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On an edge-signed generalization of chordal graphs

and free multiplicities on braid arrangements

HHE

BE

X7 PNVERMAOBTYEOEE h 2B EHALE &L WY, X5 ICEARROER R
TR bDERSEREBE LR, SERBICISL TED SN EZHEARY Lk
DRTMENEEMBEL L 2LE, 20SEREBIZHEBETH 3 L\ b 3. Stanley
i, 7771k oTRIR 74 XENBH2BVFEEBEOKICK VT, KEEMEH
THBHILLETLDT T 7hchordal TH B Z EDFEHEMEER L7z, 2 MEDLAERD
77 7 %AW T Stanley DBEROILBEL 72D TRET 3. B I OWA X FTERHRER
K (REBARYE), REYEEIK (EXBENRATERN) LofXEAHRTH 3.

1 Introduction

KZREEODELL, VE2K Lo I XRTBRFERK 93, S % K RESEAR
K[zy,...,z;] £ L, Sym(V*) tA—ET 3. & S EHRZREM T TREME K RED
BiES =@,nS: 2o TV3 (S 131 RERSHALL 6 2 5 K BFZEM). Der(S); =
SiOL @ @80 (<L §; 13z, DUWITEAE) &L BE, Der(S) = @, Der(S); &FE
T3 BEDODITETDer(S) KIFREOELE S INBFEDOHEEIAS.

FRZ&t &) 2BFHD finite collection % central hyperplane arrangement (#8FH
BCE) &MY, central hyperplane arrangement A E B p: A — N =Z>o DFH (A4, 1)
% a multiarrangement (of hyperplanes) & "5, 52, | RKIGEBATEZ TWBE I L%
383 L, l-multiarrangement L MERZ & b &H 3.*1 /2, central hyperplane arrangement

* R KY BRETFERPAH, nunatalstat.t.u-tokyo.ac. jp
t JST CREST
*1 &%, l-multiarrangement |3 central arrangement A LB m : A — Zso DM (A, m) & LTES
INB. BADEREIC L % l-multiarrangement (A, u) 5 X 6B, A =u~1({0}), m = p|a
EEC LT, BRDOEHED [-multiarrangement (A, m) 283. COHFETZOOERBIRE—HTE
20, ABIZBOVTIL, 0 2EUHFBBORTVOTCELLOEBLEAT 3.
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A & multiplicity 734C 1 T% % multiarrangement (A4,1: A> H— 1 € Z>q) & [—
AL, FFIZ simple arrangement & WAL H 3.
< 2T, multiarrangement (A, u) &, RCERINBZER 4: S1 — Zso ZA—HT
52 LIZT B
_ ker(a)) ker(a) € A
MMZ{M (@)  ker(a)

0 otherwise.

Multiarrangement (A, u) = i IZXF LT, NEHIR 7 FAFO LT S8 D(A, k) %
D(A,u) = {9 = Der(.5) ’Va € 51, O(a) € (a‘_‘(o‘)> . }

TEET 5. D(A,u) Iid graded left S-module DHHEDA B. D(A, p) HEEH S HOEE

£ 7% % & ¥, multiarrangement (A, ) EETH 3 L), 72, D(A,p) 2EHHE S i

BL L FRERE {01,0,...,00} ZIB Z LOSHKDED, ZOFREEDORE 2 HE

%7z multiset [deg(61),...,deg(6;)] % (A, p) D exponents &>\, exp(A, u) L&
RD &) e BRAZBRESR VA<

Problem 1.1 ¥ ® X 5 72 Multiarrangement (A, ) SEHICZ 3 D57 (74 Z O
exp(A, p) 13 E 5 7% 3 DH?

HA2lk, [ IcBVC, 2BEOWERKDS 57 TR X F 54 X&N 3 H 3 multiarrange-
ment DRIZH LT, ZOMEDEZ 2EB-DT, ZOWMBEPMET 2. H# L LEFELIH
7EZ 1] zBREI NV,

2 BIHIODHFER
2.1 Graph (CE9 2 FHEE

ZOHiTIZY 97 G = (V,E) £ LT simple nondirected 2 b DDA EEZ 3. THb
L, VRIABREATEC () ={{v,w}cCV]|vtw} t&EoTw3bDEEZS. O
DI TREEIR self loop 1ZEFE 7z v,

{v1,v2}, {v2, vat, .., {Un-1,Vn}, {vn,v1} € E

Lo TWAHEBLRZEMDI vy,..., v, €V ZEE n DA I N EER, BEE A
1% V1y...,Un J::@]Eiﬁé:'f%iﬂ {'Ui,'Uj} ek 0)5 5 {'Ul,'UZ}a {UZ’v3})' ) {Un—lavn}a
{vn, 1} BADS D2 YA I VDK ERR, REEHICE) LHKEBZZDYA I VD S a—
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v3

V1 v2

1 Perfect elimination order IZ 13BN WEBEELS 75 7

V4 v3 V2 V4
V1 V2 v3 V1

(a) (b)

2 Chordal T&\2"5 7 & Chordal %275 7

FAY B EROTVBRBADI L THSE. 777 G=(V,E) DRI 4 U EDOYAL 70
DI LRERF RV DR F—)V LIS,

Definition 2.1 G = (V,E) 3% — )V Z /=72 \v> L E, chordal TH 5 &\ ).
Chordal graph ORI & L TRBFMo LTV 5,
Proposition 2.2 X3 [F{H:

e G = (V, E) %3 chordal.
o REMl-d 2B oV - {1,...,l} PFET S:
— {v1,v3},{v2,v3} € E,0(v1) < o(v3) > o(v2) 26X {v1,v2} € E.

Remark 2.3 Bt o: V — {1,.. I} ZHRACNT 25 XY v IFEEB - L&,
Proposition 2.2 D&HIZ, RO LI LFERD 79 72&FHh0EV) T ELIRBVEX
5ND:

o {v1,v3}, {v2,v3} € E, {v1,v2} € E, o(v1) < o(v3) and o(v2) < o(v3).
Z DERIZ perfect elimination order & XL 5.
Example 2.4 X 2(a) TRINZ I 7%, ZNHEHE, 2% D vy,v2,v3,v4 DBIF -V L
%> TEDY, chordal Tixi vy, EBEE BADIRNLZEDEAIKEZ L LTHH1ID
YA TDOFEEELY T T 7BBENTL ) 7, perfect elimination order 2137 & 7%
v, —%, B 2(b) TERENB S F 71, chordal TH 5. o(v;)) =1 & T 5T & T perfect

elimination order & 7+ 5.
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Chordal graph G = (V, E) &, G L® perfect elimination order o: V — {1,...,1}
WXL,

deg,(G,0) ={z € V|o(z) <i=0(y), {z,y} € E}|
EBC. BEID deg,(G,0) IZHIC0 THB. —f#iC deg, (G, o) i perfect elimination

order o DFEOTTIZMKE§ % %, multiset [deg, (G, o), degy (G, 0), ..., deg)(G,0)] 1d o D
BUOFICERETTIRE S

Example 2.5 ¥ 2(b) TREINBE 77128V, ov;) = i &€ T %I & T perfect
elimination order & 72 %33, deg; (G, 0),degy(G,0),... L TDED TH %:

degl(G?a) =0, degy (G, 0) = {1 H=1,
deg3(G,U) = [{v1,v2} =2, degy(G,0) = [{ v1,v2 H=2.

2.2 Graphic arrangement

1 S’L <j < l OC—)'(‘TLVC, Qi = T3 — Ty, Hij B ker(aij) EEL. if:, A1_1 ZRD X 5
IZZE# L Braid arrangement & FE3:

Al_1={H¢j|1§i<jSl}.
m € ZZO Kj“:"L, Ef 2m: A1 — ZZO ’2, FBoD H A1 X LT 2_7’_71(H) = 2m

ERBEIITEETS. (A4-1,2m) ZEHHETH D, exponents IFRXRTEHEZ 5N 3 I &4
HENTV 35

exp(Ai-1,2m) = [0,Im,Im,...,lm].

>y

(—1) @

Definition 2.6 Multiarrangement (4;_1,u) & V ={zy,...,7, } ZTER L T35 57
G=(V,E) XL, (A-1, #)[G] % multiarrangement (4;_1,u’) £ LTERT S, 77
Ly BRTEBINDIERETS:

wu(H;j) if z;, z; are disjoint.

v (Hij) = {

(Ai—1,2m)[G] DSV DO HH E LR B DL TRDOERVBHM SN TV S, (m = 0 DI,
(Ai—1,2m)[G] & { H;; | {3,j} € F } % % simple arrangement & [H—%H7 5%.)



82

Theorem 2.7 ([4, 2]) XII[FE{#:

o (A_1,2m)[G] »SHEA.
e (G %% chordal.

X512, 0 # G £ perfect elimination order & 3 % & XL D 31D:

exp(Al—la‘_?‘m) [G]
= [0 + deg, (G, 0),Im + deg,(G,0),lm + deg5(G, o), ...,Im + deg,(G, o))
= [ 0 ,Im + deg, (G, 0),lm + deg3 (G, o), ...,lm + deg,(G, o)].

3 ERER

3.1 Definition and notation

CIT, QEEONERO I 7 RERS. F57 G = (V,E) LB c E —
{+1,—1} D# % signed graph &WR. E, = c 1 ({+1}), B =c1({-1}) ¢
(. G=(V.E.c) L (V.E,, E.) *A—HUBRLTHS.

Definition 3.1 X%/ 3 £85 o: V — {1,...,1} 2 G LD signed elimination
order &FES:

o {v1,v3},{v2,v3} € E;,0(v1) < o(v3) > o(ve) %513 {v1,v3} € E.
o {v1,v3},{v2,v3} € E_,0(v1) < o(v3) > o(v2) %25 {v1,v3} € E_.
o {v1,v2} € E_,{vy,v3} € Ey,0(v1) < o(v3) > o(ve) % 61F {v1,v3} € E_.
o {v1,v12} € By, {v2,v3} € E_,0(v1) < o(v3) > o(vg) % 61F {v1,v3} € Ey.

Remark 3.2 BEfRo: V — {1,.. |} 2ERINTIEIRY VIR LB/ L E,
signed elimination order T& % 7= D DFEMIE, RO L) FEHHD /7 72&8Fhwve
WHZEILBEVWEZONS:

o {v1,v3},{v1,v3} € B4, {v1,v2} € F

o {v1,v3},{v1,v3} € E_, {v1,v2} € F

e {v1,v3},{v1,v3} € E4, {v1,v2} € E_

o {vy,v3},{v1,v3} € E_, {v1,v2} € E}

o {v1,v2} € E_{v2,v3} € By, {v1,v3} € E
e {v1,v2} € By {vz,v3} € E_, {v1,v3} € F
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(a) (b) ) (e) ()

() (d

3 Signed elimination order (23R WEEES 75 7

7L, o(v) <o(vs) >o(vy) £33, Ep OV, F_ OEZ KK E L TR
T5LER 3 DIRICK S,

Definition 3.3 Signed graph G E® signed elimination order 237E7ZET 20 G &
signed eliminable TH % L 29,

Remark 34 E_ =0 £ §5%. G = (V,E,,D) % signed eliminable T% % Z & &,
(V,E}) %% chordal TH 2 Z LIZEHETH 5.

Remark 3.5 &RE EL & E_ o L THFRR DT, G = (V, E,, E_) ?3 signed elim-
inable Th B Z L&, B A2 72257 G = (V,E_,E,) % chordal TH % Z &3
[FfETH 5.

Example 3.6 £, D% 1 B}, E_ O% 2B R (b LIEZ0H) L LTRRT 3
CIZT B E. K477 7 713N b, signed eliminable TH 5. EBE, JHAD LD
IR > 72 BF)3 signed elimination order 252 3. —77, X 5 122177 75 713, signed
eliminable T, ED X5 I XY 7% 5 2 TH signed elimination order 1Z7% &
R, 72, JHR % 4 OFF D signed graphs 12X 4, [ 5 THET LD TETTH B,

Definition 3.7 G = (V, E;, E_) % Signed elimination graph &, G L ® signed elim-
ination order o: V. — {1,...,l} & L T,

deg; (G,0) = [{z € V|o(z) <i=0(y), {z,y} € E4 }|

deg; (G,0) ={z e V]o(z) <i=0(y), {z,y} € E_ }|

deg; (G,o0) = deg) —deg;

&Y.

Remark 3.8 & X D, deg,(G,0) EHIC0TH 3. T/, —MIC deg,(G, o) 1% signed
elimination order DEV T ICHEET %23, EiZ, multiset [deg, (G, 0),...,deg,(G,o)] &
signed elimination order ME R FIZKET T ISR E 3.
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3® ®
(a)
2g G}
3® ®
(b)
2 1 2 Nl 2 1
3: ® 3® 4 3® 4
(c) (d) (e)

ey (m) (n) (o)
2 1 2 1 2 1
1 N X
(q) (r) (s)

2 1 2 1 2 1
X X X
3 4 3 4 3 4
(u) (v) (w)

4 Signed eliminable graphs

(p)
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11
LI N N
valva
XK

X 5 Signed eliminable TidZ\7 5 7

Remark 3.9 G = (V,E,, E_) % signed eliminable graph & L, ¢ Z G L signed
elimination order &£ §%. 2Dt E, WOFERZANMZ 777 G =(V,E_,E;) b
signed eliminable graph T®» D, o I¥ G’ L ® signed elimination order Tb &% %. T D
& E,

deg’i(Ga J) = - degi(G,’ O')
Ezo T3,

Example 3.10 E, O% 1 Eff, E_ D% 2 BEME L THTRT 3L E, K 4(s) TEK
ENBT77 G EBL. £1RA(s) DIV ¥ IZ X B signed elimination order % o
EBE o(v) =1 LT 5. TDLE deg,(G,o) IZBATD@ED:

deg,(G,0) =0—-0=0, deg,(G,0) =0—-0=0,
degg(G,0) = [{v1 }| = [{v2}| =0, degy(G,0) =[{v1,v3} —[{w2}[ =1
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3.2 Main result
Multiarrangement (A;_1,u) % signed graph G = (V,E,,E_) T> 7 +$352 L %%&
Z25.

Definition 3.11 Multiarrangement (A4;_1,1) &V = {z1,...,z1} ZITHR T 3
signed graph G = (V,E,E_) {txt L, (A;—1,p)[G] & multiarrangement (A;—1, u')
ELTERTS, 72750 W/ BRTERINDZEHRET 5:

/.L(Hij) -1 if {a:i,a:j} € E_
p' (Hij) = < u(H;jz) if z;, z; are disjoint
,U,(Hij) +1 if {xi,:cj} e b,.
B2 i3 (Ai—1,2m)[G] DEBEICO W TROREM T 257,

Theorem 3.12 (Main result) m € Zo ICX L, XiZ[EfH:

o (A;_1,2m)[G] H*AH.
e G 7% signed eliminable.
%7z, 0 # G LD signed elimination order & 7§ 3% &, RW3L H 3LD:

exp((Ai-1,2m)[G])
= [0 + deg, (G, 0),lm + deg, (G, o), ...,lm + deg;(G, o)]
= [ 0 JIm + degy (G, 0),...,Im + deg,(G, 7)].

3.3 FEBADHRES

AT CEFBAD T ¢t 2 i B iR 5.
Signed eliminable graph G = (V, E,¢) &, G L® signed elimination order o: V —
{1,...,l} gL,
Esi={{z,y} € E|o(z),0(y) <t}

EBK.EEBED,E,1=0,E,; =EDRDILD. ZDOEREDT, ROFWEIKY L.
Lemma 3.13 G = (V, E,c) % signed eliminable graph ¢ L,0: V — {1,...,l} 2 G

L signed elimination order £ §5%. E' = E, ;1 = {{z,y} € Flo(z),o(y) <1} &
BL. 2D g’, ROFEHEEFI-TIE = EoCE,CE;C---CEy= E »HFETS:
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(a) (b)
6 Mountain
(a) (b)

7 Hill

e 0l G, =(V,E;,c) LD signed elimination order T% & %.

COMBEICED, L2 ELMATTLILET, WD EL L 2w r 57 G = (V,0,0)
2 5 HiFE L, signed eliminability % f#%5 2 2 {£ & @ signed eliminable graph G =
(V,EL,E_) ZHBBTE I LNRE 3. ZOK, 52 57 G £ signed elimina-
tion order o IZXN L, E;1,E52,...,FEyy ZIETICHEER L T 2 LR, S5iI&
step ICE VT o % signed elimination order & L TH N 5. ZOFEEEH V3 I LT, “G
%% signed eliminable 7 5 (¥ (4,1, 2m)[G] IZHEH” 122V TIX, IFHRICEERHAT 5.

—77 “G % signed eliminable T4\ 7% 5 1F (4;_1,2m)[G] X HE TR W? 22T
i, REH [3] IZ& > TH7- 2 5T V> 3 signed eliminable graph @ signed elimination
order 2 & & 2 WEHEAT T 2 B\ CTEEBA$ 5. Signed eliminable graph ORFEAHT % R
TEHLDICEEZHARTS. HRELZES v, ..., v, w, u, v LT,

M = { {u,v1}, {v1,v2}, {va,v3}, ..., {vk_1,ve}, {vg,u'} }
M = {{w,vn},{w,v2},...,{w,vc}}
Vm ={v1,...,v,w,u,u }

& 9 %. Signed graphs (Var, M, M'), (Vas, M', M) % mountain & P&, F7-HHE% 3
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EHA v, ..., 0k, w,w, u, v 1IZXFL T,

H ={{u,v1}, {v1,v2}, {v2,v3}, ..., {vk-1, vk}, {vk,u'} }
H ={{w,v1},{w,v2}, ..., {w,ve} JU {{w' o1}, {w,v2},...,{w v} }
U {{w,u}, {w',u'} }

Vg ={v1,...,v w,w, uu }
& 8 <. Signed graphs (Vy,H, H'), (Vyg,H',H) % hill & "5,
Lemma 3.14 ([3]) X! [FEA:

e (V,E,, E_) %% signed eliminable.
o RDOFEMZETHLT I L:
- D4 B BFEEY S T 7 b signed eliminable TH 5.
— (V, E}) & chordal.
— (V, E_) % chordal.
— Mountain ZFEHT 77 7 L LTEERW.
— Hill 28777 7L LTEER .

Z DFEEIC X b, signed eliminable graph DEEEET 77 7 & L TRENL\T T 7552
ThOPZDT, ZNFNT, BHEBHNSZ Z L2 TR ETEBRIEITENS.
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