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A geraralization of Frobenius-Schur theorem and its applications
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1 Introduction

T D/ — b Tld Frobenius-Schur indicator O—i&{t*# X 5. Frobenius-Schur indicator (38
PREY G DEIFIFEIE x I LT

1
V() = (g > x(g®)

geG
TEZRINS.
Theorem 1.1. (Frobenius-Schur DEH [2])
1, (x =x "D x 252 5REITRHE L EBHATHE
v(x) = { -1, (x = X HD x 5 X 5 REITEHBUA L EEHRATHE)

0, (x #%)
IR EMIC X > Tk &N (3], HA Tid Bump-Ginzburg IC KX BERNVEET
&% [1). T T TIE, Frobenius-Schur indicator % & % i & Z DM HDORT ZHNT—MRILL,
SETELUERFANS  LICT S.

2 Generalized Frobenius-Schur Indicator

GRAME LTS (272U, COHOBERE TS METEALR). 7 = 1 %/ T r € AutG
DETEEE—DEET S (M r TELTHRV) . G, = (0l |a" = 1) % r ROKEB L L
“HEeEX (FRAR) LofEpk
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T, G & C LOIEREEG.(r)={(g,0?) |g€ G, o/ € C;} %
(9,07)(h,a*) = (977 (h),a’*¥)
TEHETS. TTTIRROMEIKD LD,
Proposition 2.1. G,(r) (& G C, ITIRDAFHATHE.
Proof. B%.:G,(r) » G1C, %
vi(g,a%) = (9,7(9), 72(9)s -, 7T H(g) 1 @)
TR, ]

CORUIEIE X T, LUTF T (G, (r) ZUUC G (r) 8B UNCT B, ¢ = exp(ELD) kit
25, GO (BHITHELTHEY) KB (p,V,) & Cr DEHHIERB ¢ :a— CFITHLT

il

V,(r k) = V2 ® ¢y
LT, TT\DGIC DIFR%
(91, 1 gr 1)V, @V, ® - @ v;, ®VF =K ® vy, Qi ® - @y, _, ®VF
TEDBEV(rk)EGI1C, BECKES. nZ G (r) D—DD B XERELITS. TLT
m(p, k,n) = (Vo(r, k), MG, ()

L &< (intertwining number Z D TIEEBHLFICHER) . VE, r & j ORRKRNIBZ d; &F
CHIZTSH. LT genera,lized Frobenius-Schur indicator %

V7 (x) = ,Z H o (T (g7 (g)72 =) (g) - - 1 =DC=0) ()Y (g, a7

g€G =0

TEET S (x,, WZ o DIBIETHZ). ThEHVWTRDIENEXS.
Theorem 2.2. )
1 — ;
m(p,k,m) = = > v, ()¢
7=0
COEBORENRNIEIRTEZONS.
Theorem 2.3.
Zm p,k,1)¢ J € Z>o[¢]
Remark 2.4. Z_U)Hr‘nﬂOD—ﬂQ{tLiSZm}\ [1] LHEICABMTHD. 12120, BROKEIIIEORT

(G1Cr,G,(r)) ZEZXBYUTH Y, THICKD LD X S ARBERNIZ KNI VERICT
X7,
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3 SE%F?D1; Kawanaka-Matsuyama lc & 5—i%{tHBh
COETIZ € E(g) = £((9)) 2T G D—REHE L, HifiDn % n(g,a?) = £(g) ICHS.
p BB, r=2 b LTHEOEEZEEFT L,
vo(Xe) = 187 Lgec Xo(9)Xo(7(9))E(9) = m(p,0,8) + m(p, 1,€)
{Vfl(xp) = &7 Lgec Xo(97(9))E(9) = m(p,0,€) —m(p,1,€)
Thsh, LORIEEOERMEZANT

I, x,=6®7Xp
VTO(XP) :m(PaO,'S)‘*“m(p’l’{) = ’ —p
0, Xp #£®7Xp
L7eh>T, mip, k&) DIFAMNSKRNEX 5.
Theorem 3.1.

L, (m(p,0,§)=1)
v (xe) = 13 Ipr(gT(g () =< —1, (m(p,1,6) =1)
G
o 0’ (7’]’2,(/),0,5) :m(pal,é) =0)

Remark 3.2. FOFET ¢ #ESRFICRNE, IR eRUOERTSHS 3] £/,  ZEBX
30 LISt 5] TEBIC X b RE Ak

4 SR%ZE0D2 I HIGHEELBHRROEROR DR R

TOHITE E# E(g) = E((9)) BTz G O—REHL L, wiflion 2 n(g,a’) = £(g) W[CHLD,
THikr=2¢93%.

DM, (G1C2,G-(2),6) @Y IVT 7Y FO=DMB (¢85 MEER) THB. TO=DHH
NHESNBENY TEROXRBENOHRKLIEK L HRBRENOXRZBEERZLERT S L, DEDER
Z18%.

Theorem 4.1. ConjG % G DR, IrrtG % G DEIIEIRO 2R LT 5.
#{x e IrG | x = "x ® £} = #{c € ConjG | ¢ = "¢ !} — #{c € ConjG | c = "c7*,&(c) = —1}
TTT, ceConjGIicRLT, c={r(g)|gcc}, BXUY, cl={g9g7'|gec}

Remark 4.2. FO@HIE TS 7 —OEBGIHEOR LM AEEORME TH S TV 7 VBN
FERNOMEE E Y T IOV HEFIOMBNTHE LV EE59I0—RIEiIcZ>TWVW3 (r & ZEHEL
DL I).
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5 WHBZD3 . #HLEOWZX LT

TCTH, LRTAELTS. (COREICK>TUTERTDHFEET9? & gr(g) IRIEZITD
KEKTHB.) rHEBELELIE,

Gl Z 2e-1(0x(9)

@f=g%ﬁk?xeG@@&%ﬁ?utﬁi<ﬂ6hTw%.Ch%ﬁb@—%k?%%&g
DBEBTHAIN?CTTIIMO BT r=2 L LTEZS.

BEHRIACIINLT (FETS45E) ye 2yl cc @D geclcHUT e(g) = E(ye) &F
B, 1L, ZTO&S%y HECEE ¢c(z) =0 £ T3, THE, BRED ¢ I3 ¢ _EOEMK
%%, —A,

Oe(z) = #{y € G | y* = 2,6(y) = ¢e(x)} — #{y € G | v* = 2,£(y) = —¢e(x)}
LEL. FLT
O (x) = ¢¢(z)0¢ (z)
9%,
Proposition 5.1. §; 3 G LDEMEKTH 5.
Proof.
07 (z) = {y € G | v* = z,£(y) = +¢¢(x)}
EL&D BESANR) . ThEhy— gyg ! ELTPNE, THhRLHHE THD. o T 6 338
BAER. &7, RICRIE DI ¢ LG DOTINEDOEL MR TH 5. O

Theorem 5.2.
be(z) = Y v (x)x(a)

x€lrrG

Proof. ¢ \3Fi¥z DT,

55(37): Z axX
x€IrrG
LEL, TokE, EXBRED,
ax = ]Gl IEZGOE(Z X($ (1)

THs. T, RDKXHIBEFHBEZLTHED

> €(y)x(y2)=¢g(x)( >oo1- 1) x(z) = b¢(z)x(z) (2)

yeG y?=z E(y)=¢¢(x) &(y)=—¢¢(x)
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WE-T (1) & (2) &0, .
Ay = |_G—| Z X(xz)f—(;j

zeG

6 6 ATRBEDIHS

T, 6RMIBES #EZXD. K<HIDNTWVS X DI S lEXFHBFOHF TH—IEBRAZ
HERAZED (AutG/InnG & Cy) , M2 0ECARE ¢ ZRDESICELZENTES 4]
£9, NEEECREE ¢ ZEBITEETNETN, ¢((12)) = (12)(36)(45), ¢((23)) = (15)(23)(46),
#((34)) = (12)(34)(56), #((45)) = (16)(23)(45), ¢((56)) = (12)(35)(46) ICBT LD LT SB. &5
IZ, WERECEE v % v(0) = (12345)0(15432) £ 5. TL Ty =vogp kBIFET NI ¢? =1
Th.

FNTId Sg DIEFER & Frobenius-Schur indicator ZEBWVTHE 9. ERBERDHRICIE Frobenius-
Schur indicator DIEZE VTV /.

16 21 27212 2% 313 321 32 412 42 51 6 |vy u* P
6 |1 1 1 1 1 1 1 1 1 1 1}{1 O 0
51 3 1 -1 2 0 -1 1 -1 0 —-1{0 © 0
42 |9 3 1 3 0 0o -1 1 -1 0|1 O 0
412 {10 2 -2 -2 1 -1 1 O O O 1]0 O 1
32 |5 1 1 -3 -1 2 -1 -1 0 0|0 O 0
321116 0 o 0 -2 0 -2 0 0 1 o011 1 1
31 10 -2 -2 2 1 1 1 0 0 0 -1{0 O 1
22 15 -1 1 3 -1 -1 1 -1 0 00 O 0
221219 -3 1 -3 0 0 1 1 -1 1 0 0
214 | 5 -3 1 1 2 0 -1 -1 -1 0 0 0 0
{1 -1 1 -1 1 -1 1 -1 1 1 =1{1 0 0

6.1 HIGHRLRFEOELDERF

C TR 3MITIRRNRIZHDOFZ LS.

o ¢t T LHMAICELS &, WHBOBMMNRIRIIES TERA LERFRAIGETH D, & SITHHEEDOHE
2T =c 271290 T Theorem 3.1 DFHE L 11 L DENMTIELLV.
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o (FHMRICT =y LEB L, T TEEINSERIFIE6,42,321,2212, 1D 5 DTHY, £/, 7T
BlIEE NS 16,212,412, 42,51 D5 DTH 5.

o E EFFSRBUC T ZEHBNICERS &, F/z, 71 THIEETNEHZHEBEFIII21ID1DTH . el &
T even R HIBIEDOMEE 6 & odd L HEIHDMEE 5 DEICIZ > TV 5.

e EEFBERBIC T = BICHRB &, Ffz, 7 TEEINZHEMHIE 412,321,313 D3 DTH 5.
FEMNMC i r TEIEINAHEIED S b even 2 DA 4 (16,2212,42,512) &£ odd L ON
18 (412) DEICIEZ STV 5.

6.2 o7(0) =1 DRRDEL

o t EWBRE, T XEAPFICHRB &, 5 (x) # 0 LABDEINFEY L TRIFET/RTAFFAX
ThaXRM| 321) TH%. z=1LL&D. BRELTHAITICKRZDIF 15,214,221%,23 THD,
class order 3 FNFN 1,15,45,15 TH 3. c= (15T y. = 1 ZXRCITE DI L ¢(1) =1 TH 5.
Fie, EHFHETL(321) =1TH5. Mo TEEDAULDBEAITTOMIE xB(1) =16 L X
5. Kl

fe(1) = (1 +45) — (15 + 15) = 16

Lizhi> THEMIC
6e(1) = xB21 (1)

o RICERTIIEDB, 7 =9y LH%. or(o) =1 WM EIITRT, HEHI2217 OHIC 514
42 O 1018, 51 OFIC 20 BDEF 36 HdH . T NIIEEMIC 42,321,313 DRITDFI 104 16+ 10
W& L. '

BE

(1] D. Bump and D. Ginzburg, Generalized Frobenius-Schur numbers, J. Algebra 278 (2004),
no. 1, pp. 294-313.

[2] G. Frobenius and I. Schur, Uber die rellen Darstellungen der endlichen Gruppen, Sitz.ber.
Akad. Wiss. Berlin (1906), pp. 186-208.



173

[3] N. Kawanaka and H. Matsuyama, A twisted version of the Frobenius-Schur indicator and
multiplicity-free permutation representations, Hokkaido Math. J. 19 (1990), no. 3, pp.
495-508.

[4] G. Janusz and J. Rotman, Outer automorphisms of Sg, Amer. Math. Monthly 89 (1982),
no. 6, pp. 407-410.

(5] H. Mizukawa, Wreath Product Generalizations of the Triple (S2n, Hn, ) and Their Spher-
ical Functions, preprint (2009), arXiv:0908.3056.



