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On Coarse fibre structure
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1 Introduction

Gromov’s programs for classifying finitely generated groups by quasi-isometries are major studying
objects in geometric group theory : (i) Classify finitely generated groups by quasi-isometry. (ii) Classify
finitely generated groups by group isomorphisms which are quasi-isometric to each finitely generated
group. Because quasi-isometry invariant geometry is the asymptotic or coarse geometry of non-compact
metric spaces, intuitively this classification surely ignores the ”finite” difference of groups. For now many
good partial answers for Gromov’s programs exist, but they are far from complete. For example answers
for (i) and (ii) about finite groups, finitely generated abelian groups and finitely generated free groups
are known [1] [4]. For another example answers for (ii) about finitely generated nilpotent groups and
irreducible lattice of semi-simple Lie groups are known [6] [3]. But above class of groups are small parts
of all finitely gencrated groups, and unfortunately we have few good general theory for studying the
Gromov’s programs on general groups. So we must study the general theory for general groups. In
this article we suggest the method for understanding the coarse geometry of finitely generated groups
given by their normal subgroups. At first we define the prototype fibre structures which are obtained by
picking out the quasi-isometry invariant properties of finitely generated groups and normal subgroups.
These structures are too weak to characterize normal subgroups. So second we define the semi-flat
fibre structures which are obtained by picking out the quasi-isometry invariant properties of semi-direct
products. In case of general normal subgroups we can probably construct similar structures. After all
we were not be able to characterize normal subgroups and even semi-direct products in the view of
quasi-isometry, but we get the necessary condition to characterize normal subgroups. Then any hope
are remain to characterize normal subgroups. So at last we remark about our current study by using
algebraic method to solve this problem.

2 Notations

First we think finitely generated groups as discrete metric spaces. Usually we ignore the difference
between "left” and ”right” word metrics, but for our constructions its difference is very important. So in
this article word metric means left word metric :

Notation 2.1. (left word metric) Let G be a finitely generated group, and S is its finite generating system.
We define ds : G x G — R as fllows, ds(g,h) =|| h~'g ||s= inf{n | h~1g = s{'...s5,e; € {~1,1},s; € S}
. dg is distance function on G, then dg is called left word metric on G by §.
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Metric spaces which are made by word metrics satisfy two regular conditions in the class of discrete

metric spaces : they are uniformly discrete metric spaces and coarse path metric spaces.

Notation 2.2. (uniformly discrete metric space) A metric space (X,dx) is called uniformly discrete if
there is a real number A > 0 such that for all z,y € X,  # y implies dx(z,y) > A.

Notation 2.3. (coarse path metric space) Given a metric space (X,dx), we call X a coarse path
metric space, if there are real numbers § > 0, P > 1, and @ > 0 such that for all z,y € X we can
find a sequence z = z3,...,Z,41 = y in X which satisfies dx(z;,z;41) < é§ for each 1 < ¢ < n and
dx(z,y) > Py dx(zi,ig1) — Q.

Second we recall the definition of quasi-isometry.

Notation 2.4. (quasi-isometry) Given metric spaces (X,dx) and (Y,dy), a function f : X — Y is
called quasi-isometry if there are real numbers K,L, and C (K > 1,L,C > 0) such that they satisfy
following two conditions. (i) For all z,2’ € X, %dx(z,2’) — L < dy(f(z), f(z')) < Kdx(z,z') + L . (ii)
f(X) is C-caorsely dense in Y : for all y € Y there is z € X such that dy (f(z),y) < L.

If there is a quasi-isometry between (X,dx) and (Y, dy), we say that they are quasi-isometric. This is
a equivalence relation among metric spaces. And left word metrics on a finitely generated group which
are made by the two finitely generating systems are quasi-isometric. At last we recall the definition of

Hausdorrf distance on uniformly discrete metric spaces.

Notation 2.5. (Hausdorrf distance) Given an uniformly discrete metric space (X,dx), We define the
hausdorrf distance d¥ for A, B which are subspaces of X as follows. d¥(A,B) = max{inf{r|A C

Ne(B)},inf{r|B C Nr(A)}}.

Because X is uniformly discrete, d§ is an extended distance function on all the subspaces of X. So
subset of all the subspaces of X of which elements arc mutually finite distance for d¥ can be a metric

space by the restriction of d¥.

3 Prototype fibre structure

Given a finitely generated group G, H which is a normal subgroup of G. G is a metric space by a left
word metric. Then we want to think G a fibre space which base is right coset class H \ G and fibres are
right cosets {Hgl[g] € H\G}. So if we will carefully take these properties, we can get a quasi-isometrically

invariant concept like fibre space. We call it a prototype fibre structure :

Definition 3.1. (prototype fibre structure) Given an uniformly discrete metric space (X,dx), a set Y,
metric spaces A, B, and X, which is a subspace of X for each a € Y. We call (Y, {X4}acy) a prototype
fibre structure on X which has a base B and a fibre A if it satisfies following four conditions.

(1) Ugey Xo which is a subspace of X is coarsely dense in X .

(ii) d¥ (Xa, X;p) is finite for each pair a,3 € Y.

(iit) X4 is quasi-isometric to A for each a € Y.

(iv) If we define a pseudo metric on Y as dy(a,3) = df;(Xa,Xg) for each o, 3 € Y, then its quotient
metric space (Y,dy )/ ~ is quasi-isometric to B.



These structures have the following invariance under quasi-isometry :

Proposition 3.2. (invariance) [8] Given uniformly discrete metric spaces (X,dx), (X ', dx), metric
spaces A, B, a quasi-isometry f: X — X'. If (Y,{Xa}acy) is a prototype fibre structure on X which
has a base B and a fibre A, then (Y, {f(Xa)}acy) is a prototype fibre structure on X’ which has a base
B and a fibre A.

Actually the existence of a normal subgroup implies the existence of this structure :

Proposition 3.3. (normal subgroup = prototype fibre structure) [8] Given a finitely generated group
G, dg a left word metric on G, H a normal subgroup of G. Because H\G is finitely generated, we can
take dg a left word metric on H\G. We take H\G as Y, and X, as a for each a € Y, then (Y, {Xa}tacy)
is a prototype fibre structure on (G, dg) which has a base (H\G,d,) and a fibre (H,dg).

The existence of a subgroup which is not necessary normal also implies the existence of a prototype
fibre structure :

Corollary 3.4. (subgroup = prototype fibre structure) [8] Given a finitely generated group G, dg a
left word metric on G, K a subgroup of G. We take K\G as Y, and X, as a for each @ € Y, then
(Y,{Xa}acy) is a prototype fibre structure on (G,dg) which has a base (K\G,d{é,dc)) and a fibre
(K,dg).

Because in the definition of the prototype fibre structures we don’t think the informations which
reconstruct the total space by the base and the fibres, these structures are too weak to characterize
normal subgroups. Actually in classical group extension theory the total group is reconstructed from the
“base” and the "fibres”[7]. So the next section we consider the structures which have more informations
than the prototype fibre structures to reconstruct the total spaces.

4 Semi-flat fibre structure

We consider in the special case : semi-direct products. Let G be a finitely generated group. Given
1 —- A — G — B — 1(split exact as group). Consider a left word metric on G and B, and A as
a subspace of G. So for each 3 € B there exists gg € G which satisfies Agg = (3, such that for all
a, 8 € B, gogs = gu.p- Then we notice the two properties : (i) for each a, 3 € B a function Ag, — Agp :
aga — aga(95'gp) is quasi-isometry which has certain common properties depending on only the distance
of & and 8. And (ii) G is generated by a generator of A and finite subset {g, € G|dp(y,e) = 1}. So we
can create quasi-isometry fibre structures which have more properties than prototype fibre structures.
We call them semi-flat fibre structures.

Definition 4.1. (Semi-flat fibre structure) Given an uniformly discrete metric space (X,dx), a set Y,
a metric space A, a coarse path metric space B, X, which is a subspace of X for each a € Y, and
Yo Xoa — Xg a quasi-isometry for each pair a, 8 € Y. We call (Y, {Xa}aey, {¥a.s}a,sey) a semi-
flat fibre structure on X which has a base B and a fibre A if it satisfies following five conditions.

(0) (Y, {Xa}acy) is a prototype fibre structure on X which has a base B and a fibre A.

(i)(a) There are real numbers K > 1 and ¢ > 0, for all real numbers R > 0, there is a real number Lg > 0



10

such that for all o, 8 € Y, if dy,(a,3) < R then ¢, 3 is a quasi-isometry with constants (K, Lg, t).
(b) There are real numbers p > 1 and q > 0 such that for all a,3 €Y and z € X

dx(a,p(z),z) < pd¥ (Xa, Xg) +q.
(c) For all real numbers R > 0, there is a real number Mg > 0 such that

dy;~(a,3) < Rand dy,.(3,7) <R

=> SUPa,3,veY SUPze X, dx (Ph,y © Pa,8(T), Pa,y(T)) < Mp.

(preparing for (ii))

For each R > 0 we will make a path metric Dg on T = L,cy X, from the following weighted graph
structure on T'. We take an edge set Er as the following two types.

(type 1) For each o, 8 € Y such that dy,..(a,8) < R, and = € X,

edge : T — pq g(z), weight : d¥(Xo, Xp) (if d¥(Xa, X5) #0),
edge : T — @q4 5(T), weight : 1 (if d (X, Xp) = 0).

(type 2) Foreacha €Y,z # 2’ € X,
edge: z — ', weight : dx(z,z’).

(ii) Let g : (T, Dr) — (Uaey Xa,dx) be a natural map, then there is a real number Ry > 0 such
that for all real numbers R > Ry, mg is a quasi-isometry.

Definition 4.2. (induced structure) Given uniformly discrete metric spaces (X,dx) and (X’,dx’), a
quasi-isometry f : X — X’  and a semi-flat fibre structure on X which has a base B and a fibre A :
(Y, {Xa}acy, {¥a,s}apey)- Then we can define a quasi-isometry Vo p: f(Xa) — f(Xp) for each pair
a,BeEY ¢, 5=Ffopapo(fix,) ' Wecall (Y,{f(Xa)}aey, {#% sta.pey) ainduced triple by f.

Proposition 4.3. (invariance) [8] The induced triple by f is a semi-flat fibre structure on X’ which has
a base B and a fibre A.

Proposition 4.4. (semi-direct product => semi-flat fibre structure) [8] Given a finitely generated group
G, dg a left word metric on G, H a normal subgroup of G which is split. Because H\G is finitely
generated, we can take d, a left word metric on H\G. We take H\G as Y, X, as a for each a € Y, and
aga * gal95'98) as @a,p for a certain section {g, € G}y € H\G}. Then (Y, {Xa}acy, {Ca.}asey) is
a semi-flat fibre structure on (G, dg) which has a base (H\G, dq) and a fibre (H, dg).

In special case of semi-direct, products we can think direct products, so we can construct fibre structures
which correspond to direct products : ”R — 00” in the above definition of the semi-flat fibre structures

[8]. These structures provide a general interpretation of Gersten’s method [5).

5 Remark

In studying the quasi-isometric invariant properties for general groups, we want to consider more
algebraic. So for example we notice the Morita theory of rings. Sauer thinks this method for the proof of
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quasi-isometry invariance of cohomological dimension [10]. In above thesis Sauer use the Morita theory
for studying module category of the group ring. We can study more universal than Sauer’s to use the
groupoid characterization of quasi-isometry and the topos theory (9] [11] [2] : We think the skew group
ring R(G) = G x I>®(G,Z). So it is proved that if finitely generated groups G and G’ are quasi-isometric
then R(G) and R(G’) are Morita equivalent. These rings probably lose the few quasi-isometry invariant
properties.
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