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Abstract

In this paper we deal with the valuation of callable-putable contingent claims with general
payoff functions under the setting of an optimal stopping problem between the seller and the
buyer. The seller can cancel the claim issued by him/her as well as the buyer can exercise
the right. Such claims may provide the upper bound of the loss to the seller and the lower of
the payoff to the buyer, respectively. We derive the valuation formula of the callable-putable
claims where the asset price follows a random walk. Some analytical properties of optimal
stopping rules and the value function are investigated in more detail.

1 Introduction

We consider a financial market consisting of a riskless asset and of a risky asset over the
discrete time horizon t = 0,1,2--- ,T. Suppose that a new callable contingent claim (hereafter
abbreviated by CC) has been issued by the firm into the market. The callable CC enable the
seller to cancel by paying an extra penalty to the buyer. On the other hand, the buyer can
exercise the right at any time up to the maturity. The game option introduced by Kifer [11] is
one of such securities. Callable convertible bonds, liquid yield option notes and callable stock
options are examples of such financial derivatives (see [1], [8], [14], [19]and [20]).

In this paper we deal with a valuation model of such callable CC where the payoff functions
are more general and different from the payoff if both of the buyer and seller do not exercise their
right before the maturity. The decision making related to callable CC consists of the selection
of the cancellation time by the seller and the exercise time by the buyer, that is, a pair of two
stopping times. When the seller stops at a time before the buyer does, the seller must pay to
the buyer more than when the buyer stops before the seller does. When either of them do not
stop before the maturity, then the payoff would turn out to be intermediate.

This paper is organized as follows. Section 2 sets up a discrete time valuation model for
callable CC whose payoff functions are more general. In section 3 we derive optimal policies and
investigate their analytical properties by using contraction mappings. In section 4 we discuss
a special case of binominal price processes to derive the specific stop and continue regions. In
section 5, concluding remarks are given together with some directions for the future research.

2 Pricing Model

We consider the discrete time case where the capital market consists of riskless bond B; with

interest rate r; at time ¢, so that

B, =M%_,(1+r)Bo (2.1)
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and of a risky asset whose price S; at time ¢ equals
Sy = SOHi;:l(l + pr) = St~1(1 + pt) (2.2)

where pg(w) = %(d+ ug + wi(ug — d)), = w(wi,ws, - ,wr) € {1, ~1}T which is the sample
space of finite sequences w with the product probability P = {(px,1 — px)}7.

To exclude an arbitrage opportunity as usual, we assume for each k
—“l<dp <rp<ug, 0<pr<l. (2.3)

The equivalent martingale probability p* with respect to p is given by

* Tk — d * *
= , =1- p;.
Pe= " _—q % Py
It is clear that E*(px) = 7
Given an initial wealth wy, an investment strategy is a sequence of portfolios 7 = (m, 72, -+ , 1)

at each time where a portfolio m; is a pair of (ay, 3¢) with a; and B; representing the amount of
risky asset and of riskless bond at time t, respectively. The wealth formed by the portfolio 7 at
time t is given by

W =St + BB, t > 1 (2.4)

with Wy = w is given.

An investment strategy m is called self-financing if
a1S80 + B1Bg = w
and
St—1(at — 1) + Bt—1(Bt — Bt-1) =0, t>1

which means no cash-in and no cash-out from or to the external sources.

Let Wt" = B, IW{'. Then, for a self-financing strategy 7 we have Wt” = w0+2f€:1Bk' Lo Sk_1 (px—
%) which is a martingale u.r.t.p*. Denote by [J; T the finite set of stopping times taking values in
{t,t+1,--- ,T}. A callable contingent claim is a contract between an issuer A and an investor B
addressing the asset with a maturity 7. The issuer can choose a stopping time o to call back the
claim with the payoff function Y, and the investor can also choose a stopping time 7 to exercise
his/her right with the payoff function X, at any time before the maturity. Should neither of
them stop before the maturity, the payoff should be Z;. The payoff always goes from the issuer

to the investor. We assume
0<X;<Z; <Y, 0<t<T

and

Xp = Zr (2.5)

The investor wishes to exercise the right so as to maximize the expected payoff. On the other
hand, the issuer wants to call the contract so as to minimize the payment to the investor. Then,
for any pair of the stopping times (o, 7), define the payoff function by

R(Ua T) = Y01{0<T§T} + X‘rl{‘r<a§T} + ZTl{a'/\‘r——-T} (26)
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A hedge against a callable CC with a maturity 7" is a pair (o,7) of a stopping time o and a

self-financing investment strategy m such that

i
WA,

> R(o,t), t=0,1,---,T.

The price v* of a callable CC is the infinum of v > 0 such that there exists a hedge (o, 7) against
this callable CC with WJ = v.

Theorem 1 (Kifer [11]) Let P* = {p},1 — p;}T be the probability on the space Q with p; =
it < T < oo, and E* be the expectation with respect to P*. Then, the price v* of the

re—dt
callable CC equals vy which can be obtained from the recursive equations as follows;

vpr = (1+7) ' Zr

and
vfp = min{I}_; (1 + rx)7'Y;, max[I_; (1 +7%) "' X, E*(viy1n)]} (2.7)

Moreover, fort=0,1,---,T
vy = min max E* II UAT 1+ 'R o, 7)<
&T o Ei T TET:, T [ ( Tk) ( )I t]

= max min E* H_"Ml—i—r 'R(o, T 2.8
max min B2 (14 ) 7 R(o, )1, (28)

for eacht =0,1,--- ,T, the stopping times

ofr = min{k > ¢ (1 + 7)Y, = vg r} (2.9)
and

T = min{k > tIE 1+ )7 X, = Vi) (2.10)

belong to Ji,r and v = Hg;l(l +7) " Zr.
The inequalities

O't T/\T

E LT A+ ) R(oGr, TS < i

< BT (14 m) 'R0, m)IS] (211)
hold for any o, 71 € J

Remark 1 The model can be extended to the infinite case T — oo, provided that T, = r
for all k

Jim (1+ ) TYr =0 with vrr = Zr (2.12)
—00
with p*-probability 1. If Y; = (K — S;) + 8¢, then equation (2.12) can be replaced by
lim (1+7)7%; =0 (2.13)
t—oo

which means that the penalty does not grow too fast ast — oo.
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Remark 2 Defining Z, = I _, (1 + ri) *W[, then we obtain
Zy=w+ S 05 (1 + 7)) rarSk—1(pk — &) (2.14)
which is a martingale w.r.t. P* = {p*,1 — p*}T
Corollary 1 Assume that equation (2.12) holds. Then, the limit value
vt = lim v5r (2.15)

exists.

3 Optimal Policies and their Analytic Properties

In this section we propose a different approach from Kifer [11] and Dynkin [6]. Since the
asset price process follows a (non-stationary) binominal process, the payoff processes of X; and
Y; are both Markov processes. So we formulate this optimal stopping problem as a Markov
decision process. In this section, we assume ry = r for all kK and put 8 = (1 + r)"L. Let
X = BX(St), Vi = BY(S;) and Z; = BTZ(St). It follows from these new notations that
[T (T + 7)™ X, = X(Se), [Thci(1+7%) %Y, = Y(Sy) and [TL_,(1 + )~ Zr = Z(S7).

Put Vy(s) = Z(s) and define for n > 1

v (s) = (U™ (s)
= min(Y(s), max(X(s), BFs[v™(Sn41)])) (3.1)

where F; is the expectation w.r.S, = s
Let V be the set of all bounded functions and its limit with the norm ||v|| = sup,cq |v(s)|. For
u,v € V we write u < v if u(s) < v(s) for all s € 2. A mapping is called a contraction mapping
if

lUu — Uv|| < Blju — v

for some B < 1 and for all u,v € V.

Lemma 1 The mapping U as defined by equation(8.1) is a contraction mapping
Proof. For any u, v € V we have

(Uu)(s) — (Uv)(s) = min(Y(s), max(X(s), BE,[u(S)]))
— min(Y(S),max(X(s),BEs[v(S')]))

Uu)(s) — (Uv)(s) < min(Y(S),BEs[us(S)))
— max(X(S), BE;[vs(5)))
< BEs[u(S)] — BE.[vs(S)]
< BEs[sup(u(S) — v(5))]

Bllu — vl



Hence, we obtain
Sug(UU)(S) — (Uv)(s) < Bllu — .
s€

By taking the roles of u and v reversely, we have
sup(Uv)(s) — (Uu)(s) < Bllv — u|
s€

Putting equation(3.2) and (3.3) together we obtain

[Uw — Ul < Bllu - v]|

Corollary 2 There exists a unique function v € V such that
(Uv)(s) =v(s) forall s
Furthermore, for allu eV

UTu)(s) = v(s) as T — oo
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(3.2)

(3.3)

(3.4)

where v(s) is equal to the fized point defined by equation(3.4), that is, v(s) is a unique solution

to

v(s) = min{Y (s), max(X (s), BE,[v(5)])}

Since U is a contraction mapping from corollary 1, the optimal value function v for the

perpetual contingent claim can be obtain as the limit by successively applying an operator U to

any initial value function v for a finite lived contingent claim.

Remark 3 When we specialize the price process into the binominal process, the probability space
can be reduced to 2 = {0,1,2---} with a 0 — field Sy = i which represents the number of up-

Jumps by time t and P = (p,1 — p)
Assumption 2 If v(s) is monotone in s, then Esv(S) is monotone in s.

Lemma 2 Suppose that Assumption 2 holds. Then,
i) (U™v)(s) is monotone in s forve V.
ii) v satisfying v = Uv is monotone in s.

iii) there exists a pair (s}, s5*) of the optimal boundaries such that

’Un+1(S) = (uvn—l)(s) — { Y(s) ifS > S;

with vg = Z.

Proof.

ma'X(X(S)HBES[vn_l(g)]) ifS < S:l*,’fl = 1a27 T
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i) The proof follows by induction on n. For n = 1, we have
U°)(s) = min{Y (s), max[X (s), BE;Z(S)]}

Suppose that X (s),Y (s) and Z(s) is increasing in s.
which is monotone in s, provided that Assumption 2 holds. Suppose that v, is monotone
for n > 1. Then,

v *1(s) = (Uv™)(s) = min{ X (s), max(Y (s), BEs[v"(S)])}
which is again monotone in s since the maximum of the monotone functions is monotone.

ii) Since lim,_,(U™v,)(s) point-wisely converges to the limit v(s) from corollary 2, the limit
function v(s) is also monotone in s.

iii) Should v = (U™ lvp)(s) be monotone in s, then there exists at least one pair of boundary
values s* and s}* such that

n_ ) Y(s) if s > s*
v max[X (s), BEs(v*"1(S)] otherwise

X (s) for s < s**
Es[v""1(5)] otherwise

mMX@me*@m={
O

From equation(2.11), v™ is monotone increasing in n since X,(s) < v"™(s) < Y,(s). Define for

the issuer
SL={s|V™(s) = Y (s)} (3.5)
s; = inf{s|s € S} (3.6)
and for the investor
SiT = {s|V"(s) = X(s)} (3.7)
st = inf{s|s € S} (3.8)
It is easy to show that
Sy, > sy for each n (3.9)

Remark 4 In game put options (Kifer [11],Kyprianou [13]) it is assumed that X,(S,) =
B"X(Sn) and Y,(Sn) = B™(X(Sn) + ) with § > 0 where X(Sp) = (K — Sp)*. It is easy

to show that v™ = v™(s) is continuous and decreasing in s and increasing in 6.
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4 A Simple Random Walk Case
Suppose that the process {S;,t =1,2,--- } is a random walk, that is,

Sev1 =S - X1

where X 1, Xg -+ are independently distributed random variables with the finite mean.

i) We consider the case of a callable call option where X (s) = (s — K )t
and Y(s) = X(s) + 6, >0

BEs(S) = Bs(1+p'u+ (1 —p")d) =Bl +7)s = s

which is a martingale. So "X (S,) = max(8"S — 8"K,0) is a submartingale. Applying
the Optimal Sampling Theorem, we obtain that

s) = in max E*[B°VR
vt (s) SZn max I (o,7)]

= Uren}tr,lT Tlél‘%)’; E.: [/BUAT (Y(SO’/\T)l{r7<'r} + X(SU/\T)]'{T<U} + ZTl{a/\‘r=T})]

= min EJ[B°X(S:)l{ocry + BT Zr1{0=1y] (4.1)
oeTy, T
which can be represented in the following corollary;

Corollary 3 Callable-Putable contingent claims with the maturity T < oo can be degen-
erated into callable ones.

This corollary corresponds to the well known result that American call options are identical
to the corresponding European call options. In the case of callable-putable call claims it
follows that the investor should exercise his/her putable right at the maturity. However,
the issuer should choose an optimal call stopping time which minimize the expected payoff
function given by equation(4.1). From equation(2.11) we know that

Xt v <Yy for0<t<T.
and the optimal stopping times for each t = 0,1,--- , T are
of =min{n >t :vep = Y, ()} AT

and
m={n>t:v7(s) = B"Xn(s)}.

Lemma 3 Vi(s) — s is decreasing in s for each t and decreasing in t for each s.

S = {slu(s)—s>—k+6} fort<T. SL=4¢
ST = {slu(s)—s<—-k}=¢ fort<Tif E(X)>1.

ii) We consider the case of a callable put option where X (s) = max{K —s, 0}and Y(t) = X (¢t)+46
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Lemma 4 Let X(s) = max{K — s5,0},Y(s) = X(s) + 6 and E(S;) > —1. Vi(s) + s is
increasing in s for each t.

Proof. For t =T we have

Vr(s) +s = max{X(s),0}+s
= max{K — 5,0} + s = max{K, s}

which is increasing in s. Suppose the assertion for ¢ + 1.
Then, putting pu = E(S;)

Vi(s)+s = min{(K — s)t + §, max{(K — s)¥,BE;Viy1(sS) + sS} + Bs(1 + p)}
= min{K + §, max[K, BE(V;+1(sS) + sS)] + Bs(1 + )}

Vi+1(88) + 58 is increasing in s for all § > 0 and s(1+ ) is also increasing in s for 4 > —1.
So is Vi(s) + s. O

For each t, define

v.(s)+s
Iy

K+8

A
sl = inf{s:Viy1(s)+s> K+ 6}
sl = inf{s: Vis1(s) + s > K}

where s{ and s{! equal co when these sets are empty.
Lemma 5 s{ and s{! are increasing in t
Proof.

inf{s|Vi(s) + s > K + 4}
inf{s|Vi41(s) + s > K + 6}

o
R
IA

|

1
St+1
st = inf{s|Vi(s) +s > K}
inf{sVisa(s) + s > K}

v

Lemma 6 If %F(%) > 1 — [k zdF(x), it is never optimal for the investor to exercise
S
before the maturity. It is never optimal for the issuer to c all at the maturity.
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Proof.
SL = {s|Vr(s) =K — s+ 6}
= {s|max(K —s,0)+s=K + 4}
= {¢}
S = {s|Vi(s) = K — s}
= {s|max(K —s,0) = K — s}
= {K}
Vr-1(s) = min{K — s+ §, max(K — s, BE[Vr(sX:)])}
= min{K — s+ §, max(K — s, BE max(K — s,0))}
= min{K — s + §, max(K — s,ﬂK/§ dF(z) — [3/§ szdF(z)}
0 0
— min{K — s + 5, max(K — s, ﬂKF(%:—) - ﬁ/? szdF(z)}
0
ﬂKF(%) - ﬂs/0§ szdF(s) = ﬁKF(%) — ﬂs(/oo<> zdF(z) — /Koo zdF(x))
< BKF() - fsu+ps [ = dP@)
< BKF —pPBsp+pBK(1-F)
= PBK —Bspy p>-1
B(K —su) —p>1
< B(K —s)
Hence,

Vr—i1(s) = min{K —s+4,8(K —s)}
< K—5+4+6 if (K—s+94) <p(K —5s)
S:{"—1 = {¢}

Theorem 3

i) There exists an optimal call policy for the issuer as follows;

If the asset price is s at time t and s > s}, then the issuer call the contingent claim.
ii) There exists an optimal exercise policy for the investor as follows;

If the asset price is s at time t and s < 3{1 , the investor exercises the contingent

claim, otherwise, either of them do not exercise.
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Since X < v <Y, for each t < T, the issuer should stop or call if s € DtI and the
investor should ezercise if s € D}!

Lemma 7

I II II
c/ o Cit1, G CCiyy
clccl and CHf >l

The proof directly follows from the result that vy T is increasing in t.
Let
(Utv)(s) = min{Y (s), max(X (s), B Es[v(s50)])}

Lemma 8 If there exists § > 1 and 6§ > 0 for which E[X?|Xo, -+, X:t_1] < e fort =
1,2,---,T, then we obtain

Vi(s) = f(s)
where f(s) is given by

] 9—1 6—1 . 9
fo={ S desah
K-S otherwise

5 Concluding Remark

In this paper we consider the discrete time valuation model for callable contingent claims in
which the asset price follows a random walk including a binominal process as a special case. It
is shown that such valuation model can be formulated as a coupled optimal stopping problem of
a two person game between the issuer and the investor. We show under some assumptions that
these exists a simple optimal call policy for the issuer and optimal exercise policy for the investor
which can be described by the control limit values. Also, we investigate analytical properties of
such optimal stopping rules for the issuer and the investor, respectively, possessing a monotone
property.

It is of interest to extend it to the three person games among the issuer, investor and the
their party like stake holders. Furthermore, we might analyze a dynamic version of the model by
introducing the state of the economy which follows a Markov chain. In this extended dynamic
version the optimal stopping rules as well as their value functions should depend on the state of
the economy. We shall discuss such a dynamic valuation model somewhere in a near future.
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