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On instant blow-up for quasilinear parabolic
equations with growing initial data
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We are interested in the existence of the solutions of the parabolic equa-
tions with initial data which are not bounded at space infinity.

In [4] Giga and the author considered a nonnegative blowing up solution
of the semilinear parabolic equation of the form

u = Au+ f(u), z€RN, t>0

with nonlinear terms f and nonnegative initial data ug satisfying that f is
positive, nondecreasing and convex in (0,00), [ ds/f(s) < co and there

are sequences {z,} C R" and {r.} € R, with lim, , |Z.] = oo and
lim, o ™» = 0 such that

T )

with b, = inf{uo(z) : |z — z,| < r,}. They showed that the solutions do not
exist even locally in time.

We consider the initial value problem for a quasilinear parabolic equation
of the form

is small enough

u=Aum+uP, x€RN te(0,T), (1)
u(z,0) = uo(z), z€RV.

Here we assume that V > 1,1 < m < p.
We are interested in the problem whether there is a local-in-time solution

of (1) when an initial datum u, is continuous and grows at the space infinity,
for example lim|g,00 uo(z) = o0.
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We consider the weak solution u in RN x [0,7) of (1) such that u €
C(R"x [0,7)) for each 7 € (0,T), and for any bounded domain 2 € R" with
smooth boundary 09, 0 < 7 < T and nonnegative ¢(z,t) € C>(Q x [0,T))
which vanishes on the boundary 02,

/Q w(z, 7)b(z, 7)dz — / w(z,0)6(z, 0)dz

Q

_ /0 ’ /Q (4B, + u"Ad + wPpydrdt — /0 ’ /a _umd,gdSdt, (2

where v denote the outer unit normal to the boundary. Note that the solu-
tion of (1) may be nonunique. Define T* = T*(ug) as the supremum of all
existence times of these solutions.

In this paper we shall prove that 7* = 0 when the initial data wug is
growing at the space infinity. In other words there is even no local-in-time
solution such that for any 7 > 0 the weak solution does not exist for t € (0, 7).
We say this phenomenon 7™ = 0 an instant blow-up. We are able to prove
that the instant blow-up occurs for more general initial data ug.

Theorem. Assume that uo € C(R”) is nonnegative. Assume that there
are sequences {T,}2, C RN and {r,}3, C R, with lim,_, |Z,| = co0 and
lim, oo n = 0 such that

™ | =

lim r2pP~™ >
n—>00 n-n

(3)

for some ¢ € (0,1/c), where b, = inf{ug(z) : |z — z,| < rn} and ¢ > 0 is the
first eigenvalue of —A in a unit ball with the Dirichlet boundary condition.
Then T* = 0, i.e., the instant blow-up occurs provided that only nonnegative
solutions are considered.

The proof of Theorem depends on a classical Kaplan’s argument [6] to
show the existence of blow-up which uses principal eigenfunctions of the
Laplace operator with the Dirichlet condition.

In [1] among other results there is one about a sufficient condition on
initial data for nonexistence of a local-in-time nonnegative solution for u; =
Au™+uP/(1+|z|)* withm > 1, p > 1 and o € R. In the case of o = 0 the
condition leads

sup / up(y)dy = oo. (4)
zeR™ J B(z,1)

In [1] this is explicitly mentioned for 1 < p < m+2/N. However, their proof
is still valid for all p > 1. By the way their main interest is the existence of
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solution; for example they proved the local existence when

sup / uo(y)dy < oo
zeRN J B(z,1)

for 1 < p < m+ 2/N. The condition (3) is not included in the condition
of their result for p > m + 2/N. In fact, if wg > b, on B(z,,7,), then
lim,_,00 b,7Y = o0 is a sufficient condition for (4) (not a necessary condition).
Our condition leads lim,_,o, 7262~™ is large enough. This shows that our
condition for p > m + 2/N is not included in their condition.

In [1] they also prove the local existence for p > m +2/N when u, fulfills

sup f ug(y)dy < oo
zeR™ J B(z,1)

for some ¢ > N(p — m)/2. In our nonexistence result ug satisfies

. . ——9_ N-2L
sup / ug(y)dy = lim wd(y)dy = lim €77 =r, 77 =00
zeR" B(Z,l) n—oo B(In,l) n—oo

for any ¢ > N(p — m)/2, where € is used in (3).

In [4] Theorem was proved in the case m = 1. They studied the instant
blow-up by using not only the eigenfunction method in [6] same as this paper
but also the energy method in [7] and [2].

In the rest of the paper Theorem will be proved by using the Kaplan’s
argument [6].

Lemma. (c.f. [3, Lemma 4.2]) Let v be the solution of the integral equation
of the form

v(t) — v(0) = /0 h(v(s))ds (5)

in [0, To) with h satisfying h € C'[0,00) and k' > 0. Let ¥ be a nonnegative
measurable function on [0,Ty). Assume that U satisfies

(t) — 0(te) = (L) /tt h(v(s))(s)ds for to,t€[0,Ty) with to<t. (6)

Assume that 9(0) > (<)v(0). Then

o(t) = (L)v(t) for te€]0,Tp).
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Proof. We shall only prove the case o(t) — 9(tg) > f UP(s)ds since the proof

of the other case is parallel. Since #(0) > v(0), the estimate (6) together
with (5) yields

i) - o) > [ (h(B(s)) — h(v(s)))ds.

By the mean value theorem we observe that

5(t) — v(t) 2 / e(s) (6(s) — v(s)) ds

where

c(s) = /0 h' (Bu(s) + (1 — 0)v(s)) db.

We set 9 (t) = 9(t) — v(t) + € with € > 0, and observe that 1(¢) satisfies

Ye 2> /Ot c(s)we(s)ds + € (1 - /Ot c(s)ds) .

t 1
t; = sup {t > 0;/ c(s)ds < 5}.
0

Then, for t € [0, ;] we have

We set

0l) 2 [ eleppels)ds + 5. )

We shall argue by contradiction to prove 1).(t) > 0. Suppose that 1.(¢) < 0
for some t € [0,¢,]. Then ¥(7) = 0 for

7 = inf {t € [0, 1]); ¥ < 0}. (8)

This 7 must be positive. Indeed, since ¥ is nondecreasing by (6) and v is
continuous, 1¢(0) > € implies 7 > 0.

Since [ c(s)ye(s)ds = 0 and (8) imply (1) < 0, we get a contradiction
by (7). We thus proved that

Ye(t) 2 0.

Since this holds for all € > 0, we get ©(t) > v(t) for t € [0,t1]. (If 3(¢) < v(¢)
for some t, there exist ¢ > 0 such that ¢, < 0 for such ¢.)
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Next, since ©(t) > v(t) for ¢t € [0,t;], we observe that

Ye 2 /tlt c(s)e(s)ds + € (1 - /t; c(s)ds) .
to = sup {t > to; /tlt c(s)ds < %}

Ve > /t c(s)we(s)ds+§

We set

and observe that

for t € [t1, t2]. By the same argument one can prove ¢ > 0 for all € > 0, and
ﬁ(t) Z ’U(t) fort € [tl,tz].
We repeat this argument and conclude that

3(t) = v(t)

for all t € [0,Tp). By the same argument, we find if

t
3(t) — (k) < f #(s)ds for tot€[0,Ty) with to<t,

to

then
o(t) <wv(t) for te€0,Tp).

O

Proof of Theorem. Let {r,}52,, {zn}32, and {b,};2, be as in Theorem sat-
isfying (3). Set A, > 0 denote the principal eigenvalue of —A with Dirichlet
problem in B(0,r,), and let ¢n(z) > O denote the corresponding positive
eigenfunction normalized by [ B(0,ra) odn(z)dr = 1. By scaling it is easy to
observe that

An = — (9)
with ¢ defined in Theorem. Define

Go(t) = /B el — an)d
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Let vp(z) denote the outward unit normal to B(0,r,) at = € dB(0,r,). By

(2) and the fact that ¢, = 0 and 0¢,/0v, < 0 on 8B(0,r,) with the unit
normal vector v,, we obtain

Gn(t) = G,(0) +/0 /B( )(~)\num(:c, s)é(z) + uP(z, s)p(x))dzds.

Put

.
__/\nsm + Sp, s (mAn)P m ,
hn(s) = _P_ P 1 (10)

A, (m’\")”'m n (m’\"y_m 0<s< (mA")p'm ,
p D D

similarly as in [5]. Since h,, is convex, we obtain
t
Galt) 2 Ga(0) + [ ha(Gu(s))ds. (1)
0

v

IA

by Jensen’s inequality. Let us consider the system of ordinary differential
equations

;(t) = hn(gn t) ,
{ gn(O) = G,f€0)( 2) by, (12)

Define Ty, = sup{t > 0: g,(t) < oo} and T, = sup{t > 0: G,(t) < oo}.
Since g, satisfies

onlt) = 9n(0) + [ (g (s))ds,

and from Lemma, we obtain G, > ¢, and T, > Tg,,.
Consider the solutions of (1) with the initial data b,. The maximal exis-
tence times of the solutions denoted by 7*(b,) is estimated as
T*(b,) = —,
(br) . &

Note that lim,_e T*(b,) = 0. From (3) we may assume that there exist
ng = 0 such that

g <€

n
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for n > ngy and € € (0,1/c). From (9) we see that
Anbt < ceb?,
and
A€ < ce€? | (13)

for £ > b, and n > ng. Since b, > (M, /p)Y/®P~™ by (13), we have

o oo d
T, = dé _/,, 3

b hn(€)  Jb, —AnE™+EP
for n > ng by (13). Thus we see that
T*(b,) S dE/€P o dE/€P

PR o T W Rl iy (RS v S

for n > ng. Thus we obtain

*(b
lim L0n) >1—ce>0.
m~00 gn
Noting that lim,_,., T*(b,) = 0, we see that lim,_, T,, = 0. Again we get
Tg, — 0 as n — co. By the definition of the weak solution we have T™* = 0.
O
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