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On solutions of quasilinear elliptic equations
with general structure

Takayori ONO (Z/NEFKEFR)

Fukuyama University (f&HLIKZ)

§1. Introduction and preliminaries

Let G be an open set in RY (N > 2) and 1 < p < N. We consider
quasi-linear second order elliptic differential equations of the form

(Er) —divA(z, Vu) + B(z, u) =T

in G. Here, T is a distribution, A : R¥ xR s RYand B: R" xR —- R
satisfy the following conditions :

(A1) z— A(z,€) is measurable on R for every £ € RY and £ — A(zx, §)
is continuous for a.e. z € RV ;

(A.2) A(z,€)-& > ay|éJP for all £ € RN and a.e. z € R with a constant
ay > 0;

(A.3) |A(z,8)| < ap)€|P~? for all £ € RN and a.e. z € RN with a constant
ag > 0;

(B.1) z — B(z,t) is measurable on R" for every t € R and t +— B(z,t) is
continuous for a.e. z € RV

(B.2) For any bounded open set D in R", there is a constant as(D) > 0
such that |B(z,t)| < a3(D)(|t|P"!' + 1) for all t € R and a.e. € D;

A prototype of the equation (Er) is
—div (|VulP72Vu) + blulf 2u =T

with a locally bounded function b in G.

As a matter of fact, we treat the following two topics: (i) Holder continuity
of a solution of the equation of (Er) (section 2); (ii) Integrability of the
gradients of a solution of the equation of (Er) (section 3).

Throughout this paper, we use some standard notation without explana-
tion.



§2. Holder continuity of a solution

In this section, we suppose the following monotoneity conditions on A4 :
RY xRN - RM and B: RY xR — R:

(Ad) (A(z,&) — A(z,&)) - (& — &) > 0 whenever &, & € RN, & # &,

for a.e. z € R";

(B.3) t+w B(z,t) is nondecreasing on R for a.e. z € R".

We consider elliptic quasi-linear equations of the form
(Eo) —div A(z, Vu(z)) + B(z, u(z)) = 0.

For an open subset G of R", we consider the Sobolev spaces Wir(G),
W, ?(G) and WLP(G).

loc

Let G be an open subset of R". A function u € W.P(G) is said to be a
(weak) solution of (Eg) in G if

/A(a:, Vu)-chdr—i—/B(x,u)godm——-O
Ja JG

for all p € C§°(G).

A continuous solution of (E¢) in an open subset G is called (A, B)-
harmonic in G. For any (A, B)-harmonic functions, the following locally
Hélder continuity estimate holds ([7; Theorem 4.7] or [8; Proposition 2.1]) :

Proposition 1. Let G be an open set. Then there are constants c
and 0 < A < 1 such that for B(zo,R) € G and for every (A, B)-harmonic
function h in G with |h| < L in B(zo, R),

A
osc(h, B(zo,7)) < ¢ <E) (0sc(h, B(zo, R)) + R),

whenever 0 < r < R < 1. Here c depends only on N, p, oy, 09,a3(G) and L
and A depends only on N,p, ar,as and az(G).

In the case of A(zx,§) = [£|P?¢ and B = 0, namely for the p-Laplace
equation, we can choose A = 1 ([3; Lemma 2.1]).

Suppose that v is a signed Radon measure on G. Hélder continuity of a
solution to the equation of the form

(E,) —div A(z, Vu(z)) + B(z, u(z)) = v

was investigated in [9], [2] and [3]. In [6], Kilpeldinen and Zhong showed
that, for the equation

(1) —div A(z, Vu(z)) =v
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and for the case v is a nonnegative Radon measure, if there exist constants
M > 0and 0 < § < A with

v(B(zo, 7)) < M rN-PHAP-1)

whenever B(z,3r) C G, where A is the number in Proposition 1 above, then
a solution to the equation (1) is Holder continuous with the same exponent
3. We can extend this result to the case of the equation (E,) and of the
signed Radon measure ([8]).

Theorem 1. Let G be an open set and u € W P(G) be a solution
of (E,) in G. If v is a signed Radon measure on G such that there exist
constants M > 0 and 0 < 3 < X, where A = A\(N, p, oy, as, a3(G)) > 0 is the

number in Proposition 1 above, with
Iv|(B(z,7)) < M yN-P+8E-1)

whenever B(z,3r) C G, then u s locally Holder continuous in G with the
exponent (3.

§3. Global integrability of the gradient of a solution

In this section, we treat the higher integrability of the gradient of a so-
lution of (Er) in a bounded open set G. In [9], Rakotoson and Ziemer
showed the local integrability of the gradient of a solution of (Er) with
T € W,;cl’p’+5(G) for some § > 0. In [4], Kilpeldinen and Koskela treated
the global integrability of the gradient of a solution of the equation (1) in
the previous section under the condition the complement of G satisfies the
uniformly thickness.

A set F is said to be uniformly p-thick with constants cg and 7 > O, if
cap, (?(zo, r) N E, B(zy, 27“)) > co capp(_B—(aco, ), B(xo, 27"))

for all o € E and for all 0 < r < ry. For the notion of p-capacity cap,, we
refer to [1; Chapter 2].

We can show the following global integrability of the gradient of a solution
of (Er).

Theorem 2. Suppose that G is a bounded open set, CG is uniformly
p-thick with constants co,79 > 0 and u is a solution of (Er) in G such that
u—0 € Wol’p(G'). Then there exists §g = (N, p, a1, az, a3(G), co) such
that |Vu| € LPY(G) whenever T € W12 +8(Q) and |VO| € LPY(G) for
0<d< 60.



Remark 1. The uniformly thickness condition cannot be suppressed in

Theorem 2. (see [4; Remark 3.3])
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