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Abstract. We consider shock curves in 2 x 2 hyperbolic systems of conservation
laws in one space variable: u; + f(u,v), = 0,2 + g(u,v); = 0. Our assumptions are
that f,g, < O and the system is strictly hyperbolic. We also assume that the system is
genuinely nonlinear, satisfies the Smoller-Johnson condition and the half-plane condition.
Under those assumptions, by applying an argument as in [10], we prove the existence of
shock curves and the stability condition for shock speeds.

1 Introduction

In this paper we consider shock curves in 2 X 2 hyperbolic systems of conservation
laws in one space variable,

u + f(u,v): =0, v+g(u,v); =0, t>0, —00o<z <00 (1.1)

Here u and v are functions of ¢ and z, and f and g are C? functions of two real variables u
and v. Our assumptions are that f,g, < 0 and system (1.1) is strictly hyperbolic. We also
require that system (1.1) is genuinely nonlinear, satisfies the Smoller-Johnson condition
and the half-plane condition. The Smoller-Johnson condition is given in {14} and implies
a certain convexity of rarefaction curves. Moreover, it is shown in [14] that for sufficiently
weak shocks the condition implies the Glimm-Lax shock interaction condition [6], which
states that the interaction of two shocks of the same characteristic family produces a
shock of that characteristic family plus a rarefaction wave of the opposite characteristic
family. The half-plane condition is given in [8] and implies that the right eigenvectors of
dF, where dF denotes the Fréchet derivative (Jacobian) of the mapping F' from R? into
R? defined by F' = (f,g), point into opposite fixed half-planes. Systems (1.1) satisfying
fugu > 0 satisfy the half-plane condition.

The Riemann problem for system (1.1) consists in finding a solution of (1.1) with
piecewise constant initial data of the form

(u(z, 0), v(z, 0)) = {(“"”‘) z<0, (1.2)

(ur,vr) >0
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In general, the significance of the Riemann problem is that it is served to solve the Cauchy
problem (1.1) with general initial data. In fact, the Riemann problem is the building block
in the proof of existence theorems in [3], [5] and [15].

Since both (1.1) and (1.2) are invariant under uniform stretching of the spatial and
temporal coordinates, the Riemann problem possesses self-similar solutions. The classical
method of solution of the Riemann problem is based on the construction of shock and
rarefaction curves of system (1.1). Thus, the shock curves play an essential role in the
study of the existence and uniqueness of self-similar solutions to the Riemann problem
([2], [8], [11] and [12]). In general, however, it is not easy to construct shock curves
without additional assumptions. In [14], for system (1.1) satisfying f,g. > 0, the genuine
nonlinearity and the Smoller-Johnson conditions, Smoller and Johnson give a proof of the
existence of the two shock curves. It is noticed that system (1.1) satisfying f,g. > O is
strictly hyperbolic. But, by their method, the remaining two curves cannot be shown
without assuming the stability condition for shock speeds (see [4] for the stability con-
dition). The existence of shock curves and the proof of the stability condition appear
in [2] and [8] on strictly hyperbolic system (1.1) satisfying the genuine nonlinearity, the
Smoller-Johnson and the half-plane conditions. Their methods of proof are based on the
following property of the shock curves: For a given point Up in R?, U — Uj is never parallel
to right eigenvectors of dF at any point U on shock curves. Note that there are many
systems (1.1) of interest, in which the property is violated and for such systems their
methods cannot be applied. In [10], for system (1.1) satisfying f,g. > 0, the genuine
nonlinearity and the Smoller-Johnson conditions, Ohwa gives a new method for proving
the existence of shock curves and the stability condition without using that property. The
method of proof relies on the continuous dependence on initial points and the geometric
properties of shock curves. Accordingly, the method will be expected to be relaxed the
genuine nonlinearity and the Smoller-Johnson condition.

The purpose of this paper is to apply the method to strictly hyperbolic system (1.1)
satisfying fyg. < 0, the genuine nonlinearity, the Smoller-Johnson and the half-plane
conditions .

2 Statement of the theorem

In this section we shall state the main result of this paper.
Let F be the mapping from R? into R? defined by F : (u,v) — (f(u,v), g(u,v)), and
denote by dF(u,v) the Fréchet derivative (Jacobian) of F'. We assume that

fogu <0 in R? (2.1)

and system (1.1) is strictly hyperbolic, that is, dF(u,v) has real and distinct eigenvalues
A1 (u, v) < Ao(u,v) for all (u,v) € R% Without loss of generality, we assume that

fu<0, gu>0, gp<A <A< fy in R (2.2)
We denote by 7;(u,v), i = 1,2, the corresponding right eigenvectors and assume that

dhi(u,v) - ri(u,v) >0, (u,v) €R? i=1,2. (2.3)
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Condition (2.3) implies that system (1.1) is genuinely nonlinear in the sense of Lax [9].
Let l;, i = 1,2, be the left eigenvectors of dF'(u,v), normalized by lir; > 0, 7 = 1, 2.
We then impose that system (1.1) satisfies the Smoller-Johnson condition
1, 0)F(ri(w,0), ri(w,0) > 0, (w,v) €RY 4,5=1,2, i#j,  (24)

where d?F is the second Fréchet derivative of F. In [14], it is shown that the genuine
nonlinearity condition (2.3) is equivalent to

Li(u, v)d2F(ri(u, v), ri(u,v)) > 0, (u,v) €R? i=1,2 (2.5)
Therefore, we can write (2.3) and (2.4) in the form
Li(u, v)d?F(ri(u,v),r:i(u,v)) > 0, (u,v) €R? 4,j=12 (2.6)
Moreover, we impose that system (1.1) satisfies
r1(u1, v1) # ra(uz, v2) (2.7)

for every pair of points (u1,v1) and (ug,ve). Condition (2.7) is called the half-plane
condition. In [8], it is shown that the half-plane condition (2.7) is satisfied if and only if
there exists a fixed vector w, independent of (u,v), such that r; -w > 0 and r2-w < 0 for
all (u,v). Systems (1.1) satisfying f,g. > O clearly satisfy condition (2.7).

Under these assumptions, denoting

Ai — fu Gu .
a; = = >0, i=1,2, 2.8
fv Ai — Gv ( )
we represent respectively the right and left eigenvectors in the form
T = sgn(d)\,- . f',) 'f‘i, 1= 1, 2, (29)
h=sgn(d\ - #1) b, Lo =sgn(d)y-72) 2, (2.10)

where 7; = (1,a;)¢, [; = (—as, 1) and I = (a1, —1). It is easy to check that

li(u,'u)-rj(u,v)=0, iaj=1:21 Z#J

Now, let U = (ug,vo) be a point in R2. By i-rarefaction curves through Us we mean
curves in U = (u,v) that satisfy the following differential equation
d
3% = a;, v(ug) =vo, i=1,2. (2.11)
We denote i-rarefaction curves by R;(Up). On i-rarefaction curves, we have
d?v .
E'L-LE =b, 1=1,2, (212)

where

l2d2F(T1, T1) llsz(T‘g, T‘2)
Ao — Xy ] Ao — A1

From (2.6) it follows that all rarefaction curves of both families are convex.

by = sgn(dAg - 72) by = sgn(dA; - 71)
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Next, by i-shock curves originating at Up we mean curves in U = (u,v) that satisfy
the Rankine-Hugoniot condition

O'i(U - Uo) = F(U) - F(Uo), 7= 1,2, (2.13)

where o; = 0;(U; Uy) = 0:i(u, v; ug, vo) is the i-shock speed. We eliminate o; in (2.13) to
get

(u — uo) [g(u, v) — g(to, v0)] = (v = v0) [£(w,v) — f(uo, v)]. (2.14)
From (2.14), we see that differential equation of i-shock curve is
dv _ {hi u # Uo , (2.15)
du a U=,
where
h'i — h.,(’u., 'U; UO) —_ g(u? v) _ g(uo,'UO) + (u — uo)g‘u - ('U — 'UO)fu

f(u,v) - f('u.o,’vo) + (‘U - Uo)fv - (u - U'O)gv
_ (u—u0)gu + (03 — fu)(v — %)
(v — o) fo + (01 — 9v) (v — uo)

By applying an argument as in [14], if u — ug is small, then the solution v of (2.15) exists
and is described by

v = vo + ai(u — uo) + %b,-(u — ug)? + O((u — u)?). (2.16)

From (2.9), there are four shock curves which leave Up in +r; direction. We denote the
shock curves by S;(Up), Sf(Us), i = 1,2, where S;(Up) are those which leave Up in —7;
direction, and S¥(U,) are those which leave Up in r; direction. In general, S;(Up) are called
i-shock curves and S (Up) are called i-rarefaction shock curves (see [13]). Since

dog|  _1ldhi .y (2.17)
d;u'i Us 2dl~‘i Uo
d 0 0
where — = — + h;—, we see that the shock speeds of S;(Up) decrease as the corre-

du; Ou ov
sponding eigenvalues decrease along S;(Up) and the shock speeds of S!(Up) increase as
the corresponding eigenvalues increase along S (Up)-

Since the shock curves are not always monotonic with respect to u (see Example 4.2),
it is convenient to choose arc length s in the U-plane as a parameter for the shock curves.
On a smooth arc of the shock curves, we may differentiate equation (2.14) with respect
to s so that

(00— fu) 0 = o) + 9u(u — u0) } = Zo{@ - g —wo) + fulo = w)}:
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Since
d_U_ s é_t_l'. 2+ @. 2.—-]_
ds| ds ds) 7
we have
du
- oi — gu)(u —ug) + fo(v—v
W _|%| - sxw (( = vo) + £ °)),' (2.18)
ds dv (05 = fu)(v — vo) + gu(u — uo)
ds
where
Ki(U) = ——— —

VG~ F0—0) + gu(n— )} + {01 — ) — w0) + fulv )}

Moreover, we have

% — FK(U) (o0~ M) (3 = Ya). (219)

Note that (2.18) and (2.19) are different signs.
From (2.9), (2.15), (2.17), (2.18) and (2.19), we see that the shock curves are described

by the following differential equations and the shock speeds satisfy the following equations:
(i) For U = (u,v) € S1(Uy),

) |
Ky (V) ((‘” T o) A ”°)) U £ Us,
av _ (o1 — fu)(v — o) + gu(u — up) (2.20)
ds —sen(dh-A) (1) o
| V1+ad! a1, R
i K1 (U)(o1 — A1)(o1 — A2) U # U,
'd—l ={ —dr,-m (2.21)
s —— U = Up.
21+ a?
(ii) For U = (u,v) € Sa(Uy),
Kol ((az — gu)(u — u) + fulv — vo)) U £ Us,
U _ (02 = fu)(v ~ v0) + gu(u ~ uo) O (222)
ds —sgn(di;-72) [ 1 U=U
\ V1+ ag az S
dos —K3(U)(oa — A1)(o2 — A2) U # U,
—Ci.;- = —dry-To U ="U,. (2'23)

24/ 1+ a.g



(iii) For U = (u,v) € St (Uy),

) (<al - g2)(2 - ) +fu(v—vo)) vl
av _ < (o1 = fu)(v — v0) + gu(u — uo)
S sgn(d/\l . ’f'l) 1 _
\ v31+ a§1 (al) U="Us,
- K1(U)(o1 = Mi)(o1 — A2) U # U,
——'l' = dT‘1 T1
d —_— =
S 2\/]?-.;._0,% U Uo.
(iv) For U = (u,v) € S3(Uo), ‘
' (02 — gu)(u — o) + fu(v — vo)
Ky(U U # Uy,
aUu 2(U) ((02 - fu)(v — v) + gulu — uO)) ’

B\ sgn(dng . 7
——-——-——-—-sgn( 2 Tz)(l) U = Uy,

L \/1'*’@2 a2

d —K3(U)(o2 — M) (o2 — A2) U # Uy,
g2

s Y Gr2-r2 U = Us.

21+ a?
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(2.24)

(2.25)

(2.26)

(2.27)

We are now in a position to state the main result on the existence of i-shock curves

and i-rarefaction shock curves and the stability condition for shock speeds.

Theorem 2.1. Let the system (1.1) satisfies (2.2), (2.6) and (2.7) in R?, and let w be a
fized vector of independent of U such that ry -w > 0 and r2 - w < 0 for all U. Then, for
any point Us = (ug, vo) in R2, there exist four globally defined curves S;(Us) and S;(Us),

i = 1,2, satisfying the following properties:
(i) For U = (u,v) € S1(Up)\Uo,

% = qm + G2 with o3 <0, B <0,
w - (U — Uo)< 0,
vV — Vo . ~ -
as < ay < — hi >0 if sgn(d); - 71) = sgn(dA; - 72),
— Ug
v— 1 . ~ A
a2 < % — <a if sgn(dA; - 71) # sgn(diz - 72),

d —
(” ”°)<o if sga(dh - 71) = sga(dhe - 72),

d/v—v
—( °)>o if sgn(dh, - 71) # sgn(dhs - 7a),

(2.28)
(2.29)

(2.30)

(2.31)
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d0'1
— <0, (2.32)
M(U) < 01(U; Up) < A1 (Uo), (2.33)
0'1(U; Uo) < /\g(U) (234)
(ii) For U = (u,v) € S2(Up)\Uo,
dU .
= = + Bary with ag < 0, B2 < 0, (2.35)
w- (U —Up)> 0, (2.36)
az < v:vo <ay, h2>0 if sgn(dA; - 71) = sgn(dA; - fy),
U” Uo (2.37)
-
0<—=<a<a, ha>0 if sgn(dh ) #sgn(dhs- ),
— Up

d/v—
( ”°)<o if sgn(dA; - 1) = sgn(dhs - 72),

ds\u—uo (2.38)
@(VZ%) 0 i sgn(dh -7 dhg - 7 |
T\a ) if sgn(dAy - 1) # sgn(dAz - 72),
dUz
—IS— < 0, ‘ (2.39)
)\Q(U) < OQ(U; Uo) < /\Q(Uo), (2.40)
)\1(U0) < 0’2(U; Uo) (241)
(iii) For U = (u,v) € St (Up)\Uo,
a _ . . L .
‘_d‘; = C!1T1 + 61T2 W]th al > 0, ,31 > 0, (2.42)
w- (U~-"Uy)>0, (2.43)
a3 < L < g1 hy >0 if sgn(dh -7) = sga(dAs - 7o),
U=t (2.44)
U — Up .
az < a; < T hy >0 if sgn(d); - 71) # sgn(dA; - 72),
— Ug
d/v-— Vo . . R
— >0 if sgn(d); - 71) = sgn(d); - 72),
ds\u—ug (2.45)
d[fv—v
Z(322) <0 sea(dns-7) # sgnda- )
d0'1
—_ 2.46
= >0 (2.46)
Al(Uo) < Ul(U; Uo) < Al(U), (2.47)

O'1(U; Uo) < /\Q(UQ). (2.48)
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(iv) For U = (u,v) € S5(Uo)\Vo,

%’g‘ = oyry + B2 with a5 >0, B; >0, (2.49)
w- (U —Up)<0, (2.50)
0<—2<ay<a, hy>0 i sgn(dhi-#1) = sgn(drs-Fa),
e (2.51)
—— v X
az < Z—- uc; <a Zf Sgn(dAl . 7‘:1) # Sgn(dAg : 7'2),

d —_
——(” ”°)> 0 if sga(dh - 1) = sea(dhe - ),
ds\u — ug

. (2.52)
E‘(v = vo) <0 if sgn(d; - 7)) # sgn(d)g - 72),
S\ U — Ug
5‘;—033 >0, (2.53)
/\2(UQ) < 0'2(U; Uo) < )\z(U), (254)
/\I(U) < 0'2(U; Uo) (255)

We note that inequalities (2.33) and (2.40) are the shock condition, and inequalities
(2.34) and (2.41) are the stability condition for shock speeds.

Remark 2.2. It should be noted that if sgn(dA; - 71) # sgn(dA; - 72), then the half-plane
condition (2.7) is satisfied, but if sgn(d);-7,) = sgn(dAz-73), then the half-plane condition
(2.7) is not always satisfied (see Example 4.3).

3 Proof of the theorem

In this section we shall give a proof of Theorem 2.1. Before proving the theorem, we
shall state a couple of preliminary results.

Using (2.2) we can easily prove the following result on the Hugoniot locus which is
defined by

HU) ={U|3c:0(U—-Us) =FU)~ FU)}.

Lemma 3.1. Let Uy = (uo, vo) and let the system (2.1) satisfies (2.2) in R?. We have the
following:
(i) For any v # vy, (uo,v) ¢ H(Uo).
(ii) For any u # uo, (u,v0) ¢ H(Uo).

The following result gives necessary conditions for the singular points of S;(Up) and
S:(UO)r i=1,2

Lemma 3.2. Let Uy = (uo,v) and let the system (2.1) satisfies (2.2) in R2. If for
U # Uy, the denominator of K;(U), i = 1,2, is zero, then o;(U; Up) = M (U) or X2(U).
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Proof. Let U = (u,v) # Up. Since the denominator of K;(U) is zero, we have
(0i — go)(u — ug) + fu(v — vo) = (0i — fu)(v — vo) + gu(u — uo) = 0.

This means that u = ug if and only if v = vp. Since u # ug by assumption, we have

V=T %= Gv _ Gu

u — U fo oi— fu

From this it follows that
(O'i - )\1)(0',' - )\2) = 0.

Thus, Lemma 3.2 is proved. O

By Lemma. 3.2, we see that the shock curves are defined and nonsingular except at
points where the shock speeds are equal to an eigenvalue of dF.

We now prove Theorem 2.1. The proof of Theorem 2.1 shall be given in four steps. In
the rest of this paper, we assume that conditions (2.2), (2.6) and (2.7) are satisfied.

Step 1. Let Uy = (uo,v) be a point in R2. We provisionally assume the following
conditions:

M) < o (U; Up) < A2(U) for U € S1(Uo)\ Vo, (3.1)
)\2(U) < O’z(U; Ug) for U € Sg(Uo)\Uo, (32)
o1(U; Up) < M (U) for U € S7(Us)\Uo, (3.3)
M(U) < 02(U; Up) < Ma(U) for U € Si(Us)\Uo. (3.4)

By Lemma 3.2, S;(Up) and S} (Up), i = i, 2 must either extend as a simple arc without
singularities to infinity or return eventually to Up. In this step, we show that conditions
(3.1)—(3.4) guarantee the global existence of S;(Us) and S} (Up), i = 1, 2.

Proposition 3.3. Let Up = (ug, vo) in R%. We have the following:

(i) If (3.1) holds, then there exists a globally defined curve S1(Up) satisfying (2.28)-(2.34)
for U = (u,v) € S1(Up)\UVo.

(ii) If (3.2) holds, then there erists a globally defined curve Sa(Up) satisfying (2.35)-(2.40)
for U = (u,v) € S3(Up)\Uo.-

(iii) If (3.3) holds, then there exists a globally defined curve Sy(Uo) satisfying (2.42)-(2.47)
for U = (u,v) € S;(Us)\Uo.

(iv) If (3.4) holds, then there exists a globally defined curve S3(Us) satisfying (2.49)-(2.55)
for U = (u,v) € S5(Up)\Us.

Proof. We only prove (i) and (ii), because (iii) and (iv) are proved by arguments similar
to those of (i) and (ii).
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We begin with the proof of (i). By Lemma 3.2, it is obvious that (2.32), (2.33) and
(2.34) hold for U € S1(Uy)\Uo. Moreover, by Lemma 3.1, it follows that

sgn(dX; - 71)(u — ug) < 0, sgn(dA; - 71)(v—1v0) <0 (3.5)

for U = (u,v) € S1(Uo)\Up.
The proofs of (2.30) and (2.31) are given in the following cases:

Case 1. sgn(d), - 71) = sgn(d\z - 72),
Case 2. sgn(d); - 71) # sgn(dAz - 72).
Inequalities (2.80) and (2.81) in Case 1: Since

d(11 _ ——sgn(d/\l . ‘F’l)bl _ —ldeF(rl,rl) <0
ds Uo \/1+a% \/1+a§1()\2—/\1) '
i (’U - 'Uo) _ ——sgn(d)\l . 'Fl)bl _ —lzsz(Tl,Tl) <0
ds \u—1u /|y, 24/1 + a? 2v/1+aZ(he—A)
. V—v
!}E?Jo u—tug a1(Uo),
we have
a < a; < ’U—’Uo, (36)
U — Ug
d fv—1g
—_ T
ds(u——uo><0 (3.7)

for U close to Up.
If inequality (3.6) is not true all along S;(Up), then there is the first point U, =
(u1,v1) # Up such that

U1 — Vo

al(U]_) =

U — Uy
We then have

| (01 = A2)(w1 — wo)
_E;. " = Kl(Ul) (al(;’l - ;2)(11.1 - ZO))
so that
-K(Uh)

i vV — Yo
ds \u — ug

However, since

U - (ul e UO)Q{al(al - A2)(u1 - U0)2 - 01(0'1 — Az)(ul — u0)2} = 0.

d
_q_l < 0,
ds Uy
we have
d [ v — 'l)o]
—1a1 — < 0.
ds u—ug] |y,

This implies a contradiction. Thus, inequality (3.6) is proved.
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Next, if inequality (3.7) is not true all along S:(Up), then there is the first point
Uy = (uy,v1) # Up such that
d (v— Vo
ds \u — Ug

= a; or ay. This contradicts to inequality (3.6) and the proof of

= 0.
U

(%1
‘We then have
Uy — Ug

(3.7) is complete.
Inequality h; > O follows from (3.5) and (3.6). Thus, (2.30) and (2.31) in Case 1 are

proved.
Inequalities (2.50) and (2.31) in Case 2: Since

_cgﬂ _ —sgn(dA; - #1)b _ ld?F(ry,71) >0
ds |y, \/1—+-a,§1 \/1+a§1()\2—/\1) ’
i(’u —vc,) _—sgn(dX; - F)by _ Ld*F(ry,m) >0
ds\u—1uo /|y, 2./1+a2 2/1+a2(d2 — A1) ’
. v —7Y _
Ul-l-x'lllfo U — Ug o al(UO)’
we have
az < v % < a1, (38)
U — U
d fv—1g
— 3.9
ds (u - uo> >0 (3.9)

for U close to Up.
If the right side of inequality (3.8) is not true all along S1(Us), then there is the first
point U; = (uy,v1) # Up such that

V1 — Y
al(Ul) = ui —u?)'

We then have
dU

= =—K(th) ( (01 — A2)(ur — uo) )

01(01 - )\2)(’“1 - uo)

Uy
so that

_C_i_ vV — vy
ds \u — ug

However, since

o {‘%{%{al(ﬁ = A2)(u1 — u0)* — ar(o1 — Ag)(wa — uo)z} =0.

day

—_ > 0,
ds |y,
we have
d v—vo]
—la; — > 0.
ds u—uo] |y,

This implies a contradiction. Thus, the right side of inequality (3.8) is proved.
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If the left side of inequality (3.8) is not true all along S;(Up), then there is the first
point U; = (u;,v;) # Up such that
V1 — Yo

aZ(Ul) =

Uy — Uo
We then have

ﬂ - — (o1 — A1) (w1 — uo) )
ds |y, = —Ki(h) (02(01 — A1) (u1 — uo)
so that
4 (” — "°) = 0.
ds \u— ug o8
. V=V
Noting that —— - =a10ra for U = (u,v) # Up such that
— Ug

dfv—w) _
c—ig(u—uo) =0

v — Yo _
R = ay(Uh). (3.10)

we see that

az(Uo) < al(Uo) <

However, since 2-rarefaction curves are convex, Up is outside R,(U;). Hence, Ra(Us)
intersects the line jointing Uy and U, at Uy, as in Figure 1, so that

Y1~ % < az(Uo).

Uiy — YUp
This contradicts to inequality (3.10) and the proof of (3.8) is complete.

Ra(Uy)

- R2(Uo)

u
Ui
v
Uo
| / u
The situation for sgn(dA; - f'1)=1. The situation for sgn(dA; - f1)=-1.

Figure 1: The figure where Ry(Up) intersects the line jointing Uy and U, at Us.
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Next, if inequality (3.9) is not true all along S;(Up), then there is the first point
Uy = (u1,v1) # Up such that

d [fv—
a ( Vo ) —o.
ds \u — ug U
U —
We then have ul ZO = a; or a;. This contradicts to inequality (3.8) and the proof of
1 — Up

(3.9) is complete. Thus, (2.30) and (2.31) in Case 2 are proved.

Now, we prove (2.28) and (2.29). Since

E:g Iy = —sgn(dA; - #1)K1(U) (A2 — 01){a2(u — ug) — (v —vg)} <0,
Eg -l = —sgn(dA; - F2) Ky(U) (o1 — M) {a1(u — uo) — (v —w)} <0,
we see that
% =71 + Gire with oy <0, £ < 0.

Hence, (2.28) is proved. Moreover, by differentiating (2.13) with respect to s, we have

d0'1

dU
— U= Uo) (dF — o1I)——

so that

'L‘izl'(U Up) = (dF — o1 [)(oary + Bire) = (A, — 01)T1 + B1(Ag — o1)72.

Therefore, for w satisfying w-r; > 0 and w - r; < 0, it follows from (2.28), (2.32), (2.33)
and (2.34) that

Hence, (2.29) is proved.
Finally, it follows from (2.28) that S1(Up) cannot return to Up. Thus, S$;(Up) is a
simple arc extending from Up to infinity.

We next proceed to prove (ii). By Lemma 3.2, it is obvious that (2.39) and (2.40)
hold for U € S2(Up)\Us. Moreover, by Lemma 3.1, it follows that

sgn(dAs - 72)(u — ug) < 0, sgn(dAg-72)(v—1g) <0 (3.11)

for U = (u,v) € S2(Up)\Us.

The proofs of (2.37) and (2.38) are given in the cases of sgn(d\; - #1) = sgn(dAs - 72)
and sgn(d\; - #1) # sgn(dAs - 72). The proofs are only given in the case of sgn(d\, - #,) =
sgn(d); - 73), because the proof in the case of sgn(d\; - 71) # sgn(dAz - 72) is similar to
those of (2.30) and (2.31) in the case of sgn(dA; - 71) = sgn(dA; - 7).
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If sgn(dA; - #1) = sgn(dA; - 72), then we have

Ei—a_z _ —sgn(d)\g . ’f'z)bz _ —llsz(Tz, T'g) <0
ds |y, V1i+al Vitaie—A)
d (’U - ’Uo) _ —sgn(d/\g . ’Fg)bg _ —l1d2F(T2,T2) <0
ds \u— o/ |y, 24/1 + a? 2/1+a2(hz = A1)
. V— Vo —
UILD?JO U —Ug a2(Uo)
so that
a; < Yo%« ai, (3.12)
U — U
i‘—(”—”") <0 (3.13)
ds \u — ug

for U close to Uy.
If the left side of inequality (3.12) is not true all along S2(Up), then there is the first
point U; = (uy,v1) # Up such that

az(Uh) = Zi ::):)
We then have |
%—Z— o = —K,(U1) (agtz;z—_A;\)lg?;l—_uzzD
so that
—K,(Uh)

= ———{a2(02 - A)(w ~ u0)2 — ag(oy — M) (w1 — U0)2} = 0.

Uy (u1 — up)?

i v — Vg
ds \u — ug

However, since

daz

ds

U

we have

< 0.

i 4 — v — Y
ds| * u-— Ug
This implies a contradiction. Thus, the left side of inequality (3.12) is proved.

If the right side of inequality (3.12) is not true all along S2(Up), then there is the first
point U; = (u1,v;) # Up such that

U

U1 — Yo
Uy —'U.o'

al(Ul) =
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We then have
dU

ds ai(oz — A2)(u1 — uo)

d [v—1
ds \u — ug
Noting that bt ° — ay or as for U = (u,v) # Up such that

U — U
d vV —1
_CZ;(U-—U(;) —0,

- < a2(Us) < a1(Up)-

= —K(UY) ( (g2 — A2)(u1 — o) )

U
so that

n

we see that

vy — Vo
a1(Uh) = ul
=

By the continuous dependence of Sz(Uo) there exists a point U € Sa(Up) such that
a1(U) = az(Up). This contradicts to the half-plane condition (2.7) and the proof of (3.12)

is complete.
Next, if inequality (3.13) is not true all along S3(Uj,), then there is the first point

U1 = (Ul, 'Ul) ?-L- Ug such that
d (i 73}
ds \u—ug

= a; or ag. This contradicts to inequality (3.12) and the proof of

U1

V1 — o

We then have
Uy — Ug

(3.13) is complete
By (3.11) and (3.12) it is easy to check that h; > 0. Thus, (2.37) and (2.38) are

proved.

Now, we prove (2.35) and (2.36). Since

dU .
-a——- = sgn(d)\l . Tl)Kz(U)(/\z - 0'2){a2(u - ’UQ) - ('U - 'Uo)} <0,
au
“'C'l—— cly = sgn(d)\g TQ)KQ(U)(O'Q - Al){al(u - ‘UQ) (U - ’Uo)} <0,
we see that
daUu .
-a; = g7y + Bare Wwith ay < 0, 5 < 0.

Hence, (2.35) is proved. Moreover, from (2.35) and (2.38), we see that Sz(Up) lies on the
outside of Ry(Up) and is starlike with respect to Up so that

w (U - Uo) > 0.
Hence, (2.36) is proved.

Finally, it follows from (2.35) that S»(Up) cannot return to Up. Thus, Sy(Up) is a
simple arc extending from Uj to infinity. . O
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Step 2. In this step we shall prove (3.2) and (3.3). Because of Proposition 3.3, it is
sufficient to prove the existence of S2(Us) and St (Vo).
We only prove (3.2), because (3.3) is proved by arguments similar to the proof of (3.2).
Let U = (u,v) € S2(Up)\Up. Since

1dA;

U0-2ds

d0’2

ds

b
Uo

it is obvious that (3.2) holds for U close to Up. If this inequality is not true all along
S(Uy), then there is the first point Uy = (u1,v1) # Up such that 02(U; Up) = A2(Uh).
V1 — Vo

Then, by the dependence of S2(Up), we see that Py—— < a1 (Uh).
1~ Ug
(L a,(U,), then we can define K3(U;) so that
Uy — U
doa\ _ o,
ds |y,
Since
au 1
ds o = {fu(‘Ul —vg) + (A2 — gu)(u1 — Uo)}Kz(U1) (az) )
we have
dX, .
—| =sea(dr:- 72){ fo(vr — vo) + (A2 — gu) (w1 — uo) } Ka(U1) DAa - T2, < 0.
U

From this it follows that

d
5{0’2 - A2}|U1 < 0.

This implies a contradiction.

-
If ::1 uo = a;(U;), then we have sgn(d\; - 71) = sgn(dA, - 72). Therefore, we see that
1— Uo
v — v
al(Ul) = 9 < az(Uo) < a]_(Uo).
Uu; — Uo

By the continuous dependence of S3(Up), there exists a point U e S2(Up) such that
a1(U) = az(Up). This contradicts to the half-plane condition (2.7) and the proof of (3.2)
is complete.

Step 3. In Step 1 and Step 2, it is shown that there exist globally defined curves Sy(Up)
and S:(U,) satisfying (2.35)-(2.40) and (2.42)~(2.47), respectively. In this step, we shall
prove the stability conditions (2.41) and (2.48). The key is the continuous dependence on
initial points and the geometric properties of the shock curves.

To prove (2.41) and (2.48), we need the following result:
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Lemma 3.4. Let Uy = (ug,v) in R2. We have the following:
(i) For U, € S;(Up)\Us, S2(Ui) does not intersect Sy(Up).
(i) For Uy € S2(Uo)\Uo, St(U1) does not intersect St (Up).

Proof. Without loss of generality, we may suppose that sgn(d); - #,) = 1. We only prove
(i), because (ii) is proved by arguments similar to the proof of (i).

Let U, € S7(Uo)\Us and suppose that S;(U) intersects So(Up) at Us = (uz,v2). By
the Rankine-Hugoniot condition, we have

o011(Uy = Up) = F(Ur) — F(U),
o21(Uz — Up) = F(Us) — F(Uy),
0'22(U2 ot Ul) = F(U2) - F(Ul),

where 01; = 01(U1; Up), 021 = 02(Ua; Up) and oag = 02(Us; Up). Therefore, we have
(021 — 011)(Ua — Up) + (011 — 022)(Us — Uh) = 0. (3.14)
Since thé vectors U, — Uy and U; — U, are linearly independent, this means that
011 = 012 = O22.

Next, if for U = (@;,%;) € Sp(Up) with @y > uy, Sa(0h) intersects Sq(Up) at Up =
(T2, T2), then 01(U1; Up) = 02(Uz; Up). From (2.36), (2.39), (2.43) and (2.46), it follows
that S»(U;) does not intersect S3(Up) for Uy = (i, 7)) € St (Up) with sufficiently large
Uy > u; (see Figure 2). '

Si(Uo)

| S2(01)

Sz(U
//-zv'%jsz(Uo)

The situation for sgn(dA2 - 2)=1. The situation for sgn(d\z * f2)=-1.

Figure 2: The situation for sufficiently large 4, > u;.

Therefore, we see that there exist Uy = (,9,) € S1(Us) and Ut = (u14, v14) € S7(Uo)
close to U; with #; < . satisfying the following: Si(U1) intersects S2(Us) at U and
S2(U1.) does not intersect S3(Up). By the continuous dependence of shock curves on
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initial points, we then see that there exists Us. € S2(Up) such that o113 = o091 where
o11 = 01(U1s; Up) and 031 = 02(Uas; Up), and S2(Uta) intersects S1(Ua.) at some U,, as in
Figure 3. Here we used the fact that oy (Uy; Up) = 02(Uz; Us)-

The situation for sgn(dA3 - r2)=1. The situation for sgn(dA2 * r9)=-1.

Figure 3: The figure where S;(Us.) intersects S7(Us.) at U.,.

By the Rankine-Hugoniot condition, we have

0'12(U,.. - Uz,.) = F(U.) - F(Uza),
0'22(U. - Ul-x) = F(Ut) - F(Ult)’
011(U1. - Uz‘) = F(Ul:«) - F(U2t),

where 015 = 01(U,; Usa.) and ga3 = 02(U.,; Ur.). Therefore, it follows that
(022 — o11)(Us — Ura) + (011 — 012) (Us = Uae) = 0. (3.15)
Since the vectors U, — U;, and U, — U,, are linearly independent, this means that
011 = 012 = 021 = 022.
However, because of (2.40) and (2.47), we have
AMUz) < 012 < AL(Us) < Aa(Us) < 022 < Ag(ULa).
This is a contradiction. Therefore, it is proved that S} (U;) does not intersect S}(Up). O

By using Lemma 3.4, we can prove (2.41) and (2.48). Without loss of generality, we
may suppose that sgn(d)\; - #,) = 1. We only prove (2.41), because (2.48) is proved by
arguments similar to the proof of (2.41).

Because of A\ (Ug) < A2(Up) = 02(Us; Up), we have A\ (Up) < 02(U; Up) for U close to
Us. Suppose that (2.41) is not true all along S2(Up) and let U be the first point such that
c2(U; Up) = A (Up). It follows from (2.39) and (2.46) that there exist Uy = (u,v1) €
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S3(Up) and U; = (uz,v2) € S2(Up) close to U such that o1, = 021 where oy, = 01(Uy; Up)
and g9 = 09(Us; Up), with ug < u;. By Lemma 3.4 and the continuous dependence of
shock curves on initial points, we see that S;(U;) intersects S;(U;) at some U,, as in
Figure 4.

Si(Uo)

The situation for sgn(dA2 - ro)=1. The situation for sgn(dAz * T2)=-1.

Figure 4: The figure where S(U;) intersects St(Uz) at U,.

By the Rankine-Hugoniot condition, we have

012(Us — U3) = F(U,) — F(Us),
o22(U. — Uy) = F(U,) — F(Uy),
on(Ur — U2); = F(Uh) — F(Uz),

where 012 = 01(U,;Uz) and o2 = 02(U,; U1). Therefore, it follows that
(022 — 011)(Us — Uy) + (011 — 012) (U — Us) = 0. (3.16)
Since the vectors U, — U; and U, — U are linearly independent, this means that
J11 = 012 = 021 = 022.

This implies a contradiction and the proof of (2.41) is complete.

Step 4. In this step, we shall prove (3.1) and (3.4). Because of Proposition 3.3, it is
sufficient to prove the statements for S;(Up) and S3(Up) in Theorem 2.1.

The key to prove (3.1) and (3.4) is the following lemma which represents “the reci-
procity relationship” between shock curves and rarefaction shock curves (cf. (8]).
Lemma 3.5. Let Uy = (ug, vo) in R%. We have the following:

(i) If (3.1) holds, then U € S1(Ug)\Up implies U € Sy (U).
(ii) If (3.4) holds, then U € S3(Up)\Up implies Uy € So(U).
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Proof. Without loss of generality, we may suppose that sgn(d); - 71) = 1. We only prove
(i), because (ii) is proved by arguments similar to the proof of (i).

Let U € S1(Up)\Up. We first show that S}(U) does not intersect S1(Us). To this end,
suppose that S:(U) intersects S;(Up) at Uy # Us. By the Rankine-Hugoniot condition,
we have

on(U = Up) = F(U) — F(Uy),

0’12(U1 - Uo) = F(U]_) - F(UO),

0‘13(U1 - U) = F(Ul) - F(U),
where o1, = o1(U; Up), 12 = 01(Uy; Up) and 013 = 01(Us; U). Therefore, it follows that

(011 — o13)(U — Up) + (013 — o12)(Uh — Us) = 0. (3.17)
Because of (2.31), the vectors U — Uy and Uy — Uy are linearly independent. This means
that
011 = 012 = 013.

But this contradicts to the fact that 011 < o12.

Now, suppose that (i) is not true all along S;(Up). Since it is known (cf. [8] and [9])
that S;(U) passes through Uy for U close to Up, we then see that there exists a point
U, € S1(Up) such that S}(U.) does not pass through Us. From property (2.28) and the
fact that S;(U.) does not intersect Si(Up), it follows that St(U.) intersects Sz(Up) at
U, # Uy (see Figure 5).

S1(Uo)

The situation for sgn(dA2 + T 2)=1. The situation for sgn(dA3 * ?2)= -1.

Figure 5: The figure where S;(U.) intersects S2(Up) at Us.

By the Rankine-Hugoniot condition, we have
o11(U. = Uo) = F(U.) — F(Uy),
o12(U2 = U,) = F(U2) — F(U,),
o1 (Uz — Uy) = F(Uz) — F(Us),
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where 011 = 01(Us; Up), 012 = 01(Uz; U,) and a1 = 02(Us; Up). Therefore, we obtain
(012 — o )(Us = Uz) + (011 — 021)(Up — U2) = 0. (3.18)
Since the vectors U, — U, and Uy — U, are linearly independent, this means that
011 = 012 = 021.
But this contradicts to the fact that 012 < A (Uz) < A2(Uz) < 091- Thus, (i) is proved. O

By using Lemma 3.5, we can prove (3.1) and (3.4). We only prove (3.1), because (3.4)
is proved by arguments similar to the proof of (3.1).

Suppose that the left side of inequality (3.1) does not hold. Since A\, (U) < 01(U; ) <
A2(U) for U close to Uy, we then see that there exists the first point Uy € 81(Up) such
that o, (Uy; Us) = A1 (U;). By Lemma 3.5 and the continuous dependence of shock curves
on initial points, we find that Uy € S;(U;) and hence

o1(Ur; Uo)(Ur — Up) = F(Ur) — F(Us),
o1(Uo; Ur)(Up — Uy) = F(Up) — F(Uy),

where o, (Uy; Up) and o1 (Uyp; Uy) denote the shock speeds for U; € S;(Up) and Uy € S§(UL),
respectively. This means that

01(Uy; Uo) = o1(Ug; Ur) = AL(Uh).

This contradicts to the left side of inequality A\, (Uy) < o1(Up; Uh) in (2.47).

Next, suppose that the right side of inequality (3.1) does not hold. Since A\ (U) <
o1 (U;Us) < A2(U) for U close to Uy, we then see that there exists the first point U; €
S1(Up) such that o,(Us; Up) = A2(U;). By Lemma 3.5 and the continuous dependence of
shock curves on initial points, we find that Uy € S;(U,) such that o,(Up; Uy) = A(U1).
By (2.48) we have o1(Up; U1) < A2(U;). This is a contradiction and the proof of (3.1) is
complete. The main result of this paper, Theorem 2.1, is now fully proved.

4 Examples

In this section, we give a few examples of 2 x 2 hyperbolic systems of conservation laws
in which condition (2.6) is satisfied.

Example 4.1. The following example corresponds to the case sgn(d\; -7,) = sgn(da-72).
Consider the hyperbolic system

u+ (ut+e?) =0, v+ (u+2e7")_ =0. (4.1)

The Fréchet derivative dF' has real and distinct eigenvalues such that —c0 < A; < 0,
% < A2 < 1. The corresponding right and left eigenvectors are

1= (1,—€e"(A\1 — 1))}, ra=(1,—€"(A2— 1)),

Iy = (—e”()\l + 28—0), 1), Iy = (Cv(Az + 28-_”), 1)
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It is easy to check that

(- DEA-D) L
dAt T = A"—AJ >01 z?é]l

so that the genuine nonlinearity condition (2.3) is satisfied. Also we easily check that
ljd2F(7‘,',7‘i) = iez")\j()\i - 1)2 >0, @ # 7

with the upper sign for i = 1 and the lower sign for ¢ = 2, so that the Smoller-Johnson
condition (2.4) is satisfied. Moreover, since

—e’(Ay —1) <2< —€e"(A\ — 1),

the half-plane condition (2.7) is satisfied. The geometry of shock curves is illustrated in
Figure 6.

S1(Uo)

Figure 6: The geometry of shock curves in system (4.1).

Example 4.2. The following example corresponds to the case sgn(dA; -7;) # sgn(dAz-72).
Consider the hyperbolic system

u + (—v), =0, v+ (u+2e""~2v) =0 (4.2)

The Fréchet derivative dF has real and distinct eigenvalues such that —oo < A; < A2 < 0.
The corresponding right and left eigenvectors are

ri=(L=A)" ra=(=1,A)5 h=(1), b= (A1)

It is easy to check that the genuine nonlinearity condition (2.3) is satisfied. Also we easily
check that

ljsz(Ti, 7‘,') = 26—v)\? >0, 72# 7.

Thus, the Smoller-Johnson condition (2.4) is satisfied. It is obvious that the half-plane
condition (2.7) is satisfied. Shock curves S;(Up) are not monotonic with respect to u and
the geometry of shock curves is illustrated in Figure 7.
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Figure 7: The geometry of shock curves in system (4.2).

Example 4.3. The following example corresponds to the case in which sgn(d), - #;) =
sgn(d); - 73) and the half-plane condition (2.7) is not satisfied. Consider the hyperbolic
system

u + (u+4ef —v)_ =0, v+ (e*)_ =0. (4.3)
The Fréchet derivative dF' has real and distinct eigenvalues such that 0 < A\; < A3 < oco.
The corresponding right and left eigenvectors are

ri=(LA)" ra=(LA)" b= (=A,1), la= (s, —1).
It is easy to check that the genuine nonlinearity condition (2.3) is satisfied. Also we easily
check that
LAPF (i, 1) = Aj(e% — X)) >0, i#j.

Thus, the Smoller-Johnson condition (2.4) is satisfied. It is easy to check that the half-
plane condition (2.7) is not satisfied. Shock curves originating at O = (0,0) form a loop
and the geometry is illustrated in Figure 8.

v

S2(0)

u

S1(0)

Figure 8: The geometry of shock curves in system (4.3).
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