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1 Introduction

We consider the Cauchy problem of the heat equation with a potential,

(1.1) $\{\begin{array}{l}\partial_{t}u=\triangle u-V(|x|)u in S\equiv R^{N}\cross(0, \infty),u(x, 0)=\phi(x) in R^{N},\end{array}$

where $N\geq 2$ and $\phi\in L^{2}(R^{N}, \rho dx)$ with $\rho(x)=\exp(|x|^{2}/4)$ . Throughout
this paper we assume that the potential $V$ satisfies the condition (V) for
some $\omega\geq 0$ and $\theta>0$ :

$(V)^{l}$ $\{\begin{array}{ll}(i) V=V(|x|)\in C^{1}(R^{N}),(ii) V(r)\geq 0 on [0, \infty),(iii) \sup_{r\geq I}r^{2+\theta}|V(r)-\frac{\omega}{r^{2}}|<\infty,(iv) \sup_{r\geq 1}|r^{3}(\frac{d}{dr}V)(r)|<\infty.\end{array}$

We denote by $H(t)$ the set of the maximum points of the solution $u$ of (1.1)
over $R^{N}\cross\{t\}$ , that is,

$H(t)=\{x\in R^{N}$ : $u(x, t)= \max_{y\in R^{N}}u(y, t)\}$ ,
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and call $H(t)$ the set of hot spots of the solution $u$ at the time $t$ .
The large time behavior of hot spots on non-compact domains has been

studied since Chavel and Karp’s interesting work [2] in 1990. In particular,
they used the fundamental solution of the heat equation on $R^{N}$ , and proved
that the hot spots on $R^{N}$ tend to the center of mass of the initial data as
$tarrow\infty$ if the initial data is a nonnegative function having a compact support.
Jimbo and Sakaguchi [13] treated the heat equation on the half space in
$R^{N}$ , and studied the relation between the movement of hot spots and the
boundary conditions. More precisely, they showed that $H(t)$ consists of a
single point $x(t)=(x_{1}(t), x_{2}(t), \ldots, x_{N}(t))$ for any large $t$ and there holds
$(2t)^{-1/2}x_{N}(t)arrow 1(x_{N}arrow$ oo $)$ as $tarrow\infty$ if the boundary condition is the
Dirichlet or the Robin, whereas $x_{N}(t)=0$ (on the boundary) for any large
$t$ if the boundary condition is the Neumann. Furthermore they also treated
the movement of hot spots for the radial solutions in the exterior domain
of a ball. Subsequently, the first author of this paper [6], [7] studied the
movement of hot spots on the exterior domain of a ball without the radial
symmetry of the initial data, by using rescale arguments and the radial
symmetry of the domain effectively. Recently the authors of this paper [8]
studied the decay rate of derivatives of the solution of the heat equations
with a potential, and proved that the optimal decay rate of the derivatives of
solutions was determined by the shape of the harmonic functions for $\triangle-V$ .

From the result of [2], analyzing the heat kernel and showing their global
bounds seem to be powerful to investigate the large time behavior of the hot
spots. The global bounds of the heat kernel have been studied by Aronson
[1], Davies [3], Fabes and Stroock [5], and many others (see also [15], [17],
[18], and references therein). Among others, Zhang [17] studied the large
time behavior of the heat kernel for the case which includes the potential $V$

satisfying the condition (V). However, as stated in [13], the global bounds for
the heat kernel do not seem useful to obtain particular large time behaviors
of the hot spots for the equation (1.1).

In this paper, we make a survey on the large time behavior of the hot
spots $H(t)$ of the solution $u$ of (1.1) under the condition (V).

We introduce some notations in order to give the main results of this
paper. Let $\Delta_{@^{N-1}}$ be the Laplace-Beltrami operator on the unit sphere
$S^{N-1}$ and $k=0,1,2\ldots$ . Let $\omega_{k}$ be the k-th eigenvalues of

(12) $-\Delta_{\mathbb{S}^{N-1}}Q=\omega Q$ on $S^{N-1}$ , $Q\in L^{2}(S^{N-1})$ ,

that is, $\omega_{k}=k(N+k-2)$ . Furthermore let $\{Q_{k,i}\}_{i=1}^{l_{k}}$ and $l_{k}$ be the complete
orthonormal system and the dimension of the eigenspace corresponding to

72



$\omega_{k}$ , respectively. In particular, $l_{0}=0,$ $l_{1}=N$ , and we may write

(1.3) $Q_{0,1}( \frac{x}{|x|})=\kappa_{0}$ , $Q_{1,i}( \frac{x}{|x|})=\kappa_{1}\frac{x_{i}}{|x|},$

. $i=1,$ $\ldots,$
$N$,

where $\kappa_{0}$ and $\kappa_{1}$ are positive constants. Let $\alpha=\alpha(\omega)$ be a positive root of
the equation $\alpha(\alpha+N-2)=\omega$ , that is,

(1.4) $\alpha(\omega)=\frac{-(N-2)+\sqrt{(N-2)^{2}+4\omega}}{2}>0$.

Then, under the condition (V), there exists a unique solution $U_{k}$ of the
ordinary differential equation

$(O)$ $U”+ \frac{N-1}{r}U’-V_{k}(r)U=0$ in $(0, \infty)$

with

(1.5) $\lim_{rarrow}\sup_{0}|U(r)|<\infty$ , $\lim_{rarrow\infty}r^{-\alpha(\omega+\omega_{k})}U(r)=1$ ,

where $V_{k}(r)=V(r)+\omega_{k}r^{-2}$

We are ready to state the main results, which can be seen in [9, 10, 11].
We put

$M \equiv\int_{R^{N}}\phi(x)U_{0}(|x|)dx$

and we denote the $L^{2}(R^{N}, \rho dy)$ -norm by $\Vert\cdot\Vert$ and the usual $L^{p}(R^{N})$ -norm
by $\Vert\cdot\Vert_{L^{p}(R^{N})}$ . We first give a result on the large time behaviors of the
solution of (1.1) and its hot spots when $\omega>0$ .

Theorem 1.1 ([9]) Consider the Cauchy problem (1.1) under the condition
(V) with $\omega>0$ and $\theta>0$ . Then, for any $L>0$ ,

(1.6) $\lim_{tarrow\infty}\sup_{x\in B(0,L)}|t^{\frac{N}{2}+\alpha(\omega)}u(x, t)-cMU_{0}(|x|)|=0$ ,

and

(17) $\lim_{tarrow\infty}(1+t)^{\frac{N+\alpha(\omega)}{2}}u((1+t)^{\frac{1}{2}}y,$ $t)=cM|y|^{\alpha(\omega)}e^{-\frac{|y|^{2}}{4}}$

in $L^{2}(R^{N}, \rho dy)$ and $L^{\infty}(R^{N})$ , where $c=1/ \int_{R^{N}}|x|^{2\alpha(\omega)}e^{-|x|^{2}/4}dx$ . Further-
more, if $M>0$ , for any $t>0,$ $H(t)\neq\emptyset$ , and

(1.8) $\lim_{tarrow\infty}\sup_{x\in H(t)}|t^{-\frac{1}{2}}|x|-\sqrt{2\alpha(\omega)}|=0$ .
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Next we give a result on the direction for the hot spots to tend to the space
infinity and the number of the hot spots.

Theorem 1.2 ([9, 11]) Consider the Cauchy problem (1.1) under the con-
dition (V) with $\omega\geqq 0$ and $\theta>0$ . Furthermore assume $M>0$ and

$A_{\phi} \equiv\int_{R^{N}}\phi(x)U_{1}(|x|)\frac{x}{|x|}dx\neq 0$ .

Then there exist a constant $T>0$ and a curve $x=x(t)\in C^{1}([T, \infty) : R^{N})$

such that

(1.9) $H(t)=\{x(t)\}$ , $t\geq T$

and

(1.10) $\lim_{tarrow\infty}|\frac{x(t)}{|x(t)|}-\frac{A_{\phi}}{|A_{\phi}|}|=0$.

In case of $\omega=0$ , the situation will change from that in $\omega>0$ .

Theorem 1.3 ([10]) Let $N\geq 3$ . Suppose that $u$ be the solution of the
Cauchy problem (1.1) under the condition (V) with $\omega=0$ . Assume $M>0$ .
Then, for any $t>0,$ $H(t)\neq\emptyset$ and

$\lim_{tarrow\infty}\sup_{x\in H(t)}|\frac{tU_{0}’(|x|)}{|x|}-\frac{1}{2}|=0$ .

In particular, there hold

$\lim\inf t^{-1/N}\inf_{xtarrow\infty\in H(t)}|x|>0$ ,

$\lim_{tarrow}\sup_{\infty}t^{-1/\alpha}\sup|x|<\infty$

$x\in H(t)$

for some constant $\alpha\in(2, N]$ .
As a corollary, we have the following (see Corollary 1.1 in [10]).

Corollary 1.1 Assume the same conditions as in Theorem 1.3.

(i) If $\lim_{rarrow\infty}r^{\kappa}V(r)=\overline{\omega}>0$ for some $\kappa\in(2, N),$ $\cdot then$

$|x|$ $=( \frac{2\overline{\omega}t}{N-\kappa})^{1/\kappa}(1+o(1))$ $(2<\kappa<N)$ ,

$|x|$ $=( \frac{2\overline{\omega}t\log t}{N})^{1/\kappa}(1+o(1))$ $(\kappa=N)$ ,

for all $x\in H(t)$ and all sufficiently large $t$ .
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(ii) If $V\in L^{1}(R^{N})$ , then

$|x|=[ \frac{2t}{|\partial B(0,1)|}\int_{R^{N}}V(|x|)U_{0}(|x|)dx]^{1/N}+o(t^{1/N})$

for all $x\in H(t)$ and all sufficiently large $t$ .

Thus, if $V$ has a compact support, however small $V$ is, the hot spot moves
to infinity, never stays around the center of mass.

Finally, we treat the case $N=2$ and $\omega=0$ . Hereafter, we denote the
ball centered at $a$ with its radius $r$ by $B(a, r)$ .

Theorem 1.4 ([11]) Let $u$ be the solution of the Cauchy problem (1.1) under
the condition (V) and assume $(N, \omega)=(2,0)$ . Then, for any $L>0$ ,

$\lim_{tarrow\infty}t(\log t)^{2}u(x, t)=\pi^{-1}MU_{0}(|x|)$

in $C(B(0, L))$

$\lim_{tarrow\infty}t(\log t)u((1+t)^{1/2}y,$ $t)=(2\pi)^{-1}Me^{-|y|^{2}/4}$

in $C(R^{2}\backslash B(0, L))$ and $L^{2}(R^{2}, \rho dy)$ hold.

Theorem 1.5 ([11]) Let $u$ be the solution of the Cauchy problem (1.1) under
the condition (V) and assume $(N, \omega)=(2,0)$ and $M>0$ . Then, for any
$t>0,$ $H(t)\neq\emptyset$ and

$\lim_{tarrow\infty}\sup_{x\in H(t)}|\frac{(\log t)|x|^{2}}{2t}-1|=0$ .

Now, we briefly explain the ideas of proving Theorems 1.1 $-1.5$ . Let $\phi\in$

$L^{2}(R^{N}, \rho dx)$ and $u\equiv S(t)\phi$ be the solution of (1.1). By the same arguments
as in [6] and [7], we can decompose the initial value $\phi$ in the Fourier series:

(111) $\phi=\sum_{k=0}^{\infty}\sum_{i=1}^{l_{k}}\phi_{k,i}(|x|)Q_{k,i}(\frac{x}{|x|})$ in $L^{2}(R^{N}, \rho dx)$ .

Put

$\Phi_{k,i}(x)=\phi_{k,i}(|x|)Q_{k,i}(\frac{x}{|x|})$ , $u_{k,i}(x, t)=(S(t)\Phi_{k,i})(x)$ .
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Then, by the standard arguments for the parabolic equation (see (2.10) and
[14] $)$ , we see

(1.12) $u(x, t)= \sum_{k=0}^{\infty}u_{k,i}(x, t)$ in $L^{\infty}(R^{N})$ and $C^{2}(R^{N})$

for all $t>0$ . Furthermore, for any $k=0,1,2,$ $\ldots$ and $i=1,$ $\ldots,$
$l_{k}$ , there

exists a solution $v_{k,i}=v_{k,i}(x, t)\equiv S_{k}(t)\phi_{k,i}$ of

$(P_{k})$ $\{\begin{array}{l}\partial_{t}v=\Delta v-V_{k}(|x|)v in (R^{N}\backslash \{0\})\cross(0, \infty),lim sup|x|arrow 0|x|^{-k}|v(x, t)|<\infty for t>0,v(x, 0)=\phi_{k,i}(|x|) in R^{N}\end{array}$

such that

(113) $u_{k,i}(x, t)=v_{k,i}(x, t)Q_{k,i}( \frac{x}{|x|})$ , $(x, t)\in$ S.

Furthermore we put

(1.14) $w_{k,i}(y, s)=(1+t)^{\frac{N}{2}}v_{k,i}(x, t)$ , $y=(1+t)^{\frac{1}{2}}x$ , $s=\log(1+t)$ ,

the forward self-similar transformation. Then $w_{k,i}=w_{k,i}(y, s)$ satisfies

$(L_{k})$ $\partial_{s}w=L_{k}w$ in $(R^{N}\backslash \{0\})\cross(0, \infty)$ , $w(y, 0)=\phi_{k,i}(|y|):_{in}.R^{N}$ ,

where

$L_{k}w=L_{k}^{*}w-[e^{s}V(e^{-\frac{s}{2}}y)- \frac{\omega}{|y|^{2}}]w,$ $L_{k}^{*}w= \frac{1}{\rho}div(\rho\nabla_{y}w)-\frac{\omega+\omega_{k}}{|y|^{2}}w+\frac{N}{2}w$ .

In order to study the behavior of the solution $u$ , we investigate the behaviors
of $w_{k,i}(s)$ in the space $L^{2}(R^{N}, \rho dy)$ , by using the eigenfunctions of $L_{k}^{*}$ . The
lack of regularity of $w_{k,i}$ near the origin is driven from the potential term
of $L_{k}$ , and it seems to be difficult to obtain the asymptotic behaviors of the
derivatives of $w_{k,i}(s)$ as $sarrow\infty$ , by the behaviors of $w_{k,i}(s)$ in $L^{2}(R^{N}, \rho dy)$ ,
directly.

We follow the strategy in $[6]-[8]$ , and obtain the asymptotic behaviors
of the derivatives of $w_{k,i}(s)$ as $sarrow\infty$ . However, it also seems difficult to
apply the same arguments as in $[6]-[8]$ directly, because of the singularities
of the potential $(\omega+\omega_{k})r^{-2}$ at $r=0$ and of $e^{s}V(e^{-s/2}y)$ at $(y, s)=(0, \infty)$ .
We use several properties of $U_{k}$ and radial functions constructed from $inh(\succ$

mogeneous elliptic problems, and construct two super-solutions of $(P_{k})$ to

76



overcome the difficulty driven from the singularity of $(\omega+\omega_{k})r^{-2}$ at $r=0$ .
By using these supersolutions, we can obtain Theorems 1.1 and 1.2.

The organization of this paper is as follows: In Section 2 we give basic
lemmas on several properties of stationary solutions and the super-solutions
of $(P_{k})$ . In Section 3 we consider the transformed problem $(L_{k})$ , and study
the behaviors of the solutions. Proofs of Lemmas and Propositions in this
paper are not provided. They can be found in [9, 10, 11]. In Section 4 we
give sketchy proofs of Theorems 1.1 $-1.5$ by using several results given in
the previous sections.

2 Basic Lemmas
In this section we enumerate several lemmas which assure the fundamen-

tal properties of solutions.
We first introduce several notations. For any sets $A$ and $B$ , let $f=$

$f(\lambda, \nu)$ and $g=g(\lambda, \mu)$ be maps from $A\cross B$ to $(0, \infty)$ . Then we say
$f(\lambda, \mu)\preceq g(\lambda, \mu)$ for all $\lambda\in A$ if, for any $\mu\in B$ , there exists a positive
constant $C$ such that $f(\lambda, \mu)\leq Cg(\lambda, \mu)$ for all $\lambda\in A$ . Furthermore, we say
$f(\lambda, \mu)_{\wedge}^{\vee}g(\lambda, \mu)$ for all $\lambda\in A$ if $f(\lambda, \mu)\preceq g(\lambda, \mu)$ and $g(\lambda, \mu)\preceq f(\lambda, \mu)$ for
all $\lambda\in A$ .

The following lemma on the solution of $(O)$ is fundamental.

Lemma 2.1 Assume (V) for some $\omega>0$ and $\theta>0$ . Let $k=0,1,2,$ $\ldots$

and $R= \sup\{r\geq 0 : V(\tau)\equiv 0 in [0, r]\}\in[0, \infty)$ .
(i) There exists a unique solution $U_{k}(r)$ of the ordinary differential equation
of $(O)$ satisfying (1.5). Furthemore $U_{k}$ satisfies
(2.1) $U_{k}(r)\geq 0$ , $U_{k}’(r)\geq 0$ , $r\geq 0$ ,
(2.2) $U_{k}(r)_{\wedge}^{\vee}r^{k}$ , $0\leq r\leq 1$ ,
(2.3) $U_{k}(r)_{\wedge}\vee r^{\alpha_{k}}$ , $U_{k}’(r)_{\wedge}\vee r^{\alpha_{k}-1}$ , $r\geq R+1$ .

(ii) Let $f$ be a continuous function on $[0, \infty)$ such that $|f(r)|\leq AU_{k}(r)$ on
$[0, \infty)$ for some constant A. Put

$F_{k}[f](r)=U_{k}(r) \int_{0}^{r}s^{1-N}[U_{k}(s)]^{-2}(\int_{0}^{s}\tau^{N-1}U_{k}(\tau)f(\tau)d\tau)ds$ .

Then

(2.4) $|F_{k}[f](r)| \leq\frac{A}{2N}r^{2}U_{k}(r)$ , $|F_{k}[f]’(r)| \leq\frac{A}{2N}[2rU_{k}(r)+r^{2}U_{k}’(r)]$
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for all $r\geq 0$ . Furthermore, for any solution $v=v(r)$ of

(2.5) $U”+ \frac{N-1}{r}U’-V_{k}(r)U=f$ $in$ $(0, \infty)$ ,

satisfying $\lim\sup_{rarrow 0}|v(r)|<\infty$ , there exists a constant $c$ such that

(2.6) $v(r)=cU_{k}(r)+F_{k}[f](r)$ , $r\geq 0$ .

(iii) In case of $N=2$, statements in (i) and (ii) except (2.3) hold. The
relation (2.3) is replaced by

$\lim_{rarrow\infty}rU_{0}’(r)=1$ .

Next we construct a super-solution of $(P_{k})$ by using the solution $U_{k}$ . We
improve the argument in Lemma 4.1 of [8] for the exterior problem, and
obtain the following lemma.

Lemma 2.2 Let $k=0,1,2,$ $\ldots$ . Assume that $(V_{\omega})$ and $E_{\omega}$ hold for some
$\omega\in[0,\omega_{*})$ . Let $\gamma\geq 0$ and $U_{k}$ be a unique mdial solution to $(O)$ . Then there
exist a mdial function

$\tilde{W}(x, t)=C_{1}(1+t)^{-A}[U_{k}(|x|)-A(1+t)^{-1}F_{k}[U_{k}](|x|)]$

with $A=\alpha_{k}+\gamma/2$ satisfies the following properties: for any $0<\epsilon\leq\epsilon_{0}=$

$(A+2)^{-1}$ and $T\geq 0$ , there exists a constant $C$ such that

(27) $\partial_{t}\tilde{W}\geq\Delta\tilde{W}$
一 $V_{k}($国 $)W$ in $s$ ,

(2.8) $0\leq\tilde{W}(x, t)\leq C(1+t)^{-A-\gamma}2U_{k}(|x|)\underline{\alpha}$ $in$ $D_{\epsilon}(T)$ ,
(2.9) $\tilde{W}(x, t)\geq(1+t)^{-\gamma}$ $on$ $\Gamma_{\epsilon}(T)$ ,

where

$D_{\epsilon}(T)$ $=$ $\{(x, t)\in R^{N}\cross(T, \infty)$ : $|x|<\epsilon(1+t)^{1/2}\}$ ,

$\Gamma_{\epsilon}(T)$ $=$ $\{(x, t)\in R^{N}\cross(T, \infty)$ : $|x|=\epsilon(1+t)^{1/2}\}$

$\cup\{(x, T)\in R^{N}\cross\{T\}$ : $|x|<\epsilon(1+T)^{1/2}\}$ .

In the case of $N=2$ , a variant lemma is obtained.
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Lemma 2.3 Assume the condition (V). Then for any $i,j\geq 0$ and any
sufficiently small $\epsilon>0$ , there exist a function $W=W(x, t)$ in $S$ and positive
constants $C_{1}$ and $C_{2}$ such that

$\partial_{t}W\geq\Delta W-V(|x|)W$ in $S$ ,
$W(x, t)\leq C_{2}(1+t)^{-i}[\log(2+t)]^{-j-1}U_{0}(|x|)$ $in$ $D_{\epsilon}(T_{\epsilon})$ ,
$W(x, t)\geq C_{1}(1+t)^{-i}[\log(2+t)]^{-j}$ $on$ $\Gamma_{\epsilon}(T_{\epsilon})$ ,

where $T_{\epsilon}$ is the constant satisfying $\epsilon(1+T_{\epsilon})^{I/2}=1$ .

Under (V), we can see that the $L^{P}-L^{q}$ estimate holds.

Lemma 2.4 Let $\phi\in L^{2}(R^{N})$ . Then, for any $1\leq q\leq p\leq\infty$ , there exists a
constant $C$ such that

(2.10) $\Vert S(t)\phi\Vert_{L(R^{N})}p\leq Ct^{-\frac{N}{2}(\frac{1}{q}-\frac{1}{p})}\Vert\phi\Vert_{Lq(R^{N})}$ , $t>0$ ,
(2.11) $\Vert\partial_{t}S(t)\phi\Vert_{L^{2}(R^{N})}\leq Ct^{-1}\Vert\phi\Vert_{L^{2}(R^{N})}$ , $t>0$ .

Next we prove the existence of the solution of $(P_{k})$ , and give some properties
of the solution.

Lemma 2.5 Assume the condition (V) with some $\omega>0$ and $\theta>0$ . Let $\phi$

be a radial function in $L^{2}(R^{N}, \rho dx)$ and $k=0,1,$ $\ldots$ . Then there exists a
classical and mdial solution of
(212) $\partial_{t}v=\triangle v-V_{k}(|x|)v$ in $[R^{N}\backslash \{0\}]\cross(0, \infty)$

with the following properties:
(i) For any $T>0,$ $v\in L^{\infty}(0, T:L^{2}(R^{N}))\cap L^{2}(0, T:H^{1}(R^{N}))$ . Further-
more, for any $i=1,$ $\ldots,$

$l_{k}$ , the function

$v(|x|, t)Q_{k,i}( \frac{x}{|x|})$

is a solution of (1.1) with $u(x, 0)=\phi(|x|)Q_{k,i}(x/|x|)$ .
(ii) Assume $\phi\geq 0$ on $R^{N}$ . Then, for any $k,$ $l\in N$ with $k\leq l$ ,

$0\leq S_{l}(t)\phi\leq S_{k}(t)\phi$ , $t\geq 0$ .

(iii) $v$ satisfies (2.10) and (2.11) with $S(t)\phi$ replaced by $v(t)$ .
(iv) Assume that there exist positive constants $C_{1}$ and $d$ such that

(213) $\Vert v(t)\Vert_{L^{2}(R^{N})}\leq C_{1}t^{-d}$ , $t>0$ .

79



Then, for any $T>0$ and any sufficiently small $\epsilon>0$ , there exists a constant
$C_{2}$ such that

(214) $|(\mathscr{H}_{t}v)(x, t)|$ $\leq$
$C_{2}t^{-d_{2}^{\underline{\alpha}}-j}- \frac{N}{4}-AU_{k}(|x|)$ ,

(215) $|(\partial_{r}v)(|x|,t)|$ $\leq$ $C_{2}t^{-d-\frac{N}{4}-k}\underline{\alpha}_{2}[|U_{k}’(|x|)|+t^{-1}|x|U_{k}(|x|)]$ ,

for all $(x, t)\in D_{\epsilon}(T)$ , where $j=0,1$ .
(v) In case of $(N,\omega)=(2,0)$ , assume that there exist constants $C_{3}>0$ and
$j\geq 0$ such that

(216) $\Vert v(t)\Vert_{2}\leq C_{3}(1+t)^{-\frac{1}{2}}[\log(2+t)]^{-j}$

for all $t>0$ . Then for any sufficiently small $\epsilon>0$ , there exists a constant
$C_{4}$ such that

(217) $|\mathscr{H}_{t}\theta_{r}f(x,t)|\leq C_{4}(1+t)^{-2-i}[\log(2+t)]^{-1-j}|x|^{2-l}U_{0}(|x|)$

for all $(x, t)\in D_{\epsilon}(T_{\epsilon})$ and $l=0,1$ .

3 Self-similar transformation

In this section, we enumerate several properties of solutions to $(L_{k})$ . To
this end, we first recall the following lemma on the eigenvalue problem for
the operator $L_{k}^{*}$ ,

$(E_{k})$ $\{\begin{array}{l}L_{k}^{*}\varphi=-\lambda\varphi in R^{N},\varphi is a radial function in R^{N} with respect to 0,\varphi\in H^{1}(R^{N}, \rho dy).\end{array}$

Lemma 3.1 (See Lemma 2.1 in [16].) Let $\omega\geq 0$ and $k=0,1,2,$ $\ldots$ . Let
$\{\lambda_{k,i}\}_{i=0}^{\infty}$ be the eigenvalues of $(E_{k})$ such that $\lambda_{k,0}<\lambda_{k,1}<\ldots$ . Then

(3.1) $\lambda_{k,i}=\frac{\alpha_{k}}{2}+i$

and all the eigenvalues are simple. Furthemore the eigenfunction $\varphi_{k}$ corre-
sponding to $\lambda_{k,0}$ is given by

(3.2) $\varphi_{k}(y)=c_{k}|y|^{\alpha(\omega+\omega_{k})}\exp(-\frac{|y|^{2}}{4}),$ . .

where $c_{k}$ is a positive constant such that $\Vert\varphi_{k}\Vert=\cdot 1$ .
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By using Lemmas 2.4 and 3.1, we have the following proposition on the
decay rate of the functions $v_{k}$ and $w_{k}$ .

Proposition 3.1 Assume the same conditions as in Lemma 2.5. Let $v=$
$v(|x|, t)$ be the function constructed in Lemma 2.5 and $w=w(|y|, s)$ be
defined by (1.14). Then there exists a positive constant $C_{1}$ such that

(3.3) $\Vert w(s)\Vert\leq C_{1}^{\alpha_{A_{s}}}e^{--}2\Vert\phi\Vert$ , $s>0$ .

Proposition 3.2 Assume the same conditions as in Proposition 3.1. Put

(3.4) $a_{k}=c_{k} \int_{R^{N}}U_{k}(|x|)\phi(x)dx$ .

Then, for any $L>0$ ,

(3.5) $\lim_{sarrow\infty}\Vert e^{\frac{\alpha_{k}}{2}s}w(s)-a_{k}\varphi_{k}\Vert_{C^{2}(\{L^{-1}\leq|y|\leq L\})}=0$ .

Furthermore, if $a_{k}=0$ , then $\Vert w(s)\Vert=O(e^{-\frac{\alpha_{k}+2}{2}s})$ as $sarrow\infty$ , and for any
$L>0$ , there exists a constant $C_{2}$ such that

(3.6) $\Vert e^{\frac{\alpha_{k}}{2}s}w(s)\Vert_{C^{2}(\{L^{-1}}\leq|y|\leq L\})\leq C_{2}e^{-s}$ , $s\geq 1$ .

Here, we recall that $v(|x|, t)$ can be expressed as

$v(|x|, t)=c(t)U_{k}(|x|)+F_{k}[(\partial_{t}v)(t)](|x|)$

with $c(t)$ being a smooth function due to Lemma 2.1.

Proposition 3.3 Assume the same conditions as in Proposition 3.2. Then,
there hold

$\lim_{tarrow\infty}t^{\frac{N}{2}+\alpha_{0}}c(t)$ $=a_{0}c_{0}$ , if $(N,\omega)\neq(2,0)$ ,
$\lim_{tarrow\infty}t(\log t)^{2}c(t)$ $=2a_{0}c_{0}$ , if $(N,\omega)=(2,0)$ .

4 Proofs of Theorems 1.1-1.5
Let $u$ be the solution of (1.1). Let $u_{k,i},$ $v_{k,i}$ , and $w_{k,i}$ be the functions

defined in Section 1. For any $m=0,1,2\ldots$ , put

$u_{m}(x, t)= \sum_{k=m}^{\infty}\sum_{i=1}^{l_{k}}u_{k,i}(x, t)=u(x, t)-\sum_{k=0}^{m-1}\sum_{i=1}^{l_{k}}u_{k,i}(x, t)$ .

Then we have the following lemma.
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Lemma 4.1 Assume (V) for some $\omega>0$ and $\theta>0$ . Then, for any $m=$

$0,1,2,$ $\ldots$ and $l=0,1,2$ , there exists a positive constant $C_{1}$ such that

(41) $|(\nabla_{x}^{l}u_{m})(x, t)|\leq C_{1}t^{-\frac{N+\alpha}{2}}\Vert\phi\Vert$ in S.

Furthemore, for any $\epsilon>0$ , there exists a positive constant $L$ such that

(42) $|u(x, t)|\leq\epsilon t^{-\frac{N+\alpha}{2}4}$

for all $(x, t)\in S$ with $|x|\geq L(1+t)^{1/2}$ .

Proof of Theorem 1.1. By (1.3), (1.11), and the orthonormality of $\{Q_{k,i}\}$ ,
we have

(4.3) $\kappa_{0}\int_{R^{N}}\phi_{0,1}(|y|)U_{0}(|y|)\rho dy=\int_{R^{N}}\phi(|x|)U_{0}(|x|)dx=M$.

By Propositions 3.2, 3.3, and (4.3), there exist positive constants $\epsilon$ and $T$

such that

(4.4) $(1+t)^{\frac{N}{2}+\alpha 0}v_{0,1}(x, t)=\kappa_{0}^{-1}c_{0}^{2}M(1+o(1))U_{0}(|x|)+O(t^{-1}|x|^{2}U_{0}(|x|))$

(4.5) $(1+t)^{\frac{N}{2}+\alpha_{k}}v_{k,i}(x, t)=O(U_{k}(|x|))$ if $k\geq 1,$ $i=1,$ $\ldots,$
$l_{k}$

for all $(x, t)\in D_{\epsilon}(T)$ . Let $m=2,3,$ $\ldots$ such that $\alpha_{m}>2\alpha_{0}$ . Since

(4.6) $u(x, t)-u_{m}(x, t)=\kappa_{0}v_{0,1}(x, t)$

$+ \kappa_{1}\sum_{i=1}^{N}v_{1,i}(x, t)\frac{x_{i}}{|x|}+\sum_{k=2}^{m-1}\sum_{i=1}^{l_{k}}v_{k,i}(x, t)Q_{k,i}(\frac{x}{|x|})$ in $S$ ,

by (4.1), (4.4), and (4.5), we have (1.6). Furthermore, by (1.5), (4.1) with
$(k, m)=(0,1)$ , and (4.4), we have

(4.7) $(1+t)^{\frac{N+\alpha}{2}n_{u}}((1+t)^{1/2}y,$ $t)=O(|y|^{\alpha 0})+O(t^{\alpha_{2}})\infty^{-n^{\alpha}}$

for all $y\in R^{N}$ with $|y|\leq\epsilon$ and $t\geq T$ . On the other hand, by Proposition
3.2, Lemma 4.1, (4.3), and (4.6), for any $L>0$ , we see that $u_{0,1}$ is the
dominant term and have

(4.8) $\lim_{tarrow\infty}(1+t)2\underline{N+}\alpha_{R^{+\downarrow}}(\nabla_{x}^{l}u)((1+t)^{1/2}y,$ $t)$

$= \lim_{tarrow\infty}(1+t)^{N\alpha}\underline{+}\propto 2^{+l}(\nabla_{x}^{l}u_{0,1})((1+t)^{1/2}y,$ $t)=c_{0}M(\nabla_{y}^{l}\varphi_{0})(y)$
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uniformly for all $y\in R^{N}$ with $L^{-1}\leq|y|\leq L$ , where $l=0,1,2$ . Therefore,
by (4.2), (4.7), and (4.8) with $k=0$ , we have (1.7) in $L^{\infty}(R^{N})$ . Furthermore,
we have

$\lim_{tarrow\infty}(1+t)^{\underline{N}+}2\kappa v_{0,1}A^{\alpha}((1+t)^{1/2}y,$ $t)=c_{0}M\varphi_{0}(y)$

iu $L^{2}(\{|y|\geq\epsilon’\}, \rho dy)$ for any $\epsilon’>0$ . These with (4.7) imply (1.7) in
$L^{2}(R^{N}, \rho dy)$ .

We next assume $M>0$ . By (1.1) and $(O)$ , we see that

$\frac{d}{dt}\int_{R^{N}}u(x, t)U_{0}(|x|)dx=0$ , $t>0$ ,

and for any $t_{0}>0$ , we have

$\int_{R^{N}}u(x, t_{0})U_{0}(|x|)dx=\int_{R^{N}}\phi(x)U_{0}(|x|)dx=M>0$ .

So there exists a point $x_{0}$ such that $u(x_{0}, t_{0})>0$ . Then, by (4.2), there exists
a positive constant $L>0$ such that $|u(x, t_{0})|<u(x_{0}, t_{0})$ for all $|x|\geq L$ .
This implies that $H(t_{0})\neq\emptyset$ . Furthermore, since $\varphi_{0}=c_{0}r^{\alpha_{0}}e^{-r^{2}/4}$ takes
its maximum only at $r=\sqrt{2\alpha_{0}}$, by (1.7), we have (1.8), and the proof of
Theorem 1.1 is complete. $\square$

Next, in order to prove Theorem 1.2, we give the following lemma on
$\alpha(\omega+\omega_{k})$ .

Lemma 4.2 Let $\omega\geq 0$ and $k=0,1,2,$ $\ldots$ . Then

(4.9) $\alpha(\omega+\omega_{k+1})\leq\alpha(\omega+\omega_{k})+1$ ,
(410) $2\alpha(\omega+\omega_{k+1})\leq\alpha(\omega+\omega_{k+2})+\alpha(\omega+\omega_{k})$ .

Proof of Theorem 1.2. We may assume, without loss of generality, that
$A_{\phi}=|A_{\phi}|e_{1}\neq 0$ , where $e_{1}=(1,0, \ldots, 0)\in R^{N}$ . By (1.3) and (1.11),

$\int_{R^{N}}\phi(x)U_{1}(|x|)\frac{x_{i}}{|x|}dx$ $=$ $\kappa_{1}\int_{R^{N}}\phi_{1,i}(|x|)U_{1}(|x|)\frac{x_{i}^{2}}{|x|^{2}}dx$

$=$ $\kappa_{1}N^{-1}\int_{R^{N}}\phi_{1,i}(|x|)U_{1}(|x|)dx$ , $i=1,$ $\ldots,$
$N$,

and we have

(411) $\int_{R^{N}}\phi_{1,i}(|x|)U_{1}(|x|)dx=\kappa_{1}^{-1}N|A_{\phi}|\delta_{1i}$.
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Then, by (3.5) and (4.11), for any $L>0$ and $l=0,1,2$ ,

(412) $\lim_{tarrow\infty}(1+t)^{N}2\underline{+}\infty^{\alpha+l}(\partial_{r}^{l}v_{1,1})((1+t)^{1/2}|y|,$ $t)=c_{1}\kappa_{1}^{-1}N|A_{\phi}|(\theta_{r}\varphi_{1})(y)$

uniformly for all $y$ with $L^{-1}\leq|y|\leq L$ . So, by (1.13) and (4.12), for any
$L>0$ ,

(413) $\lim_{tarrow\infty}(1+t)^{N}2\underline{+}\infty^{\alpha+l}(\nabla_{x}^{l}u_{1,1})((1+t)^{1/2}y,$ $t)$

$=c_{1}N|A_{\phi}| \nabla_{y}^{l}(\varphi_{1}(y)\frac{y_{1}}{|y|})=c_{1}^{2}N|A_{\phi}|\nabla_{y}^{l}(|y|^{\alpha_{1}-1}e^{-|y|^{2}/4}y_{1})$

uniformly for all $y$ with $L^{-1}\leq|y|\leq L$ . Similarly, by (4.9), (3.5), (3.6), and
(4.11), for any $(k, i)\not\in\{(0,1), (1,1)\},$ $l=0,1,2$ , and $L>0$ , there exists a
constant $C_{1}$ such that

$|(\partial_{r}^{l}v_{k,i})((1+t)^{1/2}|y|,$ $t)|\leq C_{1}t^{-}\hat{2}N+\alpha+l$

for all $y$ with $L^{-1}\leq|y|\leq L$ and all sufficiently large $t$ . Then, there exists
a constant $C_{2}$ such that

(414) $|(\nabla_{x}^{l}u_{k,i})((1+t)^{1/2}y,$ $t)|\leq C_{2}t^{-}\tilde{2}N+\alpha+l$

for all $y$ with $L^{-1}\leq|y|\leq L$ and all sufficiently large $t$ . Put $u^{*}=u_{1}-u_{1,1}$ .
Then, by (4.2) and (4.14), for any $L>0$ , there exists a constant $C_{3}$ such
that

(415) $|(\nabla_{x}^{l}u^{*})((1+t)^{1/2}y,$ $t)|\leq C_{3}t^{-}\hat{2}N+\alpha+l$

for all $y$ with $L^{-1}\leq|y|\leq L$ and all sufficiently large $t$ .
Put

(416) $\zeta(x)=2\leq i\leq N\max\frac{|x_{i}|}{|x|}$ .

Then,we have

$|Q_{2,i}( \frac{x}{|x|})-Q_{2,i}(\frac{|x_{1}|e_{1}}{|x|})|\preceq\frac{|x-|x|e_{1}|}{|x|}\leq\frac{|x|-x_{1}}{|x|}+(N-1)\zeta(x)$
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for all $x\in R^{N}\backslash \{0\}$ . Then, by Theorem 1.1, (4.12), and (4.15), there exists
a positive constant $c_{*}$ such that

(417) $0\leq u(x, t)-u(|x|e_{1}, t)$

$= \kappa_{1}v_{1,1}(x, t)\frac{x_{1}-|x|}{|x|}+u^{*}(x, t)-u^{*}(|x|e_{1}, t)$

$=c_{*}t^{-\frac{N+\alpha}{2}}(1+o(1)) \frac{x_{1}-|x|}{|x|}+O(t^{-\frac{N+\alpha}{2}})\zeta(x)$

for all $x\in H(t)$ and sufficiently large $t$ . Thus, any point on $H(t)$ sits in
$R_{+}^{N}\equiv\{x=(x_{1}, x’)\in R^{N} : x_{1}>0\}$ for all sufficiently large $t$ and we see
that

$\lim$ $\sup\zeta(x)=0$ .
$tarrow\infty_{x\in H(t)}$

Then we have

(418) $1- \frac{x_{1}}{|x|}=(1+\frac{x_{1}}{|x|})^{-1}(1-\frac{x_{1}^{2}}{|x|^{2}})\wedge\vee\zeta(x)^{2}$

for all $x\in H(t)$ and all sufficiently large $t$ . Furthermore, by (4.17) and
(4.18), there exists a positive constant $C_{4}$ such that

$0\leq-\zeta(x)^{2}+C_{4}^{\alpha}t^{--B\frac{-\alpha}{2}}\zeta(x)$

for all $x\in H(t)$ and all sufficiently large $t$ . Therefore, putting

$C(t)= \{x\in R_{+}^{N}:\inf_{x\in H(t)}|x|\leq|x|\leq\sup_{x\in H(t)}|x|,$ $\zeta(x)\leq C_{4}t^{-2\frac{-\alpha}{2}}\underline{\alpha}\}$ ,

we have

(419) $H(t)\subset C(t)$

for all sufficiently large $t$ .
Let

(4.20) $H_{0}(t)= \{x\in R^{N}:u_{0,1}(x, t)=\max_{z\in R^{N}}u_{0,1}(z, t)\}$ .

Since $(r^{\alpha 0}e^{-r^{2}/4})’’<0$ near $r=\sqrt{2\alpha_{0}}$ , we can estimate the Hessian $(\partial_{a}\partial_{\beta}u)$

to show the uniqueness of the hot spot. $\square$
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Proofs of Theorems 1.3-1.5. These will be done by using almost the
same arguments as above with noting the differences of the asymptotic be-
haviors stated in Sections 2 and 3. Details can be seen in [10, 11] and we
omit the detail. $\square$

Concluding remarks. Throughout this paper, we consider the case when
$V\geq 0$ . There aries one question: what happens to hot spots when $V\leq 0$?
To have a positive solution, $V$ should be restricted so that the Hardy type
inequality holds. That is, $V$ sould be a function such that

$\int_{R^{N}}|\nabla u|^{2}dx\geq\int_{R^{N}}V(|x|)u^{2}dx$

holds for any $u\in \mathcal{D}$ $:= \{u|\int_{R^{N}}|\nabla u|^{2}dx<\infty\}$ . For such $V$ , we can disucss
as in this paper. However, in this case, any points on the hot spot will
converge to the origin if $\omega>0$ unlike the cases in this paper. Details will
appear in [12]. For the cases when $V$ changes its sign, more careful analysis
will be needed to investigate the behavior of hot spots. For the cases other
than commented in this paper, we are required to make other kinds of tools
to analyze this type of problems.
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