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THE GROWTH OF VARIOUS ZETA FUNCTIONS AND
TAYLOR COEFFICIENTS

HIDEAKI ISHIKAWA

1. ON A BEHAVIOR OF LAURENT COEFFICIENTS OF ((s)
FA Ty LiZ
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v := lim (}: ~ - logN) = 0.57721566. . .
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s TEZEEINDIEA(n) ZEZX., ZNE—BAA T —EELFES,
T T log?l=1¢EZXBZ LT D, FIIn=0DBEMH, ZIFL
DAAS—FEHTHD (y0)=7) V—~ v E—FEEK((s) Ds=1
BITAo—5 CEBEOFREIC y(n) 3RO XL S R THRND Z & A
HILTWD .
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v(n) | The value

n=>0 0.57721566.. ..
n=1]—0.07281584...
n = 2 | —0.00969036 . ..
n =23 0.00232537 . ..
n=41{ 0.00079332...
n =25 | —0.00023876 . ..
n =6 | —0.00052728 ...
n=7|-0.00035212...
n = 8 | —0.00003439. ..
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23, AFETIZ. n— oo & Lt & ZFDEDOE(LORFIZERZK > TEE
FEDH TN, FORKRARBEOE LIZ, TNEFT T, BHEKEZZD
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TG DHONRENEZOND, £, ZOHDELORILE EFE
IR TEZBEZIX EARICRARH DDA D D,

il 24% 1955 £ W.E.Briggs [1] DEFE Tid, K& S OFFMIZHOVWT,
UFTDOREENRRSNTND : (E2DDFEM) |[y(n)] < exp(e nlogn)
foralln > ng. (FT25DFEM) |y(n)] > exp(—enlogn) for infinitely
many n. BNIESRTWD, T I T, e i HMEEIT/NSWIEDES L L.
PRI CREE 5, 1962 4 Mitrovié[s] 1iX v(2n) <0 & 722 n 234
FRICTEIES 5. Iz y(2n) > 0, L7225 n HERRIZHFIE, v(2n+1) <0
2B n LERICEE. Y2n+1) > 025 n bERICFETDIEND
FREAZEBALTWS, INbid, UL LT, RBRDOBERIES7ZD
EH. y(n) DEFHOBEOEEBRLDIZINTIEENEEDLIDZ2BLV.
1980 FERITAR Y, T HERDATFEZ RIBICH R T 2RI EKIZ
LosEBHEND, T, —EOHAFOERLEBE I NS KROERE
RTwWZ 5

1989, Y.Matsuoka {3}, An asymptotic formula: There exists an
ng such that for all n > ng

v(n) = { cos(F(n)) + E(n) } x exp (n loglogn + o(n))

where F(n) and E(n) are real valued functions satisfying

_ 1 n nloglogn

F(n) = ——27Tlogn+0< e 1 ),
log logn

En) = O (—_16&77) .

Remark 1. = Z TIZEHOER DO TR R TV A2, EEITELERMRE
CIFBA XN TU 3, BRI R T D2 DITEM/LDO T, T Z TIXEE L.,
EFiROFETHEIT LT,

ZORERTHD L. F(n) DIEIZ L > T cos #3 01T3EL 12 o 7KFIZ,
MEEHL OKE ERWETHIRAPEZD, ZORZEITIZD
(213, EEEELBEHEORE S NRFETIHEIC DN TIEAR LS T
RN, FI T, ZORRELEICBERNL, AKX F(n) DR
NERBEL, REHFED

1985, Y.Matsuoka [4], The “local” asymptotic formula: If v is
sufficiently large and ¢ > 0, then for all integers n with |n —v| < clogv

y(n) = {cos (F(v) — g?();:) L0 (1Oig>§v)}

X exp (n loglogn + o(n)).

T OEXEOENERITIRI T, RERIIZOBERE L SIT. FRe 2
HEAIFALTWVWADT, ZO—HEEITLE S, EFTIEFSORIEA
2DV T,

#{n < N|x(n) > 0} = 5N + o(N),



31

#{n < N |7(n) <0} = 5N +o(N).

RAHRERPL, RIULEAENELSBESIZOWVWTORERE LT Let € > 0 be
arbitrarily small. There exist infinitely many n such that

v(n), v(n+1), ~y(n+2), ...,7(n+y)

have positive sign, where y = [(2 — €)logn]. If y = [(2 + €) log n], then
there exist only finitely many n with the property. Similar result for
negative sign holds, also . & WO FERZIEA L T D, EoKE I DR
BHIZHWTIE, (EMSOFEH)  |y(n)| < exp(nloglogn +en)  for
all n > ng. (F4>5DOFEM) |y(n)| > exp (nloglogn — en)  for
infinitely many n 2 5EREZEAL TV D, Thbid, HROFER%E
EAMNCENTE LD THDZ Lid. BICBALEREREESNTHEDLX
IT—BEREATH 5,

BT y(n) FDLDIHTHRERTH DM, v(n) DEBNPLRHDL
NBERIZHDONTHRRTNDS, TDOVEDIZ, |s] > 00 & LIZERD
|C(s)| DEKEHEIZBIT DR T (s — 1)((s) Id exponential type T
UV LN DONH D, T I THUZ “ exponential type” VNS5 F
BT SETAIABETHY. T EITHOVTIRDOETEH
+3, FE. TORRICHEKEZ LD, BHIZ, RKOXS52ZE2EX
THhiz, V—<v¥—FEELUSD0E — & BEEIL exponential type 7&
Dh, BN, KR (K T ULTOIR:

QU —~rrE—ZBEHICBW TR ENREKO ZEEOEIITDIE
B HEZBRET L, PO LWEWEIFHD Y 2 ADE—FZREEIIX LT
FHEOENERXBFERA TE D2NE I NFZXD I L, |

OB LNERERE b EIZ,. MRETHIE—FEARLZERBROSERD

H Sk . exponential type 72 DMNENETHET DI &,
FHRNIEEED TV, BONTERIZOWVWTR, F3ETHE D,

2. BBAKOSEE (s — 1)((s)

ZOETIX. BEEEOSEOERIIBIT A EAMREMRZES T 5,
R f(2) DRAFLOT—F7 —REHZ

f(z) = Zanzn.
n=0
L4535, ZDEE M(r) = max;, = |f(z)| ERWT f(z) D%k p Z IR
DIRFR '

p = lim sup log log M ()
=300 logr

TEHET D, BIIERBEBEDpIZ0EEEL LI, KRIZ, i p BHER
T, DO TRWVWEE, BLIIFD f(2) XIS TH2ODBEER
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ERDETE

T = limsup

AR TERT D, D& X, f(2) X growth (p,7) THD. L ED
EizT 5, BB e 1% growth (1,1) ZHIXEFDOEENLT SITH
MBTHA9, b L f(z) 2 growth (1,7) TTRNHERED &L . [f(2)
iX exponential type T 5| LFESZ LIZT D, E£72 f(z) H growth
(1,7) T 7 ZHEBRE TRV E ZIZ, [f(z) i3 exponential type T2V
EREREZ EIZT B,

a, & p & T ODRNCIIEELZBREH D, ROBEERNT LMo
EEHLRAXTHD

e nlogn s n\IP o/
p= hflris;}p “Tog o]’ TP = hfln_)s;}p( e> Inla,|

I OBMRRIEESEDLDOT— T —EBERDEE a(n) AV TR A2 23,
FELSND S 2o TORE f(2) = 3.0 jan(2—20)" & L72BEDFREK a'(n)
DEFPATH., BHIZ a, & a, I2& DX T EROBEHRRITRILT D,

I TRBEKR DT (s=1)C(s) DT DEHEBEFIEEZ ATy F LTHD,

1—

Bk OARIZ LY Tp = limsup(g) “lH)P/ T B, A p=172D
T (L BbAA, ZOZLEHLHELTHLTE LENH DI, Si3E
BS) , 7 = limsup [y(n)|Y" E WO EHEEZTIUIZ I WZ LI D, THEHE

n—o0

RRAE 7o 2 & 23V 2 id, exponential type TRWZ L &ZRLIZZ &
22 B0 ST, 2T, BEAKOER. |v(n)| = exp(nloglogn—en)
LB n NERIZTFET D, ZRAWVWD L,

()Y > {exp(‘n log logn — en)}l/n
= exp(loglogn —¢)

for infinitely many n. &2 9, ZHiE 7T = c0c TERT D, Lo T
[(s — 1)¢(s) iL exponential type TRV 238 X7z,

DT, FREIR. TEEDDIDIZ, TDLIREIV S EVWI L EET
L, Ho LEHEMICHETESIDOTIEHZVLWM?, EES>2b LR
WV, ERE, FOZ LIZOVTHRERIZILRALERLTVD, K
1/2 < o IZBWTIE,

1 1 [Cz—[z]-1/2
(o) =gy [ Tl
R BFRAEZAVT, TOEBROMI |s| =r LT [(s—-1)¢(s)| K
r2 THBHZENBVZD, —FHEEK < 1/21ZBWTITEAHEXZ AW
2R~

log M(r)
p

¢(s) = 2(27)*'sin %S (1 — s)¢(1 — )

Ny N :@ﬁﬁiﬁﬁf@ﬁ?}]&lsl = r_]:'C{j: ’(S—l)C(S)l < erlog'r+cr\ i
o T OREPDEF] s = —1n = — (20 + 1) 1BV TIE | (s — 1)¢(s)] =
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ernlogTa—cTn LjaZ = = Te ¢ BB EKRET D, Iho kv, TiX
BHRETRWI EBNE D, ZDXIRFEDIED D, BEFENTH D,
roT., ZoEBEATORROEBRRE L LTI, @—nqgmfwﬁﬁi
Bz HoWT., BEEMAHELHDIDER, T— 7 —FREOBRPD
HELAREIC 2oz, EWH T L THD,

KOETIE, TA VI UEBTEREINDHD I FRAOE—FHEEK
EZ, BRBEKB T {(s) Dua—7 MR HOWT O ZEOETE
DREROBLIZBMNT 5, LT, Twﬁﬁ%?~”—ﬁ&®%§#
17U, Tt e LTV BB — & BN exponential type ’Cfcr’:l/‘J Z &N

SFBA TEX 7D THWET 5.

3. THE BEHAVIOR OF LAURENT ( OR TAYLOR) COEFFICIENTS ON
VARIOUS ZETA FUNCTIONS

We consider
Zi(s) = Zfl(n), Zg(s)=zf2(sn),

where fi(n), fa(n) ECandlS)\l <A <m0, 1 <y < pp <
. — 00.

N
A(s) == HI’(a,,s + 6.), where a,, 6, € R with o, > 0.

The Dirichlet series Z;(s) belongs to the class D, if the follow-
ing conditions (i)-(v) hold:

(i) Z1(s) and Z,(s) have abscissas of absolute convergence o; and o3,
respectively.

(ii) Z1(s), Z2(s) admit a meromorphic continuation to C.

(iii) For a domain ¢ < oy, Zy(o +13) = O(1 + |t|)~ %9 +52 where
Kl, K2 > 0 and —K10'+K2 > 0.

(iv) The functional equation,

Z1(s)A(s) = GK*A(m — 8) Zy(m — s)

holds with some constants K, m € R and G € C.
(v) The poles of Z,(s) and Z,(s) are only on the real axis.

Let P, := {pole of Z;(s)}. Then P, is finite set. The Laurent expan-
sion at s = m (or Taylor expansion)

Zi(s) = 3 An(n)(s — m)"

n=j
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where j7 € Z. When 0 < n, we set Cp,(n) :=nlA,,(n).

Our purpose is to obtain an asymptotic formula of C,.(n), when
Z1(s) € D and to decide growth of Z,(s).

Theorem 1. (2004, H,Ishikawa and J. Thuswaldner [2]) Assume
that Z,(s) belongs to the class D. If P, = {m} or P, = (0, then there
exists an ng such that, for all n > nyg,
(—=1)"Cm(n) =
- N
G f2(1) {cos (F(n) — §N + Z(a,,m + ﬁu)vr) + E(n)}
v=1

X exp (n log logn + Q(n))

holds. Here Q(n), F(n) are real valued C*-functions, F(n) is monoton-
ically decreasing. E(n) is a complez valued function. These functions

satisfy the following asymptotic relations:

N
log 1 1
Qn) = nlOgZA_nog ogn+ (—10gKu1+ZZaulogau
v=1

logn 2A
n(loglogn)?
—2A4 — 2Alog 2A) oen + O ( Togn? )
nloglogn
F(n) = (——_log2 = ) ,

21g
1

E(n) = (logn)

where A = SN o,. The number ny depends on the parameters K,
Qy, ﬁl/) Kly K2, m. Hi-

Theorem 2. (H.Ishikawa) Local asymptotic formula: If v is suf-
ficiently large and ¢ > 0, then for all integers n with |n — v| < clogv

(=1)"Crm(n)
T™n — log log v

= Gfy(1) {cos (F(v) 2Togo +W> +O(—B—g—v—)}
X exp (n log log n + Q(n)),

where W 1is a certain real valued constant.
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Using this result, we have

Theorem 3. (H.Ishikawa) The lower bound:
n log logn)

> _
|Cn(n)| > exp(nloglogn +nlog2A4A — (1+ ¢) oz 1

for infinitely many n.

Let § be the least non negative integer such that (s —m)®Z;(s) is an
entire function. Using Theorem 3, we have

Corollary 1. (H.Ishikawa) The growth: An entire function
(s — m)°Z,(s) is not exponential type.

Hence, we have obtained two ways to calculate 7

direct

TN

Z1(s) calculating 7
The way in this talk
Cm(n)

4. AFTER THIS *cccccess

SHEIR Zl(s)UDEJ*—;/"I/ (T—F—) 5% C(n) DEEAKXEZRD,
ETDOFERZED L2 |Z,(s)| DERKEEICETOIR/REMBNA L, XFBT
o7 T ADE—FZEABOHE. BEEEXRHZINTNB=,
EFER2FETr 258ET2Z L LAETHD, Lo T, ZDFEFET
Cmn(n) @H%Em%kbo*ﬂi FhVEWVWTHEDIEREZEMN LI
WERL 2D,

BE &L LTk, SEIDORERIZCL(n) DR ETEOAZBEBAD
DEDELTEZLTWD, B f(2) DT — 7 —HBREDEE), coiff<
TO |(2)| DEBY, f(2) DR EOIMIEREITER LT Y ke
RBEMRANR O TS, SEL. Cnh(n) ODEF S5 v ZEHEREER L
RILE T Cy(n) DEBE T B AT LTIV 72 01 EEER T ML (& 4
HMBTY), SEIORRELZ +HICL., ¥ — FEKOHEIEREOBE.
ToROMRBEIZELAOFEMMN TEXIUTE BV, REFFELZED T
x9, |
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