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THE COLORINGS FOR MAPS ON CONNECTED FINITE GRAPHS

M&EM (NAOTSUGU CHINEN)
KBTI ¥ K% (HIROSHIMA INSTITUTE OF TECHNOLOGY)

1. INTRODUCTION AND DEFINITITION

A3 TR T HausdorT 2 & L, FEEZFE - L VLWEREREZYRET S, £7, &
BMEBLTUTOREZFED.,

Notation 1.1. Denote
FPF(X)={f: X — X : fis a fixed-point free continuous map}
(i.e., f € FPF(X) if and only if f(x) # «z for all x € X.) and
H(X)={f: X — X : fis a homeomorphism}.

B D coloring & coloring number DEHIZ 1990 FERICTHIR T 255, #BE&1F 1951 F D
(8] DA £ Bb B,

Definition 1.2 (Hartskamp(1995), Aarts-Fokkink-Vermeer(1996)).
Let f € FPF(X), let U be an open (or closed ) cover of X, and, let p = |U].
(1) Let A be an open (or closed ) subset of X. A is said to be a color of (X, f) if
AN f(A)=0.
(2) U is said to be a coloring (p-coloring) of (X, f) if p is finite and all U € U are
colors of (X, f).
(3) Define the color number col(X, f) of (X, f) by

min{|U| : U is a coloring of (X, f)}
00 (otherwise)

mmnﬁ={

Remark 1.3.

B f O coloring UIZRLT, FUcUZESFLALDEBS LAY LT, BHER)H
BUZROWEZRFE O G BAVICEZ 5 Z LK,

{IntxV : V € V} iZEMR f O coloring
({ClxV : V € V} 3B f D coloring)

Xo7T, B f D coloring U (3B RHPAGAD &) IR L 22 &icT 3,
¥7, HELFIZET 5,



57

Example 1.4.
Let Z, = {0,1,...,p — 1} be a discrete space and let us define s, : Z, — Z, by
sp(t1) =1+ 1 (mod p). Then

2 if p is even
col(Z,, sp) = { 3 ifz is odd

Bz 2 L7508, RO E»NS Ay b BROBEITNT coloring Z/F2 2 & 53
TH %,
Remark 1.5.
Let f € FPF(X).
(1) For every r € X there exists a closed neighborhood N, of x in X such that IV, is

a color of (X, f).
(2) If X is compact, then we can take a coloring of (X, f).

D WL R 4] ICEEL BT 3D, BEROD coloring DIRAKIZ2HIE &
LCUTDI EDRL ETRILT 3,

Question 1.6.

(1). Let X be a space and f € FPF(X) (or f € FPF(X) NH(X)). Decide col(X, f)!
(2) What does (X, f) satisfy col(X, f) < oc0?

ﬁ@ﬁ#%ﬁ<uﬁi%&%ﬁ#6*%&@%%%wu%n#e%zenéﬁ%&2
B3,

2. CASE 1 : O-DIMENSINAL SPACES

RDOEEIX, BERD coloring DIEEDBEADE > L 2 2RFDERTD 5,

Theorem 2.1 (Bruijn-Erdos (1951), Katétov (1967)).
Let X be a discrete space and f € FPF(X). Then, col(X, f) < 3.

(Then there exist disjoint subsets {Xo, X1, X2} of X such that X = Xo U X; U X2 and
X;N f(X;) =0 for eachi=0,1,2.)

BERAERIZORTTTH B 2 &h5, EBOKRIDUTOMEIEZL NS,

Question 2.2.
Let X be a 0-dimensional space and f € FPF(X). Then does it hold that col(X, f) < 32

PROMEIZN LT, BUOBEENLRERLE LTCUT2EH 3,
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Theorem 2.3 (Blaszczyk-Kim (1988)).
Let X be a 0-dimensional paracompact space and f € FPF(X) N H(X). Then,
col(X, f) < 3.

(Then there exists a disjoint clopen cover {Xo, X1, X2} of X such that X; N f(X;) =0
for eachi=10,1,2.)

T, BEMLZERE L TUTH»H 2,

Example 2.4 (Blaszczyk-Kim (1988)).
There exist a 0-dimensional locally compact space X and f € FPF(X) N H(X) such
that col(X, f) = o0

EBOZEREIZ X = {-1,0,1}\ {0} T, BIETRTD z€ X KHLT f(z) = -z
2WMIETOIDTHS, DL BRRBRBBIL2ROD>TuRLOEEZIUL, UTO
X)) RE»EZONS,

Question 2.5.
(1) Let X be a 0-dimensional space and f € FPF(X)NH(X). What space holds that
col(X, f) <37
(2) Let X be a 0-dimensional paracompact space and f € FPF(X). Then does it hold
that col(X, f) < 37
(3) For each k > 4 do there exist a 0-dimensional space X and f € FPF(X) N H(X)
such that col(X, f) =k?

KEL, av A7 b REOBSIEENTH S LICERT 2,

Remark 2.6.
Let X be a 0-dimensional compact space and f € FPF(X). Then col(X, f) < 3.

3. CASE 2 : n-DIMENSINAL SPACES

RICBRAZRTCICE LT, BRTHVERI, 9, ORTUEDRITE coloring &
DRPIDFERIIDLT &% 3,
Theorem 3.1 (van Douwen (1993)).
Let X be an n-dimensional paracompact space and f € FPF(X) NH(X). Then,
col(X, f) < 2n + 3.

MRRITOBFA M2 KB ( BPR%Z coloring 272\l ) 2 2 Z LMs>N<T
V3,

Example 3.2 (van Douwen (1993)).
Let X = P, nS™ let f: X — X € FPF(X)NH(X), and, let us define f(z) = —z for
each x € S* C X. Then col(X, f) = oco.
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EBDOBNIZ, col(S™, flsn) >n+2 L VI EEZMH S Tcol(X, f) =co ZR LT3,
EHE31ZISICRBEC L 2EEPUTTh 3,

Theorem 3.3 (van Hartskamp-Vermeer (1996), van Mill (1999)).
Let X be an n-dimensional paracompact space and f € FPF(X) NH(X). Then,

col(X, f) <n+ 3.

COEEIF, n=1%,F2L, 1RDLEMOTEIEZFx L2 ABEKRIEENT A
VEEND I EHbRD, DI LIRBICHIRN S DMED THRECRERLEZ 3,

Fre, BV 2 FOBAIEEI3 O HX) 2HBRTE 2 ( AEEG TR
CTH &),

Theorem 3.4 (van Hartskamp-Vermeer (1996)).
Let X be an n-dimensional compact space and f € FPF(X). Then,

col(X, f) <n+ 3.

LRDOEBEDIHIZ, EH33 LUTOBE»STH S,
col(X, f) < col(lim{X, f},limf) < n + 3.

Im{X, f} i3 f: X - X 5EREN 3 inverse limit T, limf 132 DZEME S L O
BRIZERT 3,

4. CASE 3 : PARTICULAR SPACES AND MAPS

ZOBETIE, XHSNAZEMB 2 VI 2BHICE L T coloring 12D TR
%, ¥£7, ZBHEOEBEICOVLTERRS,

Xi=[0,1"(i=0,1), X =Xo @ X1, f(X:) =X; (i #5) W= §AMEERf: X - X
ET 3L , COI(X, f) =2ThHBZ L o <\\Olﬁ7})>%7b>g’ ’—M%B@”:K/)ibf, X 753\5@%
TF4UZ, coloring DEFED> 5 A 3 & coloring number D TR % IRE T 2 DI EIRAS
BWEEZOND, 22T, BYICHEELERD S ZENEETH B L ZTOROLEEMECIX
® %23 coloring number D FRIIH D3,

Remark 4.1 ([5]).
Let X be a connected space and f € FPF(X). Then col(X, f) > 3.

Bio, SobldimX =1%51F, FE3355 col(X, f) 1354 DLThisic
B LDy,

ST, FRZRMEEMR L LT involution map & 3 213 Z,-action 72 £23% %, involution
map {Z DWW T T OFRIBA S TWnwW3,

Theorem 4.2 (Aarts -Fokkink-Vermeer (1996)).
Let X be an n-dimensional paracompact space and f € FPF(X) NH(X). If f2(z) ==z
forall z € X, then col(X, f) < n + 2.
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B2 BENLEE LT, S'2Y =20, S!S S' Z - WEEHET2E, X
41 LEHA42D 5 col(SY,rr) =3 ,4 2, bob—MIZS* ZnRITHREE LT, UTD
£ ERIB LT B,

Corollary 4.3 (Lusternik-Schnirelmann).
If 1 : S* — S™ is the antipodal map, then col(S™, 1) = n + 2.

involution map M5} (p 233 DA L) DFERITH T H A STV, p=3BLTiF
]I R2F 53 28EHIE DWW T Wiy, BB [5] I 3,

Remark 4.4 ([1],[5]).
Let X be a connected space and f € FPF(X)NH(X). If f3(z) = z for all z € X, then
col(X, f) > 4.

BHRLBEHLPIE LT, re,:S' - S 2 In-EEREERE §2 &, EHE33 LEK44
25, col(S!,rz,) =42@oN 2,
EE440—BELE L TROBEIB SN,

Proposition 4.5 (Akaike-Chinen-Tomoyasu(5]).
Let X be an arcwise-connected space and f € FPF(X) NH(X) with f* = idx for some
n € N. If there exists an x € X such that f3(x) = z, then col(X, f) > 4.

EBD 2 >R S UTORENEZ SN S,

Question 4.6.
Let X be a connected space and let f € FPF(X) satisfying that f3(z) = x for some
x € X. Does it hold that col(X, f) > 47

TRMBELRAOIZET TR,

Example 4.7.

Let Z, = {0,1,...,p— 1} be a discrete space, let us define s, : Z, — Z, by s,(i) = i+1
(mod p), let Z, * Z, be the join of Z, and Z,, and, let s, , = s, * 5q : Z * Zqg — Zp * Zy.
Then col(Z3 * Zgq, 53,4) = 4.

5. CASE 4 : 1-DIMENSIONAL CONNECTED SPACES

TEH33 LIEE41IDLSUTOMEREZ NS,

Question 5.1 (Akaike-Chinen-Tomoyasu[5]).
Let X be a 1-dimensional connected space and f € FPF(X) N H(X). Which is true,
col(X, f) =3 orcol(X, f) =47
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I RTCZEBORK EWZ X T 7 772508, BH3.31327 95 7EHRD coloring number 13 4
BUTFEW)ILZRL w3, XCALSNTY S NERELE OBENH 2D TIdR\wn»h &
FHRINZD, IN6DI D67 T 7EMRD coloring number #FEL CFARNZ Z L I3 E
R23H 5 E-BbNDE, FoTUTOL) 2MENEZ NS,

Question 5.2 (Akaike-Chinen-Tomoyasu[5]).
Let X be a finite connected graph and f € FPF(X)NH(X). Which is true, col(X, f) = 3
orcol(X, f)=47?

9, BRUNCREZRD 5,

Notation 5.3.

Let z € X and f: X — X amap. Write orb(z, f) = {f*(z) : n >0}, P(f) ={z € X :
f*(x) = z for some n € N}, and, Per(f) = {|orb(z, f)| : z € P(f)}. Let A C N. Write
the greatest common divisor of A by gcd(A).

Bl i O AEAEE Z ged(Per(f)) DHEAMZICHEIL TREZEY, ZODESAOEZ L
WCHRERT A Z Ltk ), UToOEERES NS,

Theorem 5.4 (Akaike-Chinen-Tomoyasu[5]).
Let X be a connected finite graph and f € FPF(X) N H(X) with Per(f) # 0. If
ged(Per(f)) # 1, 3, then
col(X, f) = 3.

bR DEEZFE > CHEELEIZET 5,

Example 5.5.

Recall s = s, xsq : Zp * Zg — Zp * Zq as in Example 4.7. If ged(p,q) # 1,3, then
col(Zy * Zgq, s) = 3. In particular, col(Zar, * Zoky, s) = col(Zgk, * Zsky, s) = --- = 3 for all
k € N.

PR 2R OEMEER f: Zy* Ly — Zg x Zy 1 Per(f) C {2,4,8) ZilrdI &%
~ENE, EBOEEZES> TUTORMELNSG,

Corollary 5.6 (Akaike-Chinen-Tomoyasu/[5]).
col(Zy * Zyg, f) = 3 for any f € FHy 4,
where let FH, g = FPF(Z, x Zy) N H(Zy, * Zy).

6. MAIN RESULTS

FEOEEEEZ B 3S,
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Theorem 6.1.
Let f € FPF(X) NH(X) satisfying either that
(1) X s a connected finite graph, or that
(2) X is a connected infinite graph and Per(f) # 0.

Then ged(Per(f)) € {1,3} if and only if col(X, f) = 4.

EROEED S, EEFRY 7 7 ODRMEEMRD coloring number (BIL T, THbH LR
52 DREMERB, DF b, EHERABRY S 7L Tk

ged(Per(f)) € {1,3} if and only ifcol(X, f) = 4

i)i\ﬁijj‘%o

B (1) DFEBRIZ, EH5.5 XD, ged(Per(f)) € {1,3} 2o iX=@mIcBN R VLI L%
AERATUT XV, 207D, ABEIZRICEBN: L ZZ20RMINEDRERY B8
L, FEZHEE729, GEHIBEIL TZ[10] 2 A TIZ LV,

RDOFERIIFE46 D77 7B L TCOBEBENREZ L2 3,

Corollary 6.2.
Let X be a connected graph and f € FPF(X) N H(X). If f3(z) = x for some z € X,
then col(X, f) = 4.

ROFERIE, ¥ — 27 ICBI L T5EAIT coloring number % 5 L 72,

Corollary 6.3.
Let f € FPF(SY)NH(S). Then, f3(z) = x for some x € X if and only if col(S?, f) = 4.

7' 7 DHROSFIE R OREEIC &> TIBEMRTIZ 72 { 2212 & > T coloring number D33
EINBILERLTNS,

Corollary 6.4.
Let Ao = {(2,4),(4,4)}, A1 = {(p,q9) € Nx N :p,q > 2 and ged(p, q) € {1,3}}, and,
A= {(p,q) e NxN:p,g>2and(p,q) € AoU A1}. Then,

(1) (p,q) € Ao if and only if {col(Z, xZ,, f) : f € FH, ,} = {3}.
(2) (p,q) € A1 if and only if {col(Z, xZq, f) : f € FH, .} = {4}.
(3) (p,q) € Az if and only if {col(Z, *Z,, f) : f € FH, ,} = {3,4}.

Notation 6.5.

Let X be a finite graph and z € X. There exist a connected neighborhood U, of z in X
such that for every connected neighborhood V of r in U,, the number of the components
of U, \ {z} is equal to the number of the components of V' \ {z}. Denote the number
of the components of U \ {z} by Ord(z, X), b(X) = |{z € X : Ord(z, X) = k}|, and,
b(X) = [{be(X) : k # 2}] \ {0}.

ROFERIZ, 77 7 DHRDFTEEDEDOKEEIZEI L T coloring number Z REI NS Z
ExZRL7,
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Corollary 6.6.
Let X be a connected finite graph. If ged(b(X)) € {1,3}, then col(X, f) = 4 for each
f € FPF(X) n H(X).

EE61LD, VI 7EBTHESTVLLDIRERY S 7 CEGIAMAEER 2L LD
D coloring number ZRET 2 Z £ TH 3,

Question 6.7. Let X be a connected infinite graph and f € FPF(X) N H(X) with
Per(f) = 0. Does it hold that col(X, f) = 32

b0 L —MRAYICT 1 RITEFEAE D coloring number 2B L TUTOREIEZ 5 3,

Question 6.8. Let X be a I-dimensional continuum and f € FPF(X) N H(X).

(1) If 3 € Per(f), does it hold that col(X, f) = 47
(2) If Per(f) = 0, does it hold that col(X, f) = 32

B2 EHR D coloring number 1B L TIZZRAIC Lo THREINZ DO TRV EF
BIhs,

Question 6.9. Let X be a 1-dimensional (hereditary) indecomposable continuum. Does
there exists k(X) € {3,4} such that col(X, f) = k(X) for each f : X — X a fized-point
free homeomorphism from X into itself?
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