}CA k=123,
: OYRMBsite (ZANIL, 13RAE site DT 1w 7 BIXHE 2k D configuration £k
01, ---, 01---1L DAM 573 configuration £

k
Soa) @ OIRME site BHIZL TUW 3 configuration 4.

AR Uk2150(1),1(5k) # So(1) THAEATLICERTS. z ¢ Soq1) D 1 KR site DT W I EBIZ, B
HTHBLIZMBS L. So) RICiE, 1IRHE site DT Oy VBN ERTHZVWEDONTEET S, FxIX,
RD configuration ZF X niF k.

("' ’031101 1,1,0,1,1,1,"',0,1,"'1,0,1,"',1,"')
2 3 l +1

(A,940) & (A g168) D=DD dynamics ICDVTIE, ROERIBSN TS [12][13][14].
Theorem 1.1 ()L —)U 40)

Ve € A\So(1),1(<2), tli{{.logio(w) =0,

V& € Soy,1(<2)s  Gao(T) = or(x),

THY, (So),1(<2))940) /&, Devaney chaos TH%. T T oy I, left-shift transformation T 3.

Theorem 1.2 ) —)l 168) (1) = € Sp) <KL T ;

9168(T) = orL(x),
3 € Z such that @; , =1, and Vt > 1, gige(x) # 1, tgggiss(x) =1,
Vk € N, (So(1),1(<k)s 916s) is the Devaney chaos, '
(So(1)» 9168) is the Devaney chaos
(2) b S A\SO(I) L T
(2‘i) E L/ 1
3i € Z such that z; , =1,
3j € Z such that (zj,z;41) = (0,0), which is the right most 00 block in =
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Thhid
341

tl—iuxgogtlﬁ8(m) = ( 40,0, Hrlv L1, )

vt > 1, gigs(z) = 1.
(2-iii) (2-i), (2-ii) LSV DBE

. t —-
Jim gies(x) =0

ERD k> 21IZHL T, (Soq),1(<2) 940) & (So(a),1(<k) G168) P dynamical sub-system TH%. )V —
JU 40 ITHART, V—JU 168 D attractor ® types I BRRTHS. Fiz, JL—IU 40 A chaos IcXx B
dynamical system I&, JL—JL 168 @ sub-system T3 %. L —)L 168 A chaos IC /22 BKIE, L —)V
40 ICHERTIEWT e h 5.

LHL, TAEBIC K 2HEXOBSDLIE, V—IL 168 DARKDBHTH S LB EX L. W
FNE left-shift dynamical system CLMZVDTHZHETHSB. iz, WTIDEEL, attractor
NDOHRFNIHBTH S,

Shereshevsky’s Lyapunov exponent, spreading rate, strict spreading rate Ic DWW TIX, LITORR
NESNTNWS.

Theorem 1.3 )L—)L 168) (1) D v (0 <y <1 &ML T, svt(x) =7 £%& % configuration
T € Ur»28001),1(<k) DFET 5.

(2) EROERE v (0 < v <1)IcHL T, Shereshevskii’s Lyapunov exponent & Spreading rate &
H—BL, FN5DMED v THB configuration = € Urx2S0(1),1(<k) EFET 3.

Theorem 1.4 JL—L 40) (1) fER&D ~ (1/2 < v < 1) IKHL T, sy+(x) = v £%x% configuration
T € Ur>25001),1(<k) BIFET 5.

(2) DAY v (1/2 < v < 1) kXL T, Shereshevskii’s Lyapunov exponent & Spreading rate
EH—B,L, TNHEDOMEMN v THS configuration & € Uk>280(1),1(<k) NEETS.

JU—JU 168 H'& b Bk Lyapunov exponent KU spreading rate DEERFD. JV—)V 168 B HX A
RIC B EEPIIL—IL 40 ED RN e B THRTE3. LHL, ThHOD exponent DX an initial
configuration = € Uk»280(1),1(<k) C 3BV} % 010,0110,--,01 - 10 DHIHFEc X > TEES. DX

b, Ww—iL 40 BT 168 icBAL TiX, time-space pattern 0)?!%&’&#3& 26 DTHBLEXENE.
TN 5D exponent i&, = & nj(x) DRFMRRICIBIT B right-most different site number & left-most
different site number DFIE(LETH D, JL—)l 168 & 40 DPEIZL, initial configuration IZ BT %
—EOIRX— DHNEEIC L > TEES. D&D gt(z) @ gt(n;(z)) DREBM/ X — OWMMT 2R
%X 5 LLbDOTIE L. Bagnoli's Lyapunov exponent ¥, THhEMAI S LLIbDTHS. &F
RT3, JL—IL 168 & 40 iICXL T, Bagnolli’s Lyapunov exponent D% RN RD S T &Z2wtds,
BEIC Bl 2B AL XS L, Bagnoli’s Lyapunov exponent AR#EL L TWA T L ZHRYT 5.

2. Bagnoli’s Lyapunov exponent
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Y€ ACHLT, z0y=(z:0y) £T5. o IHTHENREOEERL, XOL 5 TH5.

a@b= 1, a#b,
0, a=b

ECA g ZEZX%. ¢ € AL T, g(x) ® gnj(x)) #EBL THREO L TEERML 720
(9(z) ® g(n; ()T %ZE j FicL 7= &EBITH %

J(z) = [ . (g(w) ®;(nj(w)))T, .. ]

£9%. local rule g IKKIFTHT LS J, LELIRETHZH, T3,

(J(2))i; =1 THBNIT, (g(z)dg(n;(x))); =1 THY, configuration z & n;(z) LML T, (g(x)); #
(g(nj(z))) THHTLRZEKTS. DED, 2B S j-th cell DIRMEELS, g(x) ICIVT B i—th
cell DREEALZT R T T L E2EKT 5.

RIRITH J(x) OF i 17T 1 B> TV BFBBRBIIHIET B « HD cell DIREELA g(x) I3
1} % i—th cell DIRBE(LEF [ ERTT. DED, g(x) D i~th cell ICEBIERITT cell DBESHHE
ENTWB T Licixs.

x 2 initial configuration &9 % trajectory Z# X% 5.
z° =z, zt=g(x'™?), t=1,2,3, -,

(1) J(x?) D (2,5) B4 ' configuration ot D j—th site DIREEEX 7=BA xt+! D i—th site ICH
BWeEXB2HE SHhER%T 5.

(2) J(xt*1) - J(x?) D (3,5) BRSY : configuration a* @ j—th site DIKMEEREX =L =, £t+2 D i—th
site NDEEWD path OEBEEKT 5. TDX 5% path % difference path EPFERT Lic T 5.

(3) [T, J(x*) D (5,5) RS : configuration @ = z0 T j—th site DIRABEZX 7= & =, T+ @ i—th
site "\ difference path DEEEEKT 3.

e
§j=(..;,0,...,0,1,0,...,0,...)7"

&L T, j—thsite DIREEEX AT L EBHTEIMRI MLV THBLTE L, ,

(4) Hf:o J(x*)-¢; 'z = 2° T j—thsite DREEEX L 2, 2TH DFNFND site D difference
path DEA¥ESX 3.

(5) (4) TD difference path D%

T
HJ(a’t) &

t=0

ELT, UTO&LSICERTS.

i=~o00 \t=0

)

T
1
T . — ty .
Az, j) = T log tI;IoJ(x) '
Mz,7) = lim AT(=,j),
T—oo

Az) = supA(z,])
i

A(z, j) & configuration & ® j—th site I3/} % Bagnoli’s Lyapunov exponent, A(z) % configuration
x @ Bagnoli’s Lyapunov exponent & "X,
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3. JbL—JU 168 D Bagnoli’s Lyapunov exponent
AFETIE, JU—IV 169 D Bagnoli’'s Lyapunov exponent I DWW TIZ RDOEEAKILITS.

Theorem 3.1 (Bagnoli’s Lyapunoc exponent for rule 168) )L —Jl 168 ic XL T, Banoli’s Lyapunov
exponent I&, RDX 5 TH5.

(1) = € Soqry WXL T, 01 X7z 011 DB 55 3 ERMERIINEET 2B, M=) = log2
THY, FRLINE AMz,j) =0 THB. Ko T, z € Sou)(<2) KL T, Ax) =log2 TH5S.

(2) « ¢ Sy ML T, Azx) =0 F/eld —0c0 TH%.

Mz) = 0 DFF, difference path DALY, RAAHEBICBL T, Wi 1 AL M EELEZWVWIBEL, £
1B order THML TWIBELMHS. D% D, Bagnoli’s Lyapunov exponent (&, difference path
OEES, £ERX order TWML TV X3 EBBICHBVTE 0 25X BT LICESB.

LTI, =€ Sop) icxl T, BEBOMED log2 icx5ME L, difference path DEBHZIER order
THML&H 6 0 ICEBIBERTRY.

T
HJ(mt) €

t=0

pT(maj) =

LS. pT(x,j) BUTDESIKEXENB. o €S iU T gigg(x) = or(x) THAT LIEK
T5.

1Hm>3&LT,
5 n $D o011
e=(-,1,---,1,011,--,011,0,1,,0,---)
DIBE,
2n42 T
Tim 7y —
t>2n+2, pl(z,j)= go (z>
T B+a3KTcHhhif,
2n+2
T T M +2+1, 0010
< < TeT -
Z‘; (z) _(2n+2+1)(2n+2) < o) T
THHHMH

%long(m,j) =0.

difference path OMEBUE, BIEX order THA TV LAY, B8 order TIXAWedD, Az,j)=0L%3.
(2) n,—Z 1, my Z 1, 1= 1,2,"' &L/—C.

Me,j) = lim

3
z=(-,1,---,1,(01)m,, (011),,, (01)yn;, (011)py, -+ +)
X,
a

T = ( KIS PERRINS B (Oll)ﬂn (Ol)mxv (011),,,, (Ol)mn’ v )
DIPE, DED j—th site DHERED 01 £iiE 011 DT Ty JDOHH 5E BB,

pT(z,5) =27
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THb,
A, j) = lim = logp™ (=, ) = log?2.
(0l)ym ¥&, 01..-01 ZEBKT 3. (011), LEKTH 3.

m 8
V=iV 40DV TIX, ROEENKIIT 5.

Theorem 3.2 (Bagnoli’s Lyapunov exponent for rule 40) Jb'—)L 40 I BV T, z ¢ So(1),1(<2) R
LT, Mz)=log2 TH3.

So(1),1(2) IR E XV configuration 3§ BV —)L 40 D Bagnoli’s Lyapunov exponent &, —oo
THHLTFHENS.

Theorem 3.1 THEASNTWVS JV—)b 168 DEBEFOBRMESH 2 X S8, g KEvLid
BAXE. &z, Theorems 1.3 & 14 ICR5NBI1EE D)L —)VMDE% Bagnoli OB, KBLU X
WEEX%. HIZ, Bagnoli DIEEuE, BIEN order TIIL TUV < difference path DIEMEE X 3 T
EMHBRZOAS, THIX, L—)L 168 & 40 DBODORMTEH 5. difference path OESA ML T
W< order EDLDN LN A—F T U OFEERZIZOO L NENWEEZ SN S,

&7z, Bagnoli i3, EAMIC—DDXIVDRBE(LH RO ZAT v 7 TORBIC HETHEBOLE
EZTHWB. DD, HBEOCLIN ORRELOMEERI SRV, WlA—F 2, LD
KEBREZEANT X 5 %84, Bagnoli DIFETEA 9 TH B L#ERITE 3.

4. &%

VA —F < b icH U TEEE N/ Lyapunov exponent & U Tix, SR THBNL ZWDODEDH
RETNTVS. TNFhOEREBRTHEIIC K> TROBOIE, HUICHERILDTH ST LHE
RTORHDSAURTES. CTODIc, HEMI I 2L —YaVIicEBRTLICEBIDER, O
WKEo>T, ENFNOH/RCOVTOBLOHMRANRO TIFEFEINB LICES.

BN A—N TP UDERT ZREMNR— DREEIRA L S LT Bk, Dl Lt, Bl
LOICIRBHE—~EDHREDEELELL T NBL3%5EDTH - TELVLDED, ThdDISHE,

LTOEELIVA—F< b L initial configuration IZHL THEZEZ L T NB3LDTIIHEES
Th5. '

References

[1] F.Bagnoli and R.Rechtman, LYAPUNOV EXPONENTS AND SYNCHRONIZATION OF CEL-
LULAR AUTOMATA, in Complex Systems, eds. E. Goles and S.Martinez, Kluwer Academic Pub-
lishers(2001), 69-103. :

[2] G.Braga, G.Cattaneo, P.Flocchini and C.Quaranta Vogliotti, Pattern growth in elementary
cellular automata, Theoretical Computer Science, 145(1995), 1-26.

[3] G. Cattaneo and L. Margara, Generalized sub-shifts in elementary cellular automata: the
"strange case” of chaotic rule 180, Theoretical Computer Science, 201(1998), 171-187.

[4] G. Cattaneo, E.Formenti and L.Margara, Topological Definitions of Deterministic Chao, in
Cellular Automata, eds. M Delorme and J. Mazoyer, Kluwer Acadenc Publishers(1999), 213-259.

[5] M.Gardner, Mathematical Games - The fantastic combinations of John Conway’s new solitaire
game "life”, Scietific American, 223(1970), 120-123.

[6] A. Ilachinski, Cellular Automata - A Discrete Universe, World Scientific(2001).



290

(7] C. G. Langton, STUDYING ARTIFICIAL LIFE WITH CELLULAR AUTOMATA, Physica
22D(1986), 120-149.

(8] C. G. Langton, Life at the Edge of Chaos, ARTIFICIAL LIFE II, PROCEEDINGS OF THE
WORKSHOP ON ARTIFICIAL LIFE HELD FEBRUARY, 1990 IN SANTAFE, NEW MEXICO,
edited by Christopher G.Langton, Charles Taylor, J.Doyne Farmer and Steen Rasmussen, Addison-
Wesley Publishing Company, 41-91. v

[9] J. von Neumann, Theory of Self - Reproducing Automata, University of Illinois Press, Urbana
and Chicago, (1966).

{10} F. Ohi and Y. Takamatsu, Time-Space Pattern and Periodic Property of Elementary Cellular
Automata - Sierpinski Gasket and Partially Sierpinski Gasket -, Japan Journal of Industrial and
Applied Mathematics, 18(2001), 59-73.

(11] F. Ohi and K. Mabuchi, Time-Space Pattern and Dynamics Determined by Elementary Cellular
Automata, Japan Journal of Industrial and Applied Mathematics,21(2004), 1-23.

[12] Fumio Ohi, Chaotic Property of Elementary Cellular Automaton of Rule 40 in Wolfram Class
I, Complex Systems, 17(2007),295-308.

[13] KE§5858, W—IL BT 40 DBEFLLA—F < b L HERAIEE, BERRITHIZAMIR 1559 T RIMS
HEMARE, B#{CRIEC BT 2METTIVORBMEIEA] |, 2007.6, ppl122-130.

[14] Fumio Ohi, Chaotic properties of elementary cellular automaton rule 168 of Wolfram class 1, in
AUTOMATA-2008, Theory and Applications of Cullular Automata, edt. A. Adamatzky, R. Alsonso-
Sanz, A. Lawniczak, G. Juarez Matrinez, K. Morita, T. 'Worsch, Luniver Press, 2008, 196-206.

[15] M. A. Shereshevsky, Lyapunov exponents for one-dimensional cellular Automata, J.Nonlinear
Sci. 2(1992), 1-8.

[16] S. Wolfram, Statistical mechanics of cellular automata, Review of Modern Physics, 55(1983),
601-644.

[17] S. Wolfram, UNIVERSALITY AND COMPLEXITY IN CELLULAR AUTOMATA, Physica
10D(1984),1-35.

(18] S. Wolfram, A NEW KINDS OF SCIENCE, Wolfram Media, Inc.(2002).



