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1 Introduction.
For connected spaces $X$ and $Y$ , let Map(X, Y) (resp. Map*(X, $Y$)) de-

note the space consisting of all continuous (resp. based continuous) maps
$f$ : $Xarrow Y$ with compact-open topology. Let $T_{g}$ denote the closed Rie-
mann surface of genus $g$ . Then for each integer $d\in Z=\pi_{0}$ (Map $(T_{g},$ $S^{2})$ )
we denote by $Map_{d}(T_{g}, S^{2})$ (resp. by $Map_{d}^{*}(T_{g},$ $S^{2})$ ) the corresponding
path-component of Map $(T_{g}, S^{2})$ (resp. Map$*(T_{g},$ $S^{2})$ ) consisting of all
maps (resp. of base-point preserving maps) $f$ : $T_{g}arrow S^{2}$ of degree $d$ .
Similarly, we denote by $Ho1_{d}(T_{g}, S^{2})$ the subspace of $Map_{d}(T_{g}, S^{2})$ of all
holomorphic maps $f$ : $T_{g}arrow S^{2}$ of degree $d$ , and by $Ho1_{d}^{*}(T_{g}, S^{2})$ the
corresponding subspace of $Map_{d}^{*}(T_{g}, S^{2})$ of all base-point preserving holo-
morphic maps of degree $d$ . Note that $Ho1_{d}(T_{g}, S^{2})=\emptyset$ if $d<0$ and that
any holomorphic map $f$ : $T_{g}arrow S^{2}$ of degree zero is a constant map. So in
this paper we always assume that $d\geq 1$ and recall the following results.

Theorem 1.1 (L. Larmore and E. Thomas, [7]). (i) If $g=0,$ $T_{0}=$

$S^{2}$ and there are isomorphisms

$\pi_{1}(Map_{d}(S^{2}, S^{2}))\cong Z/2d$, $\pi_{1}(Map_{d}^{*}(S^{2}, S^{2}))\cong Z$ .
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(ii) If $g\geq 1$ , there are isomorphisms

$\{\begin{array}{l}\pi_{1}(Map_{d}(T_{g}, S^{2}))\cong\langle\alpha, e_{j}(1\leq j\leq 2g)|[e_{k}, e_{k+9}]=\alpha^{2}, \alpha^{2d}=1\rangle,\pi_{1}(Map_{d}^{*}(T_{9}, S^{2}))\cong\{\alpha, e_{j}(1\leq j\leq 2g)|[e_{k}, e_{k+9}]=\alpha^{2}\},\end{array}$

where $k=1,2,$ $\cdots,$ $g_{f}$ and $[x, y]=xyx^{-1}y^{-1}$ . $\square$

Theorem 1.2 (G. Segal, [9]). The inclusion maps

$\{\begin{array}{l}i_{d}:Ho1_{d}^{*}(T_{g}, S^{2})arrow Map_{d}^{*}(T_{g}, S^{2})j_{d}:H_{0}1_{d}(T_{g}, S^{2})arrow Map_{d}(T_{g}, S^{2})\end{array}$

are homotopy equivalences up to dimension $d$ if $g=0$, and they are
homology equivalences up to dimension $D(d;g)=d-2g$ if $g\geq 1$ . $\square$

Theorem 1.3 $($ S. Kallel, $[$6$])$ . If $d>2g$ and $g\geq 1$ , the inclusion maps
$i_{d}$ and $j_{d}$ induce isomorphisms

$\{\begin{array}{ll}i_{d*}:\pi_{1}(Ho1_{d}^{*}(T_{g}, S^{2}))arrow\underline{\simeq}\pi_{1}(Map_{d}^{*}(T_{g}, S^{2})), j_{d*}:\pi_{1}(Ho1_{d}(T_{g}, S^{2}))arrow\underline{\simeq}\pi_{1}( Map d(T_{9}, S^{2})). \square \end{array}$

Remark. A map $f$ : $Xarrow Y$ is called a homotopy $($resp. homology$)$ equiv-
alence up to dimension $D$ if $f_{*}:\pi_{k}(X)arrow\pi_{k}(Y)$ $($ resp. $f_{*}:H_{k}(X,$ $Z)arrow$

$H_{k}(Y, Z))$ is an isomorphism for any $k<D$ and epimorphism for $k=D$ .

We expect that the inclusions $i_{d}$ and $j_{d}$ will be homotopy equivalences
up to dimension $D(d;g)$ for $g\geq 1$ . For example, Theorem 1.3 supports
that this might be true, and it seems valuable to investigate the homotopy
types of the universal coverings of $Ho1_{d}^{*}(T_{g},$ $S^{2})$ and $Ho1_{d}(T_{g},$ $S^{2})$ .

The main purpose of this note is to announce the recent work of the
author given in [13], in which we shall study the homotopy types of uni-
versal coverings of the above spaces. Let $\overline{X}$ denote the universal covering
of a connected space $X$ . Then we can state our results as follows.

Theorem 1.4 ([13]). If $d\geq 1_{f}$ there is a homotopy equivalence

$\tilde{\Phi}_{d}$ : $S^{3}\cross\overline{Ho1}_{d}^{*}(T_{g},$ $S^{2})arrow^{\simeq}\overline{Ho1}_{d}(T_{g},$ $S^{2})$ .

Corollary 1.5 $(([1],\underline{[8],}[12]))*\cdot$ If $g=0$ and $d\geq 1$ , there is a homotopy
equivalence $\tilde{\Phi}_{d}:S^{3}\cross Ho1_{d}(S^{2}, S^{2})arrow^{\simeq}\overline{Ho1}_{d}(S^{2}, S^{2})$ . $\square$

78



Let $i:Ho1_{d}^{*}(T_{g}, S^{2})arrow Ho1_{d}(T_{g}, S^{2})$ be an inclusion map and let $ev$ :
$Ho1_{d}(T_{g}, S^{2})arrow S^{2}$ denote the evaluation map given by $ev(f)=f(t_{0})$ ,
where $t_{0}\in T_{g}$ is the base-point of $T_{g}$ . Then it is known that there is a
evaluation fibration sequence (e.g. [6])

$Ho1_{d}^{*}(T_{g},$ $S^{2})\div Ho1_{d}(T_{g},$ $S^{2})arrow^{ev}S^{2}$ .

Corollary 1.6 ([13]). If $k\geq 2$ and $d\geq 1$ , the above sequence induces a
split short exact sequence

$0arrow\pi_{k}(Ho1_{d}^{*}(T_{g},$ $S^{2}))arrow^{i_{*}}\pi_{k}(Ho1_{d}(T_{g},$ $S^{2}))ev*\div\pi_{k}(S^{2})arrow 0$ .

Theorem 1.7 ([13]). Let $d\geq 1$ be an integer.

(i) There is a homotopy equivalence

$\tilde{\Phi}$ : $S^{3}\cross\overline{Map}^{*}(T_{g},$ $S^{3})arrow^{\simeq}\overline{Map}_{d}(T_{g},$ $S^{2})$

and there is a fibration sequence (up to homotopy equivalence)

$\Omega^{2}S^{3}\{3\}arrow\overline{Map}^{*}(T_{g}, S^{3})arrow(\Omega S^{3})^{2g}$ ,

where $S^{3}\langle 3\}$ denotes the 3-connective covering of $S^{3}$ .

(ii) For any $k\geq 2$ , there is an isomorphism

$\pi_{k}(\overline{Map}^{*}(T_{9},$ $S^{3}))\cong\pi_{k+2}(S^{3})\oplus\pi_{k+1}(S^{3})^{\oplus 2g}$ .

2 The idea of the proofs.
Let $X,$ $Y$ and $Z$ be connected spaces and let $f$ : $Xarrow Y$ be a map.

Define the map $f^{\#}$ : Map$(Y, Z)arrow Map(X, Z)$ by $f^{\#}(g)=g\circ f$ for $g\in$

Map$(Y, Z)$ . Similarly, we define the map $f^{\#}$ : Map$*(Y, Z)arrow Map^{*}(X, Z)$

by the restriction. It is well known that there is a cofiber sequence

(1) $S^{1}arrow^{\varphi_{g}}v^{2g}S^{1}arrow^{i’}T_{g}arrow^{q_{g}}S^{2}arrow^{\Sigma_{\varphi_{g}}}v^{2g}S^{2}$

where $\pi_{1}(^{2g}S^{1})$ is the free group on $2g$ generators $\{a_{j}, b_{j} : 1 \leq j\leq g\}$

and $\varphi_{g}=[a_{1}, b_{1}][a_{2}, b_{2}]\cdots[a_{g}, b_{g}]\in\pi_{1}(^{2g}S^{1})$ .
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Lemma 2.1. $q_{g_{*}}^{\#}$ : $\pi_{k}(\Omega_{d}^{2}S^{2})arrow\pi_{k}(Map_{d}^{*}(T_{g}, S^{2}))\iota s$ a monomorphism

for any $k\geq 1$ .

Proof. By using an easy diagram chasing we can show the assertion. $\square$

Consider the commutative diagram of evaluation fibration sequences

$Map7(S^{2}, S^{2})\div Map_{d}(S^{2}, S^{2})arrow^{ev_{S}}S^{2}$

(2) $q_{g}^{\#}\downarrow$ $q_{9}^{\#}\downarrow$ $\Vert$

$Map_{d}^{*}(T_{g},$ $S^{2})\div Map_{d}(T_{g},$ $S^{2})arrow^{ev_{T}}S^{2}$

Lemma 2.2. $ev_{X*}:\pi_{2}(Map_{d}(X, S^{2}))arrow\pi_{2}(S^{2})$ is trivial for $X\in\{S^{2}, T_{g}\}$ .

Proof. If $X=S^{2}$ , we can easily show the assertion by using Whitehead’s
Theorem [11] concerning the boundary operator of the homotopy exact
sequence induced from the evaluation fibartion. By using this with the
diagram chasing of (2), we can also prove the assertion for $X=T_{g}$ . $\square$

Lemma 2.3. The induced homomorphisms

$\{\begin{array}{l}i_{T*}:\pi_{2}(Map d*(T_{g}, S^{2}))arrow\pi_{2}(Map_{d}(T_{g}, S^{2}))i_{*};\pi_{2}(Ho1_{d}^{*}(T_{g}, S^{2}))arrow\pi_{2}(Ho1_{d}(T_{g}, S^{2}))\end{array}$

are epimorphisms.

Proof. The proof follows from the diagram chasing and Lemma 2.2. $\square$

If we identify $S^{2}=\mathbb{C}P^{1}$ , the group $SU(2)$ acts on $S^{2}$ by the right
matrix multiplication. By using this right matrix multiplication, define
the map

(3) $\Phi$ : $SU(2)\cross Map_{d}^{*}(T_{g},$ $S^{2})arrow Map_{d}(T_{g},$ $S^{2})$

by $(\Phi(A, f))(t)=f(t)\cdot$ $A$ for $(A, f, t)\in SU(2)\cross$ Map$d*(T_{g}, S^{2})\cross T_{g}$ .
Since $\Phi(SU(2)\cross Ho1_{d}^{*}(T_{g}, S^{2}))\subset Ho1_{d}(T_{g}, S^{2})$ , we can define the map

(4) $\Phi_{d}:SU(2)\cross H_{0}1_{d}^{*}(T_{g}, S^{2})arrow H_{0}1_{d}(T_{g}, S^{2})$

by the restriction $\Phi_{d}=\Phi$ I $SU(2)\cross Ho1_{d}^{*}(T_{g}, S^{2})$ .
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Theorem 2.4 ([13]). $\Phi_{d*}:\pi_{k}(SU(2)\cross Ho1_{d}^{*}(T_{g}, S^{2}))arrow^{\cong}\pi_{k}(Ho1_{d}(T_{g}, S^{2}))$

is an isomorphism for any $k\geq 2$ . $\square$

Proof. The detail is omitted and see $[$ 13 $]$ in detail. $\square$

Now we can prove Theorem 1.4 by using Theorem 2.4.

Proof of Theorem 1.4. Let

$\{\begin{array}{l}\pi : \overline{Ho1}_{d}(T_{g}, S^{2})arrow H_{0}1_{d}(T_{g}, S^{2})\pi’ : \overline{H_{0}1}_{d}^{*}(T_{g}, S^{2})arrow H_{0}1_{d}^{*}(T_{g}, S^{2})\end{array}$

denote projection maps of the universal coverings. If we identify $SU(2)=$
$S^{3}$ , it is easy see that the universal covering of $SU(2)\cross Ho1_{d}^{*}(T_{g}, S^{2})$

is given by 1 $\cross\pi’$ : $S^{3}\cross\overline{Ho1}_{d}^{*}(T_{g}, S^{2})arrow SU(2)\cross Ho1_{d}^{*}(T_{g}, S^{2})$ . Then
because $\pi$ is a projection of the universal covering, there is a lifting
$\tilde{\Phi}_{d}:S^{3}\cross\overline{Ho1}_{d}^{*}(T_{g}, S^{2})arrow\overline{Ho1}_{d}(T_{g}, S^{2})$ such that the following diagram is
commutative.

$S^{3}\cross\overline{H_{0}1}_{d}^{*}(T_{g}, S^{2})$ $arrow^{\Phi_{d}\tilde}\overline{H_{0}1}_{d}(T_{g}, S^{2})$

$1\cross\pi^{\prime\iota}$ $\pi\downarrow$

$SU(2)\cross Ho1_{d}^{*}(T_{g}, S^{2})arrow^{\Phi_{d}}Ho1_{d}(T_{g}, S^{2})$

Since $\pi_{k}(\Phi_{d})$ is an isomorphism for any $k\geq 2$ , an easy diagram chasing
shows that $\pi_{k}(\tilde{\Phi}_{d})$ is also an isomorphism for any $k\geq 2$ . Because $S^{3}\cross$

$\overline{Ho1}_{d}^{*}(T_{g}, S^{2})$ and $Ho1_{d}(T_{g}, S^{2})$ are simply connected, $\tilde{\Phi}_{d}$ is a homotopy
equivalence. $\square$

By using the completely similar way as above, we can see that there is
a fibration sequence $($up to homotopy equivalence $)$

(5) $S^{1}arrow SU(2)\cross$ Map$d*(T_{9},$ $S^{2})arrow^{\Phi}Map_{d}(T_{g},$ $S^{2})$ .

Theorem 2.5 $([$ 13$])$ . $\Phi_{*}:\pi_{k}(SU(2)\cross Map_{d}^{*}(T_{g},$ $S^{2}))arrow^{\cong}\pi_{k}($Map$d(T_{9},$ $S^{2}))$

is an isomorphism for any $k\geq 2$ .

Proof. The proof is analogous to that of Theorem 2.4. $\square$
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Corollary 2.6 ([13]). There is a homotopy equivalence

$\overline{Ma}p_{d}(T_{g},$ $S^{2})\simeq S^{3}\cross\overline{Ma}p_{0}(T_{g},$$S^{2})*$ . $\square$

Lemma 2.7. There is a homotopy fibration sequence

$\Omega^{2}S^{3}\langle 3\ranglearrow\overline{Ma}p^{*}(T_{g}, S^{3})arrow(\Omega S^{3})^{2g}$ .

Proof. This can be proved by using tedious diagram chasing and the
detail is omitted. $\square$

Proof of Theorem 1.7. (i) By using Corollary 2.6 and Lemma 2.7, to
prove (i) it is sufficient to show that there is a homotopy equivalence

(6) $\overline{Map}^{*}(T_{g}, S^{3})\simeq\overline{Ma}p_{0}(T_{g}, S^{2})*$ .

However, by using a similar manner as that of the previous Theorem we
can prove the assertion (i) and the detail is omitted.

(ii) Assume that $k\geq 2$ . Since there is a homotopy equivalence $\Sigma^{k}T_{g}\simeq$

$^{2g}S^{1+k}\vee S^{2+k}$ and $S^{3}$ is a Lie group, Map$*(T_{g}, S^{3})$ is an H-space. Hence,

the assertion (ii) easily follows. $\square$

$*’\vee\prime ex\ovalbox{\tt\small REJECT}^{\backslash }$

[1] M. A. Guest, A. Kozlowski, M. Murayama and K. Yamaguchi, The
homotopy type of the space of rational functions, J. Math. Kyoto
Univ. 35 (1995) 631-638.

[2] M. A. Guest, A. Kozlowski and K. Yamaguchi, Spaces of polynomials
with roots of bounded multiplicity, Fund. Math. 161 $($ 1999 $)$ 93-117.

[3] V. L. Hansen, On the space of maps of a closed surface into the
2-sphere, Math. Scand. 35 $($ 1974 $)$ 140-158.

[4] V. L. Hansen, On spaces of maps of n-manifolds into the n-sphere,
Tkans. Amer. Math. Soc. 265 $($ 1981 $)$ 273-281.

[5] V. L. Hansen, The homotopy groups of a space of maps between
oriented closed surfaces, Bull. London Math. Soc., 15 $($ 1983 $)$ 360-
364.

82



$[$6 $]$ S. Kallel, Configuration spaces and the topology of curves in projec-

tive space, Contemporary Math. 279 $($ 2001 $)$ 151-175.

[7] L. Larmore and E. Thomas, On the fundamental group of a space of
sections, Math. Scand. 47 $($ 1980 $)$ 232-246.

[8] Y. Ono and K. Yamaguchi, Group actions on spaces of rational func-
tions, Publ. Res. Math. Soc. 39 $($ 2003 $)$ 173-181.

[9] G. Segal, The topology of spaces of rational functions, Acta Math.
143 (1979) 39-72.

[10] H. Toda, Composition methods in homotopy groups of spheres, An-
nals of Math. Studies 49, Princeton Univ. Press, 1962.

$[$ 11 $]$ G. W. Whitehead, On products in homotopy groups, Ann. Math. 47
(1946) 460-475.

[12] K. Yamaguchi, Universal coverings of spaces of holomorphic maps,
Kyushu J. Math. 56 (2002) 381-389.

[13] K. Yamaguchi, The space of holomorphic maps from the Riemann
surface into the 2-spheres, preprint.

83


