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An algorithm which generates standard tableaux
for a shifted Young diagram with uniform probability

KENTO NAKADA

1. ZOMEOEREBN

B. E. Sagan 135 3C [10] (S8 \>T, shifted shape D7 v 7 2ADEHAL LT, &
BRERH 7N T XL (21 8%288) ZAVELOEZRRLL. ZO7LITY XL
iZ, shifted shape S DIEMEM T ~HEFR

HvES #HS (U)

#S!
THERTS. ST, Hs() BRSBTS v D7y 7 THS (21Hi2H). G413 T
WRBFEL TR OLWI L6, EEROBEVBZOHRTEZ 6N S:

#S!
I—I‘UES #HS (U) .

B (9], fhHE-FF [8] &, ZDOKER%, simply-laced % Kac-Moody Lie i Lo
— LI NV FEBICH LTHEEL 2. — I SR L LT shifted
shape 12 D Bl Lie fR¥ L TEEHZ N 5. Sagan I £ 5 shifted shape DIFA DAL
BAASDOERR DD TH 73, [9] & Sagan DFEZ BT 2B/ 5T, (8]
12 colored hook formula [5] Z 2% Z & TIN5,

ZOWMEOHMIZ, ZDRER%E simply-laced TRVLBEICEETHILETHS.
simply-laced TR WIBAD—{L I Nl v FHF L, J. R. Stembridge I &> Ta
BINTsh 12], AMOERKRE, BROBETHS. BRO—BLahir T
M3, K & L Tid shited shape ic% 5. L2>L, D & Lie fR#& £ shifted shape
& B B Lie A% L shated shape Ti, 7 v 7 OFERMIR L 3. Lok~ 71rT
YRLIET7 v 7 OBRIRET DT, BRTEZSZ7NVIT VXL 22 Hi28H) i3
Sagan DZN &L TR 3.

Probg(T) =

#STab(S) =

2. SHIFTED SHAPE &t ¥R
Definition 2.1. #£4& S:= {(i,j) e NxN|i<j} i XDOBEFEZANILDEE
25
(2,7) £ (i',j') < i>1 and j > 7.
S @ finite order filter S % shifted shape & 3.

ARG T2, shifted shape Z#i< & &, T3 < node ZAV3 Z LiCT 5 (FIG-
URE 2.1):

Definition 2.2. S % shifted shape £ $5% (#S=d). @HH L:{1,---,d} = S
S

L(k) < L(l) =k <1, (1<kl<ad)
RH-TLE, S OEERLITIINS. S DEEROLEL STab(S) L&,

Remark 2.3. FOEREBROERTIZ, label DANTTHINEE LHIZZ> T3S, T
CTREELEIDLICERTS. '
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FIGURE 2.1. a shifted shape

2.1. Sagan DR (standard hooks DIHFE).

Definition 2.4. S % shifted shape, v= (i,j) €S £ T 5. ZDLE, S DFTES
Hs (v) ZRTEET 5

Armg(v) := {(¢,j') € S|i=1 and j < j'}.
Legg(v) :={(#,5) € S|i<i and j=j'}.
Tails(v) := { (¢,j') € S|j+1=1 and j <j'}.
Hg (v) := {v} U Armg(v) U Legg(v) U Tailg(v).

#E Hs (v) 2 SBT3 v D hook LM (FIGURE 2.2). Hs (v)¥ := Hg (v)\ {v}

EBLC<.

FIGURE 2.2. Hooks of u, v , and w.

Sagan DMRR L 77N TY XLIELTTH S, LUT, S % shifted shape £ T3
(#S =d).

GNWI1.
GNW2.

GNWS3.

GNW4.
GNWSs.

GNWE.

Set 7 := 0 and set Sp := S.

(\E, S; & d— 17 D nodes #Ff>T\vr3.) Set 5 := 1 and pick a node
vy € S; with the probability 1/(d — 7).

If #Hs, (v;)* # 0, pick a node vj4; € Hg, (v;)* with the probability
1/#Hs, (v;)*. If not, go to GNWS5.

Set 7 := 7 + 1 and return to GNW3.

(ll)i, #HS,» ('Uj)+ =0Th Z)) Set L(Z + 1) = vy and set S;1; := §; \ (2
(S %5 node v; ZHL Y BR\V>7- shape).

Set ¢ ;=14 1. If i < d, return to GNW2; if i = d, terminate.

ZOTNIYXLDHT %L E, S D nodes DI (L(1),L(2),-- -, L(d)) @5 H
5. 51 L = (L(1),L(2),:- -, L(d)) B85 N 5HEE% Probs(L) L &ES. L&, 7NT
YXLDEBEDS S DIZMERICR->TWS, ZDE E, Sagan IZIRDEBE L f:

Theorem 2.5 (Sagan [10]). S % shifted shape, L € STab(S) &£€¥5. ZDEZE,

H‘vES #HS (’U) .

Probs(L) = #S!
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CIT, AR LITEKELTL AL LS, EEROBEIZZONEEKTEZS
ns:

Corollary 2.6. S % shifted shape £ 3% &, RO YLD
4!
[les #Hs (v)
Remark 2.7. Z 33 shifted shape D hook formula & L THIGN T W B AKX TH
% [13].
2.2. XFEDFHER (non-standard hooks DIFE). I D/NHiTid, shifted shape (2 Xf
LT, B/ E1ER 725 hook 2 EFET 5.
Definition 2.8. S % shifted shape, v= (i,j) € S £§53. ZDLE, S D (%H)
WoES Hy(v) TR TEET 5
Arm(v) := {(¢,5) € S|i=4 and j<j'}.
Legs(v) :={(#,5/) € S|i<i and j=j'}.
ooy [ {W,j)eS|j="and j<j'} if i<jand (j,j)€S,
Tailg(v) := { %) otherwise.
Hs(v) := {v} U Arm’s(v) U Legs (v) U Tailg(v).
77ZL,i<jand (j,j) € S DBAE, Legs(v) & Tailg(v) X & i (4,5) ZITIC

Ffoh, COLEEISEERLLTOMERLLTEZRS ((j,j) 2% EKE 2 TF
). ZEES Hy(v) £ S I8} 3 v D non-standard hook & M-8 (FIGURE 2.3).

5(0)* = Hy(v) \ {v} £,

#STab(S) =

FIGURE 2.3. Hooks of v/, v/, and w'.

ABTRRTHBT7TNALVITI XL TTHS. BT, S % shifted shape & T3
(#S =4d).
GNW1. Set 7 :=0 and set Sy := S.
GNW2. (W%, S; i d—i D nodes ZFf> T\ 5.) Set j := 1 and pick a node
vy € S; with the probability 1/(d — 7).
GNW3. If #Hgi(vj)“’” # 0, pick a node vj4; € Hfgi('l)j)+ with the probability
(multiplicity of v;)/#Hf, (vj)+. If not, go to GNW5.
GNW4. Set j := 5+ 1 and return to GNW3.
GNWS5. (W ¥, #Hfg‘,(vj)"" =0 TdH3.) Set L(: + 1) := v; and set S;+1 := S, \ v;
(S 5 node v; ZHY ERV>7: shape).
GNWE6. Set i:=¢+ 1. If i < d, return to GNW2; if 7 = d, terminate.
COTNITYV ALK TT2LE, S D nodes DFI (L(1),L(2),---,L(d) PFS5h
5. %5 L =(LQ1),L(2), - ,L(d)) MBS 5HEER% Proby(L) £#HL. Lix, 7
TYXLDEBEDPS S DIRMERICK-S>TS, ZDLE, RUEBBEOFEEETH 3.



Theorem 2.9 ([7]). S % shifted shape, L € STab(S) £ 5. ZDL ¥,

[lves #Hs(v)
Z51

TIT, B LIRFL TR L5, BEROBENZDHERTEZ 6N
BT EDHES:
Corollary 2.10. S % shiafted shape £ 3 % &, RO Y :LD:
_#
HvGS #H{S(v)
Remark 2.11. T3, @H L K H SN 5 shifted shape D hook formula (Corollary
2.6) LIZEREERZ M, KENICIAL DD THS. 2HiE, S5 S HE~DL
Bt 0: 5 — S T, #Hs (v) = #Hs(p()) BEET I I L o093, T TIkE
X BB T % 2%, BARWICIE, FIGURE 2.2 128} 3 w,v,w & FIGURE 2.8 =¥}
% W, v, i3 p(u) =, o(v) =, p(w) =w LWVIBBRTHEITN TV 3.

Probs(L) =

#STab(S) =

3. SHIFTED SHAPE @ B & cOrROOT SYSTEM T & % EH

COHITIZ, B 2.9 ZEHTIBICHVI WL 2> OREERN TS, EELT
WRWHEEICBL TiX [3)[4) 2Bz L.

W = (s0,51, "+ ,81-1) & B; Bl Weyl #L$ 5. Z T, index & XD Dynkin
diagram TA#L 5:

0 1 -1

FIGURE 3.1. Dynkin diagram of type B

h % B; Bl Lie fl$(® Cartan subalgebra £ 3% &, W iZ p* I,
Si(/\) =A- <)‘» a;/>ai

TERLTWw3. KL, a; i3 simple root, @) i% simple coroot (i =0,1,--- ,1—1).
Ao % index 0 IZXf)5 9 % fundamental weight &3 %. D& ¥,

Proposition 3.1. A\e WAy £33 ¢,
MNBY)z2 -1, pYed]
DD LD, T IT, Y & positive coroot DEETH 5.
Definition 3.2. A€ WA, & ¥ 3. &Y OWHEA DO\ #RTEHT 3.
D) :={BY e ®Y|(, BY) =-1}.

Proposition 3.3. A€ WAp £€75%. 2D L &, D(\) & coroot D ordinary order
T, % shifted shape L IEFRIBITH . T, £RED shifted shape I+ KEW
LIS LT DOV & LCEET 3.

Remark 3.4. infinite rank 127> C L ¥ 9 %%, Bo B Dynkin diagram & A\,
WAg 3 A D(A) € {shifted shapes} I3ZHFTH 5.

29



30

Definition 3.5. A € WAq, 8¥ e DAY &£93%. CDLE, DO DHEIOTES
H,(BY) # R CEHRT 5
ANBY)i={r €e®Y[+V <BY and (B,7Y) 21}.

27U, BY € Hy(BY) OHEEIR 1, v € Hy(BY)\ (8"} DHEEE (B, 1Y) L5 5.

ZDEE, 2.2 i TEREL - non-standard hook & ETEEL 7= hook 1z—3KT 3.
Lemma 3.6. A€ WAy, 8V e D\ £ 5. Tt ZE,

#H)\(8Y) = ht (8)

DR ZD. L, EARSEELADTEAS. it root B D height TH 5.

Definition 3.7. A\ € WAy &9 5. d:= #D(\)V £ &L. simple coroot DF
(a\/ e )a:;) vc:.’

oy, € D(si_y -8y WY NIY,  k=1,---d,
i3 bDDLE % MPath(\)Y £&F<.

Proposition 3.8 ([6]). A€ WAy &L, (), ,7,) € MPath(\)V £$ 3. D
& g’ 71:;/ =S54 ...sik-l(a;/k) EBL (k =1, 7d)’ (7{1”" a7¢\i/) € STab(D(/\)V)
TH 5. £7, NIt MPath(A) 3 (o)), - ,0) = (v, -+ ,7y) € STab(D(\V) %
EHHFHTH 3.

4. 7N3Y XA L KEY LEMMA
WHTI2H/MTEZLTNLITYV L%, 5EIZ 2 BREICOTTRRT 5:

4.1. Algorithm Al. A e WA X DOV #2 £ T3, XROPLVLIVIXL%2EZS
(algorithm Al):

Al-1. Set j:=1 and pick an element 8 € D(A)¥ with the probability —#Dl( NG

Al-2. If #H (B)) > 1, pick an element B € H)\(B;)—{B) } with the probability
(Bjr Bis1)
#H,\(6)) -1
Al1-3. Set 7 := j + 1 and return to Al-2.
TATY XL AL BT T3 L, BY € DAY such that #H,(8Y) = 1 2HEERYIC
B5%5. Lemma 3.6 X9, 2D BY iE simple coroot TH 3. 2Fh, 7T
AL Al 13 simple coroot @Y € DAV NTIV 2WERWICHAITZ7LaY XLT
H35. proby(a)) Tafy e DOVNIIY ZHATIHEERT. £/, Vb4V T,
BY>+Y and (B,7V)>1 2RT I LICT 3.
THT) XL Al DERE Lemma 3.6 577 LICR%21B3.

Lemma 4.1. A € WAg, d:=#D(A)Y, DO\ #9, afy e DOV NIIY £§5. 2D
& ZBRDR YLD

If not, then output 3y and terminate.

_ 1 (ﬂl) )Blv—1> (ﬂl—la ﬁl\/-‘2> <ﬁ1a O::/)
Proba(e) = g 2 (B - I -1 WG —1
'BYEDAY, 120




4.2. Algorithm A2. Let \ € P>ﬁ21. We consider the following algorithm (algo-
rithm A2):

A2-1. Set k := 0 and set \g := A.

A2-2. If D(Ax) # @, run the algorithm A1l for \x and set o; be a random output.

If not, terminate.

A2-3. (Now o; € D(Ag) NIL.) Set Qipyy = o and set Mgy i= s;(Ag)-

A2-4. Set k:= k+1. If k < #D()), return to A2-2; if k = #D()\), then terminate.
TNITY XL A2 2ET L7 L &, simple coroot DFI (a,--- o)) DIHERRICE

5N5. TLVITYXLDERLY, (o)), - ,a)) € MPat}IE)\)V THsB. 7Lray X

1)

L A2 D (o, -+, o) T 2HEE % Proby(B) L&KL

21

TVWITYVZXL A2 DEZEIDIEICKR 2B 2.

Lemma 4.2. A € WAy &§%. d:=#D(\) (8L. B= (i, ,a,) €
MPath(\). Then we have:

d
Prob,(B) = H probg, ... (o).
k=1

4.3. Key Lemma. EFEHOFEHICIIROBENEENTH 3.

Lemma 4.3 ([7]). A€ WAq €T 5 &, RBKDIID:
(4.1)
) Brs B_1)o (Bi1, Bla)o (B, )i B

B — oy Bi—1 — a; B — o H 5:(B)

BYEDAN\{}'}

B pB_p>-bBY by

i

BX €D(A)Y, 120
7el2L, S THEAR, & simple root a; EARETLE A-HERLE LTEZI TV,

Remark 4.4. [8] TiX, T (4.1) ZFEHT % 72 DIZ colored hook formula % Fv>
5. L2L, SEDHEILEATFOREIC 2 BENB D, colored hook formula
ZHVB I ETER. R (4.1) DEFHHIZ colored hook formula DIFR% ¥ 2 THT
bh s (7).

Lemma 4.3 IZ8WT, o, »1(:=0,1,---,l—~1) £ 93 &, Lemma 3.6, Lemma
41 kb,

N ht (8)
prob, (o)) = d H m
BYeD(AWV\{a}}

BRONS. ZDOR%E Lemma 4.2 ICfRA L, & & id simply-laced DFE & FEDF
& [8][9] CEEEMNBOND.
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