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Functional independence and randomness of
L-tunctions

4 #55L3C (Hirofumi Nagoshi), FEEX

1. iIXL®IZ

AF&Tid. Dirichlet &= bDH 527 T Rizwt LT, BEOHFOBEI S, H
DM EE 5 2 D, Dirichlet #R¥ 7= b DI OFZRIL. T2~ 23 1900
S0 Hilbert DFBENLIEE ST L D TH B, S TIIMELRFERH B, &K
e TiX, Voronin iZ X » THE S HESHFDOBENLDOFREERFE S,

LEBEZAOLBEKEZLERANTRDLT LW EEBE-LRH S, AN
FlE LT, ZRE/QDFTFX b - P—FBENY) —< o - P— KL
& % Dirichlet LBABOBTEITALWVWIRBRELD D, (X-Tohix, %I
Theorem 1 THRRD X 5 RMIIENRR Y LRI E 2o TWSE,) —F T,
BEMICE > T [LE%=S (%2, GL(n)/Q (n =1,2,...) @ cuspidal 721&
RRBICT 2 LEKED) 25, VMY - SUFAIERES] v 5 R
COBMRIL, $hx 2FEIC (implicitly (2) B b, 4 TIRAHFHRADRERETH S
large sieve (® Dirichlet L B¥ 7= b 2> 7-FEB). £7- SL(2,Z) DA k
NWEBR TN 6E LS large sieve OFRERITIZF D L 5 RBEKEH
A5 L, BT T v FA1T75ERE LBEOKE OB Y IOV TDk
BRIFFRERPBONTND (7L, BEVIZMSE E WS IEBNEFEET 5 —F
T, (OB LHL2E VO RELHFEET D),

2. ¥ I

1900 #1238 ) THRE S N7 ERKFE B T, Hilbert B H 4 2HE (23
BOMBEOHEE) 21To772d, £E0OHRT, V—<r - B—FBEEK{(s) I
T. algebraic-differential independence over C(s) 23k D 3>, F72db b,

P(5,¢(5),¢M(s),-..,¢™M(s)) =0

D s I DOWTHEEMIZHKIIOX IR M + 2 BEEDELEA P ixFLEKXLU
SUTIZZR, LW D T L BRATZ, (72720, Hilbert ®BBKIZ, Bz L W
FSBRIV B, ((s) BDREMIRE FERNDEBRIZRD 250 E 50, T4b
B ((s) BED L S REWRT BEH) NE I, EWVOIBRPLIESELD
T3 5,) Hilbert ®FEEAIZ., F < EFED X 5 72 algebraic-differential
independence over C(s) & V> Holder DFER (1887 £E) & ((s) DRI ERX %
ES>-FEEBAToH o7-, E£7-. Hilbert IZZFDEET, »5—MLIN-FEE
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N L7225, £ 30T Ostrowski [Os] 12 &> T (B/A~UL Mz L A SEDEEHE &
(TRIDFEAFEICEL D) S 5ich o & —#RIRF TR ST,
LFEOMSIEIL, Dirichlet #3% D(s) % —2>B->TETEEL, D(s) & %
7 derivatives 72 D™ (s)(n = 1,2,...) Ik 3 MIMETH o728, BE D
<o o EBIREV DI, BEMED Dirichlet #¥7= b, %2 L B/~ H %>
TET, Thn (EZNDHD derivatives) BT THE0EVWIBEBETH S
Do ZOXDRRBICK T2 H MBI 2R L LT, Artin [Ar] (see also [Ni])
(K DRDEREH B, HER®R A a 7THLR K/@ S PN X1y -+ Xr A
7 # Gal(K/Q) ® irreducible characters & 3% & & Artin i%. Artin L B9%
=5 L(s,x1,K/Q), ..., L(s, xr, K/Q) iZ% L T multiplicative independence.

Thbb,
L(s, x1, K/Q)™ --- L(s, xr, K/Q)™ =1

s I DOWTIEEMIZER Y SIOmy, ..., m, € ZiX my =+ =m, = 0 LUISIZ
RV, WS ZEERLE,

3. BB 11

1973 FEERIZ 72 5 T Voronin iZ & - T. Section 2 TiR-~<7~ Hilbert Dt R IZ
Xt LT ((s) DIEZHFOBENLDBEFERSIE LN, FRICET3 2 &%
Tz 3,

EHoNo>1ThdLE, FEOEKLtIZH LT,

O

1
Z o+it <
n

n=1

oo

1

o
n=1 n

(3.1) [¢(o +it)] =

LRVFELTY X S TR TDDT, ((s) DRes = o LDOELME {((o +
it) |t € R} I, BEY 2 - OAWEIZA EIZINE Y C T dense TIX7A2VY,

L7%>L 1914 %2 Bohr & Courant [BC] 25, 0 & 1/2 <0 <1 & 725
THLE, ((s) DRes =0 LDELE

(3.2) - {C(c+it) e C |t e R}

12 C Tdense ThD, EVV5 T & HHEH LA, (BRKIC{C(1/2+it) |t € R}
23C Tdense THAHME I NTE THLREBRTHD,)

£ D% 1972 1272 - T, Voronin [V1] 23, Bohr D7 A F 7 DIz Bk AR
FHIRBEELZEATEIZLREIZED, 0% 1/2<0<1ERDEKELM
TEREETHE X,

{(¢(o+it), ¢ (o +it),...,¢ M (0 +it)) € CM* |t € R}

AS CM*! Tdense ThHD., &5 T L &AL,
Z DFEREE ST, Voronin (X {(s) & %D derivatives iZX¥3 5 & 2 M7tk
ZIRLTIER, ENEBRRDLTDICRDEREE R D,
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Definition 1. (functional independence DEZE) g1(s), ..., g-(s) B function-
ally independent TH D LIX, RO ENRKVIIHDZ L ETB: mEBEEDOH
REETDH, bLLERBEKF,... F,:C" - C »

Z Ska(gl(*S)’ e agr(s)> =0

Z (HDOMEKT) siCOWTIEEMICH A T261IE, §XTD0<k<mT
F, 3EEMIC0THIEHETH B,

Voronin [V2] [KV, p.254] iZ. £ denseness result (JiZoc & LTo=1D
LT THETHLH) 1o EBEDBRE M I LT(s),¢V(s),...,(M)(s)
2 functionally independent T&» 2 Z & ZFEBA L7z, Z#Li%. Section 2 Tif
~7z Hilbert DFERDBEEAE E X T BT TR, EHIZH o Lk EiE
HE 2 TWB, TORERIZOWTIX, Section 7 HbBR I\,

Voronin {2 X % ((s) IZx9 % LFEEOEEDH . Dirichlet L BI%K (31 Sec-
tion 4 {IZHBH K5I b o LB EEMET) [V3]. SL(2,Z) ® holomorphic
Hecke eigen cusp form @ L Bi%k [LM1]. SL(2,Z) ® Maass form ® L Bi%k
(Ramanujan PRZRERTIZ) [N1]. HL5—MKD T T XIiZET % Dirichlet
FREL [St] [NS] 72 izt LT, LD denseness DFER BT/ LI, LoT, £
B BRI & £ D derivatives (X35 functional independence 2348& 51TV
Do ENBIZHOWTIL[St] BB a7\, Section 2 TIR~7= Artin DEER
X, ERIZIE Y o L7 < functional independence & TE 2 5,

4. s 111

Al section TiX, — 2D L BEKEZEE L TEI L £ D derivatives IZX5 3
functional independence Z R ~<7225, LA TIZ®~<% X 5 {Z. Voronin [V3] i,
BB D Dirichlet L ¥ 7= B &L £ 5 D derivatives (2% L T functional in-
dependence 7~ L7z, A\ X1,.-.,Xr % mod q ®R72 5 Dirichlet #8872 % &
L. L(s,x;) % x; {29 % Dirichlet LB & 45, 0 &2 1/2<0<1&7125
EHLTH, FoLx, £7. Voronin [V3] [KV, p.270] X, £&

{(L(a +it,x1),...,L(0 +it, x»r), L(l)(a +it, x1), - - - ,L(l)(a + it, xr),
...... IM(g it x1), ..., LD (o +it, x,)) e CT(M“)‘ te R}

28 CTM+1) T dense THHZ L AZFEA L7z, (ZDORRIT. FRFICHMILIZ
Bagchi [Ba] & Gonek i k> TH#&EHN7,) £ L T, Voronin [V3] [KV, p. 271]
X, C(s) DHA L FRROBEIRIZ L Y T D denseness result 225, L(s, x;) 72 b
& FH 5 D derivatives (2% 5 functional independence % %72,
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% O denseness result MFEBA T#H 243, Dirichlet F8HE x; 72 b DR D Z
DOMNEPEEL LD B

(41) X;j(®) = x;(a)  if p=amodyg,
L ERME

@) Y xmmm) = {j‘{lénsmn,q):l} £, = x

1<n<q,(n,q)=1 otherwise.

Z D%, BIZIX. SL(2,Z) D holomorphic Hecke eigen cusp form f & —-2HF
FE LT Dirichlet 888725 x4, ..., X, Ttwist LT TE 5 LB S L(s, £, x1),
ooy L(s, fx5) 1I2DWT([LM2]) R, x; 7B Ttwist LTTEDHo & —f%
#72 L B%7= % ([St, Chapter 12]) IZ oW TRIBERBEREINBE LN, =7 L.
TNO DRI S x; BB FO LTRO B (4.1) LEXRM (4.2) NEEL
25,

BEAE D L B#k 7= 5 @ functional independece (B L Tk THI L TYD
TRERIT. ERDOEIREFATDHTHY, £oT, BlxiE, SL(2,Z) ® holo-
morphic Hecke eigen cusp forms fi, ..., f, &% L Cid EEROE#AME (4.1) L E
R (4.2) DX S IR II#/FETERVWOT, LB S Lis, f1),..., L(s, f,)
(& £ © D derivatives) (Zxt9 5 functional independence X&1 S TU V7R
oz, LHLAEL. Z O functional independence %, o & —fRDFER % .
Selberg’s orthogonality & FHINHERMEEZE D Z LIZL>THDIZ LA TE
T=DT, FNEIRD section THZX B,

5. ERER
SEBLNT-ERER (Theorem 1) & EFNEEHED =D DESHICEET HHER
(Theorem 2) ik~ %,
G L T, RDOZ-ODFRM %727 Dirichlet #kE72H

e = 3o

n=1

2HEOEEERT LTS !
(I) (Euler product) Res 23+ K& W& EIZ,

(5.1) L(s) = HH(l—aL(p’ )_1

p r=1
LB BEREd EERED ar(p,r) (1 < r <dp, plidFR) HEET S,
ZIZT.dr & aplpr) ebiX L(s)IZF S,
(II) (Ramanujan bound) & ar(p,r) (1 <r < dr, p iTREK) »

laL(pv T)l <1
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7T,

L(s) =" ,an)n BLDOTTHDHEE, R LY a(n) < nt &7
% (see [St, Lemma 2.2]) DT, L(s) iXRes > 1 THEXRINHET B, LIZDNT
Res < 1 ~DFTEFRITEE L TWARNWI EZ2EFLTEL,

D EE, IRD Theorem 1 3LV LD, H72AIT, Theorem 1%, £4ET
EXTEBEZHB LD THY . £ TH -7 Dirichlet I - b D7 5 =
XV HIEVT T R1ZHk LT functional independence 7R LTV 5,

Theorem 1. Let Li(s) = > 7 ai(n)n™,...,Ln(s) = 32 an(n)n™* be
distinct functions in the class £ satisfying

2 S uPal) _ Jrlglogz+olloglogz) ifj =k

bz P o(log log z) if j # k,
as T — 00, where each k; is some positive constant. Let M be any positive in-
teger. Then Li(s), ..., Ln(s), L{(s), ..., LR (s), ... ,LM(s), .. L{O(s)

are functionally independent.

3 (5.2) 23, Selberg’s orthogonality & FHIN HERZMETH 2 (see [KP], [Se],
[LWY]), Selberg’s orthogonality DSR2 D20 H LTV 543, Theorem
1LICRAE L= & LT, & 5 unique factorization 23K Y M2 Z L BN & H L
TV 5 (see [St, Theorem 6.3]),

E7o. BBETDIMCE LT, [KMP] & [Ni] 227 TH<,

Theorem 1 & ¥ TEED corollary 23A% D S22, R(GL(n),Q) THESE

{7r | 7 is an irreducible cuspidal automorphic representation

with unitary central character for GL(n) over Q}

EFETEL, -
R(GL,Q) := | R(GL(n),Q)
: n=1
4%, me R(GL, Q) IZ*xt LT,

L(s,m) =[] ﬁ (1 ~ a,,;ps, T)>~1

p<oo r=1

n O LBEEKET S ([GI], [RS])s 7iZxt3 % Ramanujan FHEE X, & r =
1,...,dicxt LT,

lax(p,7)| =1 (p?° unramified ® & &),
lae(p,7)| <1 (p#° ramified D & ¥)

B ST LD FAECH D, TOTFERRY oLk &, L(s, ) i LICET B,
Rankin-Selberg L B Z A5 Z LI LV, R(GL,Q) izt L Tix Selberg’s
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orthogonality 3% ¥ S22 Z & 2351 TV % ([LWY], [IK, Theorem 5.13)),
£ 2T, Theorem 1 £V, KRBV 3L,

Corollary 1. Let my,...,7n be non-equivalent automorphic representations
in R(GL,Q). Assume that the Ramanujan conjecture holds for every m;.
Let M € N. Then L(s,m),...,L(s,mn), LW (s,m), ..., LY (s, mn)
LM (s, 7)), ... , LM (s, 7n) are functionally independent.

g s e e )

Theorem 1 /X, TEED Theorem 2 &\ denseness result 7> 5HE 515,
C(s)ITRAL T, 31) THBRZELIICo0>1DEERes =0 FLOEELITH
R, LML, (32) TR LHIZRes = 1 LDEHIL C T dense
LR2DM 0D, MXHPRER Res > 1 EOERS {((o+14t) |0 > 1,t € R} i
CTdense LD EMTND, o, ZDT &iE. [Ti, p-300] IZHB LS
(Z. Res =1 _E® denseness DEEZFLTICEEMICIEATE S, “hb
DI LIZEHBE LT, Theorem 2 TiZRes > 1 LOESHEHER D, #LTEIT
Theorem 1 Z# < (ZIXEN T+ TH S, Theorem 2 DA TIEL, Res < 1
~DOREFTEERLR EITLEIX 2 <, L ORI HBANE N FEL o, B
Bz, L TR -T2DIZRes =1 FOESHFORER TH 7228, FDEHDIC
X, # 5 Dirichlet BREIZ DN T L OEZMH LY b EONVWEREBHLETH -7,

Theorem 2. Let Li(s) = 3 72 ai(n)n™%,...,Ly(s) = % an(n)n™* be
distinct functions in the class L satisfying

S (P)ax(p) _ | rjloglogz +o(loglogz) ifj =k
D o(loglog ) if j # k,
as T — 00, where each k; is some positive constant. Let M be a positive

integer. Then for any numbers 2, € C (1 < 7 < N,1 <m < M) and any
€ > 0, there exists a number o9 > 1 such that

p<z

lim inf %meas{t € [0,T] l

T—o0

Lgm)(crg +it) — Zjm| < €

hmmlgjgNnggAdm>m
where meas{---} denotes the Lebesque measure of the set {---}.

6. THEOREM 2 DEEBA DALRE

- Theorem 2 DOFEADFEMIZ DOV TIid [N2] BB I #7243, Theorem 2 ?
FERATIE, TERED Lemma 2 A& bEE L2V . T D Lemma DFERF T Selberg’s
orthogonality 23> 5, Lemma 2 DFEFAD7-HIZ, IRD Lemma 1 Z A3,
Lemma 1 (ZBEIZH OGN TV b D TH Y BIEKAENT D FE (separation theorem)
ZE-TIERA SN D, Lemma 1 &£ LiE S Db D23 Voronin DX [V1] T
ELN TN D,
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Lemma 1. Let H be a complex Hilbert space with inner product (-,-) and
norm || - || = +/(-,-). Let {u, | n € N} be a sequence in H satisfying the
following two conditions:

(1) 2onei llunl? < oo,
(i1) > [{un,u)| =00  for any non-zero element u € H.

Let any m € N be fired. Then the set {Z:;m Cnlun | M > m, cp € C,lcy| =
1 form <n <m'} is dense in H.

Lemma 2. Let Li(s) =Y - ai(n)n™°,...,Ln(s) = > oo, an(n)n™* be dis-
tinct functions in L satisfying
(6.1) Z a;(p)ak(p) _ R log log = + o(log log ) zf] =k

P o(log log x) if 7 # k,

as T — 00, where each k; s some positive constant. Let M be a positive
integer. For every prime p, we define F), € CNM+1)

p<z

(—logp)™a,(p)

e ey

F, __(al(p)’ (—-logp)al(p)’_

p p p
an(p) (—logp)an(p) (—log p)MaN(p>>
...... o , . - .

Let y be a positive real number. Then the set

{ S oF,

y<p<v

v2>y,c €C,ley| =1 for every prime p withy < p < 1/}

is dense in CNM+1)

< Lemma 2 DFEFA DKL > Lemma 1I1Z3WT, H = CNM+Y o = F_
(ZZTp, i EnBEEDOFH) LEW-o7o & TIZHRME (1), (i) PE AL, Lemma
172>5 Lemma 2 23M& D,

FDOEIITEoE &, Q) RXBEHITHND, LT, & (). Thbb,

w —_—(w(l,O), cw(d, M), ,w(N,0),...,w(N, M)) c CNM+1)
BEBDOESNYT NVTRNWRZ ML L X
(6.2) Zl(Fp,wH—)oo (a,sx_ﬁoo)
p<z

DB ILDZ & ETT
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WITFERT bATRNZ LIZEBE LT, My = max{0 < m < M|w(j, m) #
O for some j} &4 5 &,

(F,, w) = Zz(—logl; %(P) W)

Mg, . N Mo— m
zz(—logpz)) aa(p) M0>+Z Z (— logp) aj(p)m

&@éo:h&ﬁwﬁﬁanﬁgéﬁib‘ﬁ%wEwiﬁemﬁbf\%
6§&po =p0(E)L1:' . .,LN,M,'UJ) 75§K;)OT\ P > Do tfiéf&'(@ﬁﬁp

Wzt LT,
Mo N
(6.3) (Fpyw)| > Qﬂl——( -s)
p —
SR Y 32D,
%1 <j<N _ﬂbfwj =w(j, M) LELS T3, MyDEELY. »
XL TiEw; #01CR2ZLICEBLT, NEREDEE picxt LT
= Q(u, Ly, ..., Ly, wi, .. wy) T |3 14 (P)T;| > p BWIEFFRTO

ﬁﬁtp b2 ERT LT D, £DL &, Selberg’s orthogonality (6.1) & L
D&M (1) ZfE->T, fn

G

Z IZJ 1a3(p)w1l
Lz
%

Z IZ =1 J(p w.? Z IZ] 1a3(p)wal Z lZJ 1ay(p)w1

p<z <z p<z
pPEQL PEQu

(XD |wgl) u?
<
PEQL p¢Qu

(ZZT. D:=max{d, |1<j< N}, dp, 1 L (5.1) THZEHRE &

pou (Zis 0oy (X, @05
> - -

p<z . p<zx

=1 a; (p)wJ
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N
= Z';‘ (Z la; (p)1* Jw;|* + Z aj(P)w_jmwz)
pszx Jj=1 1<j#I<N

DB THMET 2. TOTDHZEICEST, ple®+/hE<BMB(u>¢
WL TC) &

1
Z » > loglog (as z — o0)

p<z
e Qy.

MR DT LW H D,
ZhE(63) &Y

psz po<p<z

STUF,w) > Y (Fpw)| > (u—e) Y. (logzz)o)M"

pPo<p<z
PEQyu PELL
1
> (u—¢€) E - — 00 (as £ — 00)
po<p<z p
PEQu

£, (6.2 B I, Lo TLlemma 223567,

7. THEOREM 2 7>5 THEOREM 1 M H

Voronin (Z £ % ((s) DIFE & Ftk723MIT X Y. Theorem 2 Z{E > T The-
orem 1 IXFERR I N B DEN, FDFEHAZR~3,

Theorem 2 #3123, 'mE2FEE0BREF LTI =, & LHEFEK
2B Fy, ... Fp : CNM+Y) L, C 23, H D F; IIEEMIZ 0 TRVWEEKR 51T,

(7.1) istj(Ll(s),...,LN(s), ...... LM (s), .., LY (s)) #0
=0

LD sBFETD] ZTEEEFXITR,
. n=max{0<j<m|F;#0} &35, FDLE, F, ITERLRDT,
|Fr(w)| > c forallw e U.

LRBER >0 L ERBRESU c CNMAII R 5,
Theorem 2 {2 X AUiE.

w; = (LI(O'O + ?:tj), e ,LN(O’O + ’l;tj),
...... ,L(IM)(O'Q + 'l:tj), o sey L%VI)(O'Q + th)) e U
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Do EoTin2102&, FRTOEMRBEKF, XU ERFTHD LT
EETDHE

I(O‘g + itj)nFn(IDj) + (00 + ’itj)n-an_l(UJj) + -+ Fo(wj)l — OO

(as j — o0) WAV LD, £, n=0D & XX, |F(w;)| >cTHD, AL
IV, n BV THROHFEEICH, (7.1) BE LGNS, Z5 LT Theorem 1 DFEA
D5ET L,
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