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Abstract
In the paper, we introduce two types of general nonlinear scalarizing functions for sets as images

of set-valued maps and investigate how some kinds of cone-continuity for parent set-valued maps
are inherited to these composite functions by unified types of scalarizing functions.

1 lntroduction
Shimizu, Tanaka and Yamada [7] introduced twelve types of scalarizing functions for sets, and they

called these functions unified types of scalarizing functions. In [4], they introduced some properties of
these functions including the inheritance on convexity and semicontinuity of parent set-valued maps.

If a real-valued or vector-valued function has some kinds of convexity and continuity, then we can
utilize such properties as a means to solve several types of equilibrium problems including variational
inequalities, minimax problems, complementarity problems and optimization problems. In vector-valued
case, we apply corresponding real-valued results as long as we find suitable scalarizing functions for
objective vector-valued functions. However it is unclear whether any scalarizing function for set-valued
maps plays such a similar role. Hence, it is important that we verify its inherited properties on cone-
continuity of set-valued maps. The aim of this paper is to go ahead with the investigation into some
inherited properties on cone-continuity of parent set-valued maps for unified types of scalarizing functions.

In the paper, we consider two types of composite functions of unified types of scalarizing functions
and set-valued maps, proposed in [7], and we investigate the inheritance on cone-continuity of parent
set-valued maps.

The organization of the paper is as follows. In Section 2, we introduce mathematical methodology on
comparison between two sets in an ordered vector space and some definitions of continuity and cone-
continuity for set-valued maps (see [3]). In Section 3, we introduce two types of nonlinear scalarizing
functions for sets proposed by the unified approach in [7], and we investigate how some kinds of cone-
continuity for set-valued maps are inherited to the new nonlinear scalarizing functions.
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2 Mathematical Preliminaries
Let $Y$ be a real topological vector space with the vector ordering $\leq c$ induced by a nonempty convex

cone $C$ $(C+C=C$ and $\lambda C\subset C$ for all $\lambda\geq 0)$ as follows:

$x\leq cy$ if $y-x\in C$ for $x,$ $y\in Y$ .

It is well known that $\leq c$ is reflexive and transitive where $C$ is a convex cone, moreover, $\leq c$ has invariable
properties to vector space structure as translation and scalar multiplication. Then, the space $Y$ is called
an ordered topological vector space. In particular, if $C$ is pointed, then $\leq c$ is antisymmetric, and hence
$Y$ is a partially ordered topological vector space.

Throughout the paper, $X$ is a real topological vector space, $Y$ a real ordered topological vector space
and $F$ a set-valued map from $X$ into $2^{Y}\backslash \{\emptyset\}$ . Moreover, for any $A\subset Y$ we denote the interior, closure,
complement of $A$ by int $(A)$ , cl $(A),$ $(A)^{c}$ , respectively.

At first, we review some basic concepts of set-relation and some definitions of continuity and cone-
continuity for set-valued maps.

Definition 2.1. ([3]) For nonempty sets $A,$ $B\subset Y$ and convex cone $C$ in $Y$ , we write
$A\leq_{c}^{(1)}B$ by ゑ $\subset\bigcap_{b\in B}$ $($わ一 $C)$ , equivalently $B \subset\bigcap_{a\in A}(a+C)$ ;
$A\leq_{c}^{(2)}B$ by $A \cap(\bigcap_{b\in B}(b-C))\neq\emptyset$ ;
$A\leq_{c}^{(3)}B$ by $B\subset(A+C)$ ;
$A\leq_{c}^{(4)}B$ by $( \bigcap_{a\in A}(a+C))\cap B\neq\emptyset$ ;
$A\leq^{(}c^{5)}B$ by $A\subset(B-C)$ ;
$A\leq^{(}c^{6)}B$ by $A\cap(B-C)\neq\emptyset$ , equivalently $(A+C)\cap B\neq\emptyset$ .

Proposition 2.1. ([3]) For nonempty sets $A,$ $B\subset Y$ , the followmg statements hold.

$A\leq_{c}^{(1)}B$ implies $A\leq c(2)B$ ; $A\leq_{c}^{(1)}B$ implies $A\leq_{c}^{(4)}B$ ;
$A\leq_{c}^{(2)}B$ implies $A\leq^{(}c^{3)}B$ ; $A\leq^{(}c^{4)}B$ implies $A\leq^{(}c^{5)}B$ ;
$A\leq_{c}^{(3)}B$ implies $A\leq_{c}^{(6)}B$ ; $A\leq_{c}^{(5)}B$ implies $A\leq^{(}c^{6)}B$ .

Proposition 2.2. ([4]) For nonempty sets $A,$ $B\subset Y$ , the following statements hold.
$i$ . For each $j=1,$ $\ldots,$

$6$ ,
$A\leq^{(}c^{j)_{B}}$ implies $(A+y)\leq^{(}c^{j)}(B+y)$ for $y\in Y$ , and
$A\leq_{c}^{(j)}B$ implies $\alpha A\leq^{(}c^{j)}\alpha B$ for $\alpha>0$ ;

$ii$ . For each $j=1,$ $\ldots,$
$5,$ $\leq^{(}c^{j)}$ is transitive;

$iii$ . For each $j=3,5,6,$ $\leq^{(}c^{j)}$ is reflexive.
Next, we recall some definitions of continuity and cone-continuity for set-valued maps. At first, we

introduce the continuity for set-valued maps.

Definition 2.2. ([1]) A set-valued map $F$ is called lower continuous at $x_{0}$ if for every open set $V\subset Y$

with $F(x)\cap V\neq\emptyset$ , there exists an open neighborhood $U$ of $x_{0}$ such that $F(x)\cap V\neq\emptyset$ for all $x\in U$ .
We shall say that $F$ is lower continuous on $X$ if it is lower continuous at every point $x\in X$ .
Deflnition 2.3. ([1]) A set-valued map $F$ is called upper continuous at $x_{0}$ if for every open set $V\subset Y$

with $F(x)\subset V$ , there exists an open neighborhood $U$ of $x_{0}$ such that $F(x)\subset V$ for all $x\in U$ . We shall
say that $F$ is upper continuous on $X$ if it is upper continuous at every point $x\in X$ .

Finally, we introduce the definitions of cone-continuity for set-valued maps.

Deflnition 2.4. ([2]) Let $C$ be a convex cone in $Y$ with nonempty interior, a set-valued map $F$ is called
C-lower continuous at $x_{0}$ if for every $y_{0}\in F(x_{0})$ and open neighborhood $G$ of $\theta_{Y}\in Y$ , there exists an
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open neighborhood $U$ of $x_{0}$ such that $F(x)\cap(y_{0}+G+C)\neq\emptyset$ for all $x\in U\cap DomF$ . We shall say that
$F$ is C-upper continuous on $X$ if it is C-upper continuous at every point $x\in X$ .

Definition 2.5. ([2]) Let $C$ be a convex cone in $Y$ with nonempty interior, a set-valued map $F$ is called
C-upper continuous at $x_{0}$ if for every open neighborhood $V$ of $F(x_{0})$ , there exists an open neighborhood
$U$ of $x_{0}$ such that $F(x)\subset V+C$ for all $x\in U\cap$ Dom$F$ . We shall say that $F$ is C-lower continuous on
$X$ if it is C-lower continuous at every point $x\in X$ .

3 lnherited Properties on Cone-Continuity of $Set-\vee alued$ Maps
At first, we introduce the definition of two types of nonlinear scalarizing functions for sets proposed

by a unified approach in [7]
Let $V$ and $V’$ be nonempty subsets of $Y$ , and direction $k\in C\backslash (-c1(C))$ . For each $j=1,$ $\ldots,$

$6$ ,
$I_{k,V}^{(j)}$ , : $2^{Y}\backslash \{\emptyset\}arrow \mathbb{R}\cup\{\pm\infty\}$ and $S_{k,V}^{(j)}$ , : $2^{Y}\backslash \{\emptyset\}arrow \mathbb{R}\cup\{\pm\infty\}$ are defined by

$I_{k,V}^{(j)},(V):= \inf\{t\in \mathbb{R}|V\leq^{(}c^{j)}(tk+V’)\}$ ,

$S_{k,V’}^{(j)}(V):= \sup\{t\in \mathbb{R}|(tk+V’)\leq c(j)V\}$ ,

respectively.
In this section, we introduce inherited properties on continuity and cone-continuity of set-valued maps.

At first, we remark that the unified types of scalarizing functions have an important merit on the
inheritance properties in contrast with the approach of [6].

Let $V’\in 2^{Y}\backslash \{\emptyset\}$ and direction $k\in C\backslash$ (-cl $(C)$ ). For any $x\in X$ and for each $j=1,$ $\ldots,$
$6$ , we

consider the following composite functions:

$(I_{k,V’}^{(j)}\circ F)(x):=I_{k,V’}^{(j)}(F(x))$ ,

$(S_{k,V’}^{(j)}\circ F)(x):=S_{k,V’}^{(j)}(F(x))$ .

Then, we can directly discuss inherited properties on cone-continuity of parent set-valued map $F$ to
$I_{k,V}^{(j)},$ $\circ F$ and $S_{k,V}^{(j)},$ $\circ F$ in an analogous fashion to linear scalarizing function like inner product. For this
end, we consider the following level sets;

$1ev_{r}^{l}(f):=\{x\in X|f(x)\leq r\}$ ,

$1ev_{r}^{u}(f):=\{x\in X|r\leq f(x)\}$ ,

where $f$ : $Xarrow \mathbb{R}\cup\{\pm\infty\}$ . Then, we show how some kinds of cone-continuity of parent set-valued maps
are inherited to these composite functions by unified types of scalarizing functions.
Theorem 3.1. ([5]) Let $F$ be a set-valued map. Then, the following statements are hold.

$i$ . For each $j=1,4,5$,
$(a)$ If $Fis$ lower continuous, then $I_{k,V}^{(j)},$ $\circ F$ is lower semicontinuous on $X$ ,
$(b)$ If $Fis$ upper continuous, then $I_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ .

$ii$ . For each $j=2,3,6$,
$(a)$ If $Fis$ lower continuous, then $I_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ ,
$(b)$ If $Fis$ upper continuous, then $I_{k,V}^{(j)},$ $\circ F$ is lower semicontinuous on $X$ .

Corollary 3.1. ([5]) Let $F$ be a set-valued map. Then, the following statements are hold.
$i$ . For each $j=1,2,3$,

$(a)$ If $Fis$ lower continuous, then $S_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ ,
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$(b)$ If $Fis$ upper continuous, then $S_{k,V}^{(j)},$ $\circ F$ is lower semicontinuous on $X$ .
$ii$ . For each $j=4,5,6$ ,

$(a)$ If $Fis$ lower continuous, then $S_{k,V}^{(j)},$ $\circ F$ is lower semicontinuous on $X$ ,
$(b)$ If $Fis$ upper continuous, then $S_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ .

Theorem 3.2. Let $F$ be a set-valued map and $C$ be a convex cone in Y. Then, the following statements
are hold.

$i$ . For each $j=1,4,5$,
$(a)$ If $Fis$ C-lower continuous, then $I_{k,V}^{(j)},$ $\circ F$ is lower semicontinuous on $X$ ,
$(b)$ If $Fis(-C)$ -upper continuous, then $I_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ .

$ii$ . For each $j=2,3,6$,
$(a)$ If $Fis(-C)$ -lower continuous, then $I_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ ,
$(b)$ If $Fis$ C-upper continuous, then $I_{k,V}^{(j)},$ $\circ F$ is lower semicontinuous on $X$ .

Proof. First, we prove $(i)-(a)$ and (ii)$-(b)$ . For each $j=1,$ $\ldots,$
$6$ , we show that

lev$r\iota_{(I)}:=\{x\in X|(I_{k,V}^{(j)}, \circ F)(x)\leq r\}$

is closed for any $r\in \mathbb{R}$ , that is, for any $\{x_{\alpha}\}_{\alpha\in J}\subset$ lev$\iota_{(I)}r$

’

$x_{\alpha}arrow\overline{x}\Rightarrow\overline{x}\in$ lev$\iota_{(I)}r$

’

where $J$ is a directed set. Let $t_{\overline{x}}$ $:=I_{k,V}^{(j)},$ $\circ F(\overline{x}),$ $t_{\alpha}$ $:=I_{k,V}^{(j)},$ $\circ F(x_{\alpha})$ , and assume that $\overline{x}\not\in$ lev$rl(I)$ . Then,
there exists $\epsilon>0$ such that $t_{\alpha}\leq r<r+\epsilon<t_{\overline{x}}$ and so we obtain

$F(\overline{x})\not\leq_{c}^{(j)}(r+\epsilon)k+V’$ and $F(x_{\alpha})\leq^{(}c^{j)}(r+\epsilon)k+V’$ . (3.1)

At first, we consider the case of $j=1$ . By (3.1) and the definition of type (1) set-relation, we obtain

$F( \overline{x})\not\subset\bigcap_{z\in(r+\epsilon)k+V},(z-C)$
and

$F(x_{\alpha}) \subset\bigcap_{z\in(r+\epsilon)k+V’}(z-C)$
.

Since $r+\epsilon<t_{\overline{x}}$ , there exists $\delta>0$ such that $r+\epsilon<r+\epsilon+\delta<t_{\overline{x}}$ and so we obtain

$F(\overline{x})\not\leq_{c}^{(1)}(r+\epsilon+\delta)k+V’$ and $F(x_{\alpha})\leq_{c}^{(1)}(r+\epsilon+\delta)k+V’$ . (3.2)

Since $\delta>0$ ,

$\bigcap_{z\in(r+\epsilon)k+V’}(z-C)\subset\bigcap_{z\in(r+\epsilon+\delta)k+V’}(z-C)$
,

and so we obtain

$\{\bigcap_{z\in(r+\epsilon+\delta)k+V’}(z-C)\}^{c}\subset\{\bigcap_{z\in(r+\epsilon)k+V’}(z-C)\}^{c}$ .

Since $C$ is a convex cone, we obtain

$\{\bigcap_{z\in(r+\epsilon+\delta)k+V’}(z-C)\}^{c}+C\subset\{\bigcap_{z\in(r+\epsilon)k+V’}(z-C)\}^{c}+C$.

Hence, by (3.2), we have

$F(\overline{x})\cap($ int $( \{\bigcap_{z\in(r+\epsilon)k+V},(z-C)\}^{c}+C))\neq\emptyset$ ,
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and
$F(x_{\alpha}) \cap(int(\{\bigcap_{z\in(r+\epsilon)k+V},(z-C)\}^{c}+C))=\emptyset$ .

Since $\alpha$ is an arbitrary and $x_{\alpha}arrow\overline{x}$ , for any $U$ which is a neighborhood of $x$ , there exists $\alpha(U)\in J$ such
that

$x_{\alpha(U)}\in U$ and $F(x_{\alpha(U)}) \cap(int(\{\bigcap_{z\in(r+\epsilon)k+V},$ $(z-C)\}^{c}+C))=\emptyset$ .

This is a contradiction to the C-lower continuity of $F$ on $X$ .
Next, we consider the case of $j=4$ . By (3.1) and the definition of type (4) set-relation, we obtain

$( \bigcap_{y_{1}\in F(\overline{x})}(y_{1}+C))\cap((r+\epsilon)k+V’)=\emptyset$ ,

and

$( \bigcap_{y_{2}\in F(x_{\alpha})}(y_{2}+C))\cap((r+\epsilon)k+V’)\neq\emptyset$ .

Let $T:= \bigcup_{\alpha\in J}F(x_{\alpha})$ . Then we obtain

$F(\overline{x})\not\subset$ cl $( \sup_{C}(T)-C)$ and $F(x_{\alpha})\subset$ cl $( \sup_{C}(T)-C)$ .

Hence we have

$F(\overline{x})\cap$ $\{$cl $( \sup_{C}(T)-C)\}^{c}\neq\emptyset$ and $F(x_{\alpha})\cap\{$cl $( \sup_{C}(T)-C)\}^{c}=\emptyset$ .

So we obtain

$F( \overline{x})\cap(\{cl (\sup_{C}(T)-C)\}^{c}+C)\neq\emptyset$ and $F(x_{\alpha}) \cap(\{cl(\sup_{C}(T)-C)\}^{c}+C)=\emptyset$ .

This is a contradiction to the C-lower continuity of $F$ on $X$ .
Next, we consider the case of $j=5$ . By (3.1) and the definition of type (5) set-relation, we obtain

$F(\overline{x})\not\subset(r+\epsilon)k+V’-C$ and $F(x_{\alpha})\subset(r+\epsilon)k+V’-C$ .

Since $r+\epsilon<t_{\overline{x}}$ , there exists $\delta>0$ such that $r+\epsilon<r+\epsilon+\delta<t_{\overline{x}}$ and so we obtain

$F(\overline{x})\not\leq_{c}^{(5)}(r+\epsilon+\delta)k+V’$ and $F(x_{\alpha})\leq_{c}^{(5)}(r+\epsilon+\delta)k+V’$ . (3.3)

Since $\delta>0$ ,
cl $((r+\epsilon)k+V’-C)\subset(r+\epsilon+\delta)k+V’-C$ ,

and so we obtain
$\{(r+\epsilon+\delta)k+V’-C\}^{c}\subset$ $\{$ cl $((r+\epsilon)k+V’-C)\}^{c}$ .

Since $C$ is a convex cone, we obtain

$\{(r+\epsilon+\delta)k+V’-C\}^{c}+C\subset$ $\{$cl $((r+\epsilon)k+V’-C)\}^{c}+C$ .

Hence, by (3.3), we have
$F($函 $)$ $\cap(\{c1((r+\epsilon)k+V’-c)\}^{C}+c)\neq\emptyset$,

and
$F(x_{\alpha})\cap(\{$cl $((r+\epsilon)k+V’-C)\}^{c}+C)=\emptyset$ .

This is a contradiction to the C-lower continuity of $F$ on $X$ . Consequently, for each $j=1,4,5,$ $I_{k,V}^{(j)},$ $\circ F$

is lower semicontinuous on $X$ .
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Next, we consider the case of $j=2$ . By (3.1) and the definition of type (2) set-relation, we obtain

$F( \overline{x})\cap(\bigcap_{z\in(r+\epsilon)k+V},(z-C))=\emptyset$ and $F(x_{\alpha}) \cap(\bigcap_{z\in(r+\epsilon)k+V},(z-C))\neq\emptyset$ .

Since $r<r+\epsilon<t_{\overline{x}}$ , there exists $\delta>0$ such that $r<r+\epsilon-\delta<r+\epsilon<t_{\overline{x}}$ , and so we obtain

$F(\overline{x})\not\leq_{c}^{(2)}(r+\epsilon-\delta)k+V’$ and $F(x_{\alpha})\leq_{c}^{(2)}(r+\epsilon-\delta)k+V’$ . (3.4)

So,

$\bigcap_{z’\in(r+\epsilon-\delta)k+V’}(z’-C)\subset c1(\bigcap_{z\in(r+\epsilon)k+V’}(z’-C))$
,

and so, we obtain

$\{c1(\bigcap_{z\in(r+\epsilon)k+V’}(z’-C))\}^{c}\subset\{\bigcap_{z’\in(r+\epsilon-\delta)k+V’}(z’-C)\}^{c}$ .

Since $C$ is a convex cone, we obtain

$\{c1(\bigcap_{z\in(r+\epsilon)k+V’}(z’-C))\}^{c}+C\subset\{\bigcap_{z’\in(r+\epsilon-\delta)k+V’}(z’-C)\}^{c}+C$ .

Hence, by (3.4), we have
$F( \overline{x})\subset\{c1(\bigcap_{z\in(r+\epsilon)k+V’}(z’-C))\}^{c}+C$,

and
$F(x_{\alpha}) \not\subset\{c1(\bigcap_{z\in(r+\epsilon)k+V’}(z’-C))\}^{c}+C$.

Since $\alpha$ is an arbitrary and $x_{\alpha}arrow\overline{x}$ , for any $U$ which is a neighborhood of $x$ , there exists $\alpha(U)\in J$ such
that

$x_{\alpha(U)}\in U$ and $F(x_{\alpha(U)}) \not\subset\{c1(\bigcap_{z\in(r+\epsilon)k+V},(z’-C))\}^{c}+C$.

This is a contradiction to the C-upper continuity of $F$ on $X$ .
Next, we consider the case of $j=3$ . By (3.1) and the definition of type (3) set-relation, we obtain

$(r+\epsilon)k+V’\not\subset F(\overline{x})+C$ and $(r+\epsilon)k+V’\subset F(x_{\alpha})+C$.

Since $r<r+\epsilon<t_{\overline{x}}$ , there exists $\delta>0$ such that $r\leq r+\epsilon-\delta<r+\epsilon<t_{\overline{x}}$, and so we obtain

$(r+\epsilon-\delta)k+V’\not\subset F(\overline{x})+C$ and $(r+\epsilon-\delta)k+V’\subset F(x_{\alpha})+C$.

Hence,
$(r+\epsilon)k+V’\not\subset F(\overline{x})+C+\delta k$ and $(r+\epsilon)k+V’\subset F(x_{\alpha})+C+\delta k$,

and so, by $\delta>0$ , we have

$F(\overline{x})\subset$ int $(F(\overline{x})+C+\delta k)$ and $F(x_{\alpha})\not\subset$ int $(F(\overline{x})+C+\delta k)$ .

Since $C$ is a convex cone, we obtain

$F(\overline{x})\subset$ int $(F(\overline{x})+C+\delta k)+C$ and $F(x_{\alpha})\not\subset$ int $(F(\overline{x})+C+\delta k)+C$ .
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This is a contradiction to the C-upper continuity of $F$ on $X$ .
Finally, we consider the case of $j=6$ . By (3.1) and the definition of type (6) set-relation, we obtain

$F(\overline{x})\cap\{(r+\epsilon)k+V’-C\}=\emptyset$ and $F(x_{\alpha})\cap\{(r+\epsilon)k+V’-C\}\neq\emptyset$ .

Since $r<r+\epsilon<t_{\overline{x}}$ , there exists $\delta>0$ such that $r<r+\epsilon<r+\epsilon+\delta<t_{\overline{x}}$ , and so we obtain

$F(\overline{x})\not\leq_{c}^{(6)}(r+\epsilon+\delta)k+V’$ and $F(x_{\alpha})\leq^{(}c^{6)}(r+\epsilon+\delta)k+V’$ . (3.5)

Since $\delta>0$ ,
cl $((r+\epsilon)k+V’-C)\subset(r+\epsilon+\delta)k+V’-C$ ,

and so we obtain
$\{(r+\epsilon)k+V’-C\}^{c}\subset$ $\{$cl $((r+\epsilon)k+V’-C)\}^{c}$ .

Since $C$ is a convex cone, we obtain and so we obtain

$\{(r+\epsilon)k+V’-C\}^{c}+C\subset$ $\{$ cl $((r+\epsilon)k+V’-C)\}^{c}+C$.

Hence, by (3.5), we have

$F(\overline{x})\subset\{c1((r+\epsilon)k+V’-C)\}^{c}+C$ and $F(x_{\alpha})\not\subset\{c1((r+\epsilon)k+V’-C)\}^{c}+C$.

This is a contradiction to the C-upper continuity of $F$ on $X$ . Consequently, for each $j=2,3,6,$ $I_{k,V}^{(j)},$ $\circ F$

is lower semicontinuous on $X$ .
Next, we prove $(i)-(b)$ and (ii)$-(a)$ . For each $j=1,$ $\ldots,$

$6$ , we show that

lev: (I) $:=\{x\in X|r\leq(I_{k,V}^{(j)}, \circ F)(x)\}$

is closed for any $r\in \mathbb{R}$ , that is, for any $\{x_{\alpha}\}_{\alpha\in J}\subset 1ev_{r}^{u}(I)$ ,

$x_{\alpha}arrow\overline{x}\Rightarrow\overline{x}\in 1ev_{r}^{u}(I)$ ,

where $J$ is a directed set. Let $t_{\overline{x}}$ $:=I_{k,V}^{(j)},$ $\circ F(\overline{x}),$ $t_{\alpha}\cdot=I_{k,V}^{(j)},$ $\circ F(x_{\alpha})$ , and assume that $\overline{x}\not\in 1ev_{r}^{u}(I)$ . Then,
there exists $\epsilon>0$ such that $t_{\overline{x}}<r-\epsilon<r\leq t_{\alpha}$ and so we obtain

$F(\overline{x})\leq c(j)(r-\epsilon)k+V’$ and $F(x_{\alpha})\not\leq_{c}^{(j)}(r-\epsilon)k+V’$ . (3.6)

At first, we consider the case of $j=1$ . By (3.6) and the definition of type (1) set-relation, we obtain

$F( \overline{x})\subset\bigcap_{z\in(r-\epsilon)k+V},(z-C)$
and

$F(x_{\alpha}) \not\subset\bigcap_{z\in(r-\epsilon)k+V},(z-C)$
.

Since $t_{\overline{x}}<r-\epsilon$ , there exists $\delta>0$ such that $t_{\overline{x}}<r-\epsilon-\delta<r-\epsilon$ and so we obtain

$F(\overline{x})\leq_{c}^{(1)}(r-\epsilon-\delta)k+V’$ and $F(x_{\alpha})\not\leq_{c}^{(1)}(r-\epsilon-\delta)k+V’$ . (3.7)

Since $\delta>0$ , we obtain

$\bigcap_{z\in(r-\epsilon-\delta)k+V’}(z-C)\subset int(\bigcap_{z\in(r-\epsilon)k+V’}(z-C))$ .

Since $C$ is a convex cone, we obtain

$z \in(r-)k+V’\cap(z-C)-C\subset int(\bigcap_{z\in(r-\epsilon)k+V’}(z-C)-C)$ .
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Hence, by (3.7) we obtain

$F(\overline{x})\subset$ int $( \bigcap_{z\in(r-\epsilon)k+V},(z-C)-C)$ and $F(x_{\alpha})\not\subset$ int $( \bigcap_{z\in(r-\epsilon)k+V},$ $(z-C)-C)$ .

Since $\alpha$ is an arbitrary and $x_{\alpha}arrow\overline{x}$ , for any $U$ which is a neighborhood of $x$ , there exists $\alpha(U)\in J$ such
that

$x_{\alpha(U)}\in U$ and $F(x_{\alpha(U)}) \not\subset int(\bigcap_{z\in(r-\epsilon)k+V},(z-C)-C)$ .

This is a contradiction to the $-C$-upper continuity of $F$ on $X$ .
Next, we consider the case of $j=4$ . By (3.6) and the definition of type (4) set-relation, we obtain

$( \bigcap_{y_{1}\in F(\overline{x})}(y_{1}+C))\cap((r-\epsilon)k+V’)\neq\emptyset$ ,

and

$( \bigcap_{y_{2}\in F(x_{\alpha})}(y_{2}+C))\cap((r-\epsilon)k+V’)=\emptyset$ .

Hence we have
$F( \overline{x})\subset\sup_{C}(F(\overline{x}))-C$ and $F(x_{\alpha}) \not\subset\sup_{C}(F(\overline{x}))-C$ . (3.8)

Since $t_{\overline{x}}<r-\epsilon$ , there exists $\delta>0$ such that $t_{\overline{x}}<r-\epsilon-\delta<r-\epsilon$ , and so we obtain

$F(\overline{x})\leq_{c}^{(4)}(r-\epsilon-\delta)k+V’$ and $F(x_{\alpha})\not\leq_{c}^{(4)}(r-\epsilon-\delta)k+V’$ .

Since $C$ is a convex cone, $\delta>0$ and by (3.8), we obtain

$F( \overline{x})\subset\sup_{C}(F(\overline{x}))+\delta k-C$ and $F(x_{\alpha}) \not\subset\sup_{C}(F(\overline{x}))+\delta k-C$ . (3.9)

Moreover
$\sup_{C}(F(\overline{x}))-C\subset$ int $( \sup_{C}(F(\overline{x}))+\delta k-C)$ . (3.10)

Hence, by (3.8), (3.9) and (3.10) we have

$F(\overline{x})\subset$ int $( \sup_{C}(F(\overline{x}))+\delta k-C)$ and $F(x_{\alpha})\not\subset$ int $( \sup_{C}(F(\overline{x}))+\delta k-C)$ .

Thus, we obtain

$F(\overline{x})\subset$ int $( \sup_{C}(F(\overline{x}))+\delta k-C)-C$ and $F(x_{\alpha})\not\subset$ int $( \sup_{C}(F(\overline{x}))+\delta k-C)-C$ .

This is a contradiction to the $(-C)$-upper continuity of $F$ on $X$ .
Next, we consider the case of $j=5$ . By (3.6) and the definition of type (5) set-relation, we obtain

$F(\overline{x})\subset(r-\epsilon)k+V’-C$ and $F(x_{\alpha})\not\subset(r-\epsilon)k+V’-C$ .

Since $t_{\overline{x}}<r-\epsilon$ , there exists $\delta>0$ such that $t_{\overline{x}}<r-\epsilon-\delta<r-\epsilon$ and so we obtain

$F(\overline{x})\leq^{(}c^{5)}(r-\epsilon-\delta)k+V’$ and $F(x_{\alpha})\not\leq_{c}^{(5)}(r-\epsilon-\delta)k+V’$ . (3.11)

Since $\delta>0$ , we obtain
$(r-\epsilon-\delta)k+V’-C\subset$ int $((r-\epsilon)k+V’-C)$ .

Since $C$ is a convex cone, we obtain

$(r-\epsilon-\delta)k+V’-C\subset$ int $((r-\epsilon)k+V’-C)-C$.
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Hence, by (3.11) we have

$F(\overline{x})\subset$ int $((r-\epsilon)k+V’-C)-C$ and $F(x_{\alpha})\not\subset$ int $((r-\epsilon)k+V’-C)-C$ .

This is a contradiction to the $(-C)$ -upper continuity of $F$ on $X$ . Consequently, for each $j=1,4,5$ ,
$I_{kV}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ .

Next, we consider the case of $j=2$ . By (3.6) and the definition of type (2) set-relation, we obtain

$F( \overline{x})\cap(\bigcap_{z\in(r-\epsilon)k+V’}(z-C))\neq\emptyset$ and $F(x_{\alpha}) \cap(\bigcap_{z\in(r-\epsilon)k+V},(z-C))=\emptyset$ .

Since $t_{\overline{x}}<r-\epsilon$ , there exists $\delta>0$ such that $t_{\overline{x}}<r-\epsilon-\delta<r-\epsilon$ and so we obtain

$F(\overline{x})\leq_{c}^{(2)}(r-\epsilon-\delta)k+V’$ and $F(x_{\alpha})\not\leq_{c}^{(2)}(r-\epsilon-\delta)k+V’$. (3.12)

Since $\delta>0$ , we obtain

$\bigcap_{z’\in(r-\epsilon-\delta)k+V’}(z’-C)\subset int(\bigcap_{z\in(r-\epsilon)k+V’}(z-C))$
.

Since $C$ is a convex cone, we obtain

$(, \bigcap_{z\in(r-\epsilon-\delta)k+V},(z’-C))-C\subset$ int $\{(\bigcap_{z\in(r-\epsilon)k+V},(z-C))-C\}$ .

Hence, by (3.12), we have

$F( \overline{x})\cap(int(\bigcap_{z\in(r-\epsilon)k+V’}(z-C))-C)\neq\emptyset$ ,

and
$F(x_{\alpha})\cap($ int $( \bigcap_{z\in(r-\epsilon)k+V},(z-C))-C)=\emptyset$ .

Since $\alpha$ is an arbitrary and $x_{\alpha}arrow\overline{x}$ , for any $U$ which is a neighborhood of $x$ , there exists $\alpha(U)\in J$ such
that

$x_{\alpha(U)}\in U$ and $F(x_{\alpha(U)}) \cap(int(\bigcap_{z\in(r-\epsilon)k+V},(z-C))-C)=\emptyset$ .

This is a contradiction to the $(-C)$-lower continuity of $F$ on $X$ .
Next, we consider the case of $j=3$ . By (3.6) and the definition of type (3) set-relation, we obtain

$(r-\epsilon)k+V’\subset F(\overline{x})+C$ and $(r-\epsilon)k+V’\not\subset F(x_{\alpha})+C$.

By the transitivity of type (3) set-relation, we obtain $F(\overline{x})\not\subset F(x_{\alpha})+C$ and so,

$F(\overline{x})\cap$ (int $(\{(F(x_{\alpha})+C\}^{c}))\neq\emptyset$ and $F(x_{\alpha})\cap($ int $(\{(F(x_{\alpha})+C\}^{c}))=\emptyset$ .

Since $C$ is a convex cone, we obtain

$F(\overline{x})\cap$ (int $(\{(F(x_{\alpha})+C\}^{c}-C))\neq\emptyset$ and $F(x_{\alpha})\cap($ int $(\{(F(x_{\alpha})+C\}^{c}-C))=\emptyset$ .

This is a contradiction to the $(-C)$-lower continuity of $F$ on $X$ .
Finally, we consider the case of $j=6$ . By (3.6) and the definition of type (6) set-relation, we obtain

$F(\overline{x})\cap((r-\epsilon)k+V’-C)\neq\emptyset$ and $F(x_{\alpha})\cap((r-\epsilon)k+V’-C)=\emptyset$ .
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Since $t_{\overline{x}}<r-\epsilon$ , there exists $\delta>0$ such that $t_{\overline{x}}<r-\epsilon-\delta<r-\epsilon$ and so we obtain

$F(\overline{x})\leq^{(}c^{6)}(r-\epsilon-\delta)k+V’$ and $F(x_{\alpha})\not\leq_{c}^{(6)}(r-\epsilon-\delta)k+V’$ . (3.13)

Since $\delta>0$ , we obtain
$(r-\epsilon-\delta)k+V’-C\subset$ int $((r-\epsilon)k+V’-C)$ .

Since $C$ is a convex cone, we obtain

$(r-\epsilon-\delta)k+V’-C\subset$ int $((r-\epsilon)k+V’-C)-C$.

Hence, by (3.13) we have

$F(\overline{x})\cap($ int $((r-\epsilon)k+V’)-C)\neq\emptyset$ and $F(x_{\alpha})\cap($ int $((r-\epsilon)k+V’)-C)=\emptyset$ .

This is a contradiction to the $(-C)$-lower continuity of $F$ on $X$ . Consequently, for each $j=2,3,6$,
$I_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ .

$\square$

Corollary 3.2. Let $F$ be a set-valued map and $C$ be a convex cone in Y. Then, the followmg statements
are hold.

$i$ . For each $j=1,2,3$ ,
$(a)$ If $Fis(-C)$ -lower continuous, then $S_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ ,
$(b)$ If $Fis$ C-upper continuous, then $S_{k,V}^{(j)},$ $\circ F$ is lower semicontinuous on $X$ .

$ii$ . For each $j=4,5,6$,
$(a)$ If $Fis$ C-lower continuous, then $S_{k,V}^{(j)},$ $\circ F$ is lower semicontinuous on $X$ ,
$(b)$ If $Fis(-C)$ -upper continuous, then $S_{k,V}^{(j)},$ $\circ F$ is upper semicontinuous on $X$ .

Proof. By the same way in Theorem 3.2, the statements are proved. $\square$

Finally, for each $j=3,5$, we explain the inherited properties of cone-continuities for parent set-valued
maps with the following examples.
Example 3.1. Let $X=\mathbb{R},$ $Y=\mathbb{R}^{2}$ and $C=\mathbb{R}_{+}^{2}$ . We consider a set-valued map $F:Xarrow 2^{Y}$

$F(x):=\{\begin{array}{ll}\cup [1, z+1] (x>0)0\leq z\leq x \bigcup_{x\leq z\leq 0}[z-1,0] (x\leq 0)\end{array}$

Then, $F$ is C-upper continuous on $X$ .
Let $k=(\begin{array}{l}11\end{array})$ and $V’=[0,1]$ . Then,

$(I_{k,V’}^{(3)}\circ F)(x):=\{\begin{array}{ll}1 (x>0)x (x\leq 0)\end{array}$

Hence we obtain the same result in Theorem 3.2.
Example 3.2. Let $X=\mathbb{R},$ $Y=\mathbb{R}^{2}$ and $C=\mathbb{R}_{+}^{2}$ . We consider a set-valued map $F:Xarrow 2^{Y}$

$F(x):=\{\begin{array}{ll}\cup [1, z+1] (x>0)0\leq z\leq x \bigcup_{x\leq z\leq 0}(-\infty, z-1] (x\leq 0)\end{array}$

Then, $F$ is C-lower continuous on $X$ .
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Let $k=(\begin{array}{l}11\end{array})$ and $V’=[0,1]$ . Then,

$(I_{k,V’}^{(3)}\circ F)(x);=\{\begin{array}{ll}x+1 (x>0)0 (x\leq 0)\end{array}$

Hence we obtain the same result in Theorem 3.2.
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