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1 Introduction

In the early 20th century, Radé [17] proved the following theorem for complex
analytic functions.

Theorem 1.1. Let f be a continuous complez-valued function in a domain Q C C.
If f is analytic in Q\ f~1(0), then f is actually analytic in the whole domain ).

This result says that a level set is always removable for continuous analytic
functions. Later, an analogous result of Radé’s result for harmonic functions has
been obtained.

Theorem 1.2. [1, 8] Let u be a real-valued continuously differentiable function
defined in a domain Q C R™. If u is harmonic in Q \ u=*(0), then it is harmonic
in the whole domain .

Such removability problems have been intensively studied. The corresponding
results for linear elliptic equations were proved by Sabat [18]. The case of p-Laplace
equation has been treated in [12, 14]. Juutinen and Lindqvist [13] proved the
removability of a level set for viscosity solutions to general quasilinear elliptic and
parabolic equations. Recently, we have obtained this type of removability results
for general fully nonlinear degenerate elliptic and parabolic equations which cover
most of the previous results [21]. In Section 2, we shall focus on the removability
of a level set for solutions to fully nonlinear equations.

These results stated above concerns the removability of the inverse image of “one
point.” One may consider the following extension: How about the removability of
u~1(E) for general subset E C R rather than one point? This type of removability
result has been studied by Kral [15] for Laplace equation Au = 0.

Theorem 1.3. [15] Let u be a real-valued continuously differentiable function de-
fined in a domain Q@ C R™ and E a subset of R. We suppose that each compact
subset F' of E is at most countable. If u is harmonic in Q\ u"'(E), then it is
harmonic in the whole domain ).



In this article, we shall obtain Kral type removability theorems for two classes of
elliptic fully nonlinear equations. The equations which we deal with are so-called
k-Hessian equations and k-curvature equations.

This article is organized as follows. In the following section, we review our

previous results, which say that a level set is always removable for solutions to

fully nonlinear elliptic or parabolic equations under some assumptions. In section
3, we give the definition of “generalized solutions” to k-Hessian equations and k-
curvature equations, and state our main theorem, Kral type removability result.
The proof of the main theorem is given in Section 4.

2 Rado type removability result for solutions to
fully nonlinear PDEs

In this section, we consider the removability of a level set for solutions to fully
nonlinear equations, which has been already proved in [21]. The equations which
we are concerned with are the following degenerate elliptic, fully nonlinear equation

F(z,u, Du, D*u) = 0, (2.1)
in Q C R™, or the parabolic one
ut + F(t,z,u, Du, D*u) = 0, (2.2)

in O C R x R™ In both equations, D means the derivation with respect to the
- space variables, that is,

Ou du \"T 2 O*u
=, — = . 2.
Du (6&:1’ ’ Bzvn) , Dhu (0:1:,-6:@) 1<i<n (2.3)
1<j<n

Here AT denotes the transpose of a matrix A.
We use the following notations in this article.

® §*":= {n x n real symmetric matrix}.

eFor X,YeS”™, X<Y & y_Xxis non-negative definite.

(e, (Y = X)¢-€ >0 for all £ € R™.)

¢ For {,n € R", £ ® 7 denotes the n x n matrix with the entries

E®n),, =& Gjefl,...,n}). ('2.4)
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e For z € R" and for r > 0,

B.(z) ={z€eR"||z—z| <r}. (2.5)

o Let  be an open set in R™ or R x R™.

USC(R) := {u: Q = [—00,0), upper semicontinuous}, (2.6)
LSC(Q) := {u: Q = (—00, 0], lower semicontinuous}. (2.7)

To deal with our problem, we consider the class of wiscosity solutions, which
are solutions in a certain weak sense. The theory of viscosity solutions to fully
nonlinear equations was developed by Crandall, Evans, Ishii, Jensen, Lions and
others. See, for example, [6, 7, 9, 11]. In many nonlinear partial differential
equations, the viscosity framework allows us to obtain existence and uniqueness
results under mild hypotheses. Here we recall the notion of viscosity solutions to
the fully nonlinear elliptic equations (2.1).

Definition 2.1. Let 2 be a domain in R".

(i) A function u € USC(R) is said to be a viscosity subsolution to (2.1) in Q if
u # —oo and for any function ¢ € C?(Q) and any point o € Q which is a
maximum point of u — ¢, we have

F(z0,u(x0), Dp(z0), D*p(x0)) < 0. (2.8)

(ii) A function u € LSC(R2) is said to be a wviscosity supersolution to (2.1) in Q
if u # oo and for any function ¢ € C?%(f2) and any point zo € § which is a
minimum point of u — ¢, we have

F(JJ(), U(.’L’o), D(p(a;o), thp(xo)) > 0. (29)

(iii) A function u € C%(Q) is said to be a viscosity solution to (2.1) in Q if it is
both a viscosity subsolution and supersolution to (2.1) in Q.

We omit the proof of the following proposition. We say that F':  x R x R” x
S**™ — R is degenerate elliptic if

F(z,r,q,X) > F(z,7,q,Y) (2.10)
foreveryz e Q,reR,ge R X, Y e S with X <Y.

Proposition 2.2. Let Q be a domain in R™ and suppose that F = F(z,r,q,X)
is continuous and degenerate elliptic. If a C? function u is a classical solution to
F(z,u, Du, D*u) = 0, then it is a viscosity solution to the same equation.



Here we state the result concerning the removability of a level set for solutions
to (2.1).

Theorem 2.3. Let Q2 be a domain in R*. We suppose that F = F(z,r,q,X)
satisfies the following conditions.

(A1) F is a continuous function defined in 2 x R x R™ x S"*™,
(A2) F is degenerate elliptic.
(A3) F(z,0,0,0) = 0 for every = € Q.

(A4) There ezists a constant o > 2 such that for every compact subset K € Q we
can find positive constants £,C and a continuous, non-decreasing function
wg : [0,00) — [0, 00) which satisfy wi(0) = 0 and the following:

F(y,s,jlz —y|**(x —y),Y) — F(z,rjlz -y Hz - y),X) (2.11)
Swg(lr—s|+jlz—y|* 7+ |z —y|)

whenever z,y € K, r,s € (—¢,¢), > C, X,Y € S™*" and

0O -Y

, wol In =I
<3j(a- D -y 2(_1 I”)

=3j(a—1)lz — y|* 2l < (X o ) (2.12)

holds.

If u € C(R) is a viscosity solution to (2.1) in Q\ u='(0), then u is a viscosity
solution to (2.1) in the whole domain Q.

Remark 2.1. We remark about the regularity assumption on u. This theorem
also holds if we only assume that u is continuously differentiable on some neigh-
borhood of {u = 0} instead of assuming that u € C*(f2). However, one can not
weaken the differentiability assumption. More precisely, if we replace u € C'(Q)
by u € C*'(Q), the conclusion fails to hold. Define the function u by

u(z) = |z1|, z=(z1,...,2n) € Q= B; = {|z| < 1} (2.13)

It is easily checked that u satisfies —Au = 0in Q\ v™1(0) = B; \ {z; = 0} in the
classical sense as well as in the viscosity sense. But u does not satisfy —Au = 0
in B; in the viscosity sense.
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In Theorem 2.3, the conditions (A1) and (A2) are quite natural, and it is neces-
sary to assume (A3) since the function © = 0 must be a solution to (2.1). However,
the condition (A4) seems to be complicated and artificial. For the particular case
that F' can be expressed as F(z,r,¢, X) = F(g,X) or F(q,X)+ f(r), the hypothe-
ses can be simplified as follows.

Corollary 2.4. Let Q be a domain in R™*. We suppose that F = ﬁ’(q,X ) and
f = f(r) satisfy the following conditions.

(B1) F is a continuous function defined in R™ x S™" and f is a continuous
function defined in R.

(B2) F is degenerate elliptic.
(B38) F(0,0) + f(0) = 0.
If u € CY(9) is a viscosity solution to
F(Du, D*u) + f(u) =0 (2.14)
in Q\ u~1(0), then u is a viscosity solution to (2.14) in the whole domain Q.

For parabolic equations (2.2), we can also define the notion of viscosity solutions
and obtain the removability result similar to Theorem 2.3.

Theorem 2.5. Let O be a domain in R x R*. We suppose that the conditions
given below are satisfied.

(C1) F is a continuous function defined in O x R x R™ x S**",
(C2) F is degenerate elliptic.
(C8) F(t,z,0,0,0) =0 for every (t,z) € O.

(C4) There exists a constant a > 2 such that for every compact subset K € O we
can find positive constants €,C and a continuous, non-decreasing function
wk : [0,00) = [0, 00) which satisfy wi(0) = 0 and the following:

Ft',y,s,jlz —y|* Yz - y),Y) - F(t,z,r,jlz — y|* *(z - 9), X) (2.15)
Swig(t =t +|r—s|+jle —y|* " + |z —y])
whenever (t"x)’ (t’)y) € K7 T,s € ("'6,6), ] 2> C: X,Y € S™*" and

X 0
—3' __1 — 0—2In< .
j(a—1)|z — y|* "Iz, < (0 _Y> (2.16)
: I, -I
<3jla—)z—y[*2| ™ "
< 3je—1)lz —y| (_In 1,,)

holds.



If u € CY(0) is a viscosity solution to (2.2) in O \ u~'(0), then u is a viscosity
solution to (2.2) in the whole domain O.

Remark 2.2. For F of the form F(g, X) + f (r), a level set of a viscosity solution
to (2.2) is always removable if we assume the continuity of F' and f, the degenerate
ellipticity of F, and F(0,0) + f (0) = 0 only, as in the elliptic case.

Example 2.1. Utilizing Theorem 2.3bor Corollary 2.4, and Theorem 2.5, one sees
that our removability results can be applied to many well-known equations. Here
are the examples.

(i) Laplace equation —Au = 0, cf. [1, 8, 15].
(ii) The heat equation u; — Au = 0.

(iii) Poisson equation —Au = f(u), where f(0) = 0 and f is continuous, for
example, f(u) = |[u[P~'u (p > 0).

(iv) Linear elliptic equations

- Z a:;(z) Dsju(z) + Z bi(z) D;u(z) + c(z)u(z) = 0, (2.17)

cf. Sabat [18].

(v) Quasilinear elliptic equations

— Z ai;j(z,u, Du)D;ju(z) + b(z,u, Du) = 0, (2.18)

i,7=1

such as the minimal surface equation — div(Du/+/1 + |Du|?) = 0, p-Laplace

equation —Au := —div(]DulP"2Du) = 0 (p > 2) and oco-Laplace equation
Ezjzl DiuDjuD;ju = 0, cf. Juutinen and Lindqvist [13]. We note that our

result does not contain theirs, but that is because they utilize the quasilinear
nature of the equation.

(vi) Quasilinear parabolic equations, such as p-Laplace diffusion equation u; —
Apu=0 (p>2).

(vii) Pucci’s equation, which is an important example of fully nonlinear uniformly
elliptic equation,

~MA(DM) = flu),  —M;,(D%) = f(u), (2.19)
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where MY ,, M3 , are the so-called Pucci extremal operators with parame-
ters 0 < A < A defined by

MEAX) =AY e+ A) e, M (X)=2) e+A) e, (220

e; >0 e;<0 ei>0 ;<0
for X € S™" (see [2, 16]). Here e;,...,e, are the eigenvalues of X.
(viii) Monge-Ampere equation

det D*u = f(u). (2.21)

When we are concerned with (2.21), we look for solutions in the class of
convex functions. It is known that the equation (2.21) is not elliptic on all
C? functions; it is degenerate elliptic for only C? convez functions. In this
case, the condition (A2) is not satisfied. However, modifying our argument
below appropriately, one can also apply Theorem 2.3 to (2.21) and obtain
the removability result.

(ix) The parabolic Monge-Ampére equation u; — (det D?u)*/™ = 0.
(x) k-Hessian equation
Fk[u] = Sk()\h sy /\n) = f('U), (222)

where A = (), ..., \,) denotes the eigenvalues of D%y and Sk (k =1,...,n)
denotes the k-th elementary symmetric function, that is,

Sk =Xy Ay, (2.23)

where the sum is taken over increasing k-tuples, 1 < i; < --- < iy < n. Thus
Fi[u] = Au and F,[u] = det D?u, which we have seen before. This equation
has been intensively studied, see for example [3, 23, 24, 25].

(xi) Gauss curvature equation

det D*u = f(u) (1 + |Du|®+2/2) | (2.24)

(xii) Gauss curvature flow equation u, — det D?*u/ (1 + |Du|2)("+1)/ 2=0.

(xiii) k-curvature equation

Hilu] = Sk(k1,- .-, kn) = f(u), (2.25)
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where k4, ..., k, denote the principal curvatures of the graph of the function
u, that is, namely, the eigenvalues of the matrix

Du 1 Du® Du) 9
D|—n— | = ———— (1 - 22272 D%, 2.26
( 1+¢Dup) 1+40m2( 1+ |Dul? (229)
and Sy is the k-th elementary symmetric function. The mean, scalar and
Gauss curvature equation correspond respectively to the special cases k =

1,2,n in (2.25). For the classical Dirichlet problem for k-curvature equations
in the case that 2 < k <n — 1, see for instance [4, 10, 22].

We could also prove the removability of a level set for solutions to the singular
equations such as p-Laplace diffusion equation where 1 < p < 2. See [21] for
details.

In the final part of this section, we give a sketch of the proof of Theorem 2.3.
This is divided into two parts.

Step 1. Removability of the set {z € Q | u(z) = 0, Du(z) # 0}

Let zo be a point in {z € Q | u(z) = 0, Du(z) # 0}. Then it follows from the
implicit function theorem that the level set {u = 0} is locally a C? hypersurface.

Let ¢ € C%(Q) be any function such that z, is a maximum point of u — ¢. We
want to show (2.8). For this purpose, we add an appropriate small perturbation 5
to ¢ such that 15 — 0 in C?(f2) as § — +0 and that the maximum of u — (p + 15)
attains at a point x5 which lies in {u # 0}. It follows from the definition of the
viscosity subsolution that

F(zs5,u(zs), D( + ¥5)(xs), D*(¢ + 15)(z5)) < 0. (2.27)

Letting § — 40, we can show that 5 — z, and obtain (2.8).

Step 2. Removability of the set {z € Q| u(z) = 0, Du(z) = 0}

In this case, we can prove that in the definition of viscosity solutions, we require
no testing at all at the points where the gradient of u vanishes under our assump-
tions (i.e., if a test function ¢ and a “touching point” z; satisfy Dp(zg) = 0, then
F(zo,u(zo), Dy(zo), D*p(x0)) < 0(> 0) must hold.).

3 Main results

In this section, we state our Kral type removability result for k-Hessian equations

Filu] = SeOhy- - - An) = 0, (3.1)
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where )i, ..., \, denotes the eigenvalues of D?u, and k-curvature equations
Hifu] = Sk(ki,...,4n) =0, (3.2)
where ki, ..., k, denote the principal curvatures of the graph of the function u.

To deal with our problem, we consider the class of generalized solutions instead
of that of viscosity solutions. The notion of generalized solutions gives a new
framework for the study of k-Hessian equations Fi[u] = ¢ and k-curvature equa-
tions Hy[u] = 1 where 9 is a Borel measure. It is introduced by Colesanti and
Salani [5] and Trudinger and Wang (23, 24, 25] for k-Hessian equations and by the
author [20] for k-curvature equations. Here we only focus on the case of k-Hessian
equations (3.1). We can treat the case of k-curvature equations (3.2), see [19] for
details.

Let 2 C R" be a domain. We define the set *(£2) as follows:

®*(Q) = {u: Q = [~00,00) | u is a viscosity subsolution to Fi[u] = 0.}. (3.3)
We omit the proof of the following proposition.

Proposition 3.1. (i) (1) D #?(2) O .- D $*(N).
(ii) () is a set of subharmonic functions on 2, and ®™() is a set of convex
functions on (.

The important fact is that for u € ®*(2), we can define Fj[u] as a Borel measure,
which is well-known for the cases k =1 and k = n.

Theorem 3.2. [23] Let Q be an open convez bounded set in R™, and let u €
®*(Q). Then there exist a unique nonnegative Borel measure oy (u;-) such that the
following properties hold:

(i) If u € C*(Q), then for every Borel subset n of Q,

or(u;n) = /Fk[u](a:) dx. (3.4)
(i) If u,u; € () (i € N) satisfy u; — u in L} (), then
ouusi ) — ou(u;”)  (weakly). (3.5)

Example 3.1. Let B, be a unit ball in R™ and a be a positive constant.
(1) Let uy(z) = a|z|. Then

Fn[ul] = wno/‘éo. in Bl, (36)

where w,, denotes the volume of the unit ball in R™, and ¢, is the Dirac measure
at 0.



(2) Let uy(z) = ay/22 + - - + 22, where T = (21,...,%n). Then
Filus) = wea* L™ *|T  in By, (3.7)
where wy denotes the k-dimensional measure of the unit ball in R and T =
{(z1,...,2n) € By |21 =--- =z = 0}.
The definition of generalized solutions of curvature equations is given as follows:

Definition 3.3. Let 2 be a domain in R™, let v be a nonnegative finite Borel
measure on (2. u € ®*(Q) is said to be a generalized solution of

Filul=v inQ, (3.8)
if it holds that

ox(u;n) = v(n) (3.9)
for every Borel subset n of 2.

The following proposition indicates that the notion of generalized solutions is
weaker (hence wider) than that of viscosity solutions in some sense.

Proposition 3.4. Suppose ) € C°(Q) is a nonnegative function and set v = 1 dz.

If u is a wiscosity solution to Filu] = 9 in €, then it is a generalized solution to
Filul =v in Q.

Colesanti and Salani [5] give the characterization of ox(u; -) for a convex function
u defined in a convex domain Q (we note that u € ®*(Q) due to Proposition
3.1(i)). For z € , du(z) denotes the subdifferential of u at = (if v is C* at z,
then du(z) = {Du(z)}.). For p > 0 and a Borel subset 7 of {2, we set

P(u;n):={z€R*|z=z+pv, z €7, v € du(z)}. (3.10)

Then the following equality holds:
»(Pp(ui)) Zo] wn)p! (3.11)

Here we define oo(u; 1) := L™(n).
Now we state the Kral type removability result for k-Hessian equations (3.1).

Theorem 3.5. Let Q C R™ be a domain, u € C1(Q) and E a subset of R. We

suppose that each compact subset F' of E is at most countable and that for every
compact set K € Q,

sup{|Du(z) — Du(y)| | z,y € K, |z —y| < 8} = o (6*~V/¥) (as § — +0).
(3.12)

Ifu is a genaralized solution to (3.1) in Q\u"*(F), then it is a generalized solution
to (3.1) in the whole domain Q.
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We can obtain the removability result similar to Theorem 3.5 for the k-curvature
equation (3.2).

4 Sketch of the proof of Theorem 3.5

In this section, we give a sketch of the proof of our main theorem, Theorem 3.5.
We can prove the removability of u™!(E) N {z € @ | Du(z) = 0} in a similar way
to Step 2 of Theorem 2.3.

We fix a point zo in u=}(E) N {z € Q| Du(z) # 0}. It follows from the implicit
function theorem that for some small neighborhood Uy, U; of zo (U; € Us), the
Hausdorff dimension of A := U; Nu~!(E) isn — 1. We set

¥(8) = sup{|Du(z) — Du(y)| | z,y € U, |z —y| < 0}. (4.1)

By the assumption, we get that ¥(6) = o (§*~1/k), i.e., " *4(8)* = o (6™77).
We fix € > 0. Then from the fact stated above, there exists countable balls
{Br,(z:)}i2, such that

AcC U B, (z;) CU, and Zr?‘kw(ri)k <E. (4.2)
i=1 i=1

We can show that

Pp(u; Br,(2:)) C Britpy(r) (@i + pDu(z:)). (4.3)
" Indeed, taking any z € P, (u; B, (z:)) we obtain
|2 — (zi + pDu(z:))| < ly — zi| + plDu(y) — Du(z:)| < i+ pp(ri).  (44)

for some y € B,,(z;). Therefore, it follows from (3.11) that

0k(; Br,(2:))p* < Y 05(u; B, ()P (4.5)

=0

= L™(P,(u; By, (1))

< Bl + pD(a)
= wp(r; + p(r:))".

Now we put p := r;/1(r;). We obtain that

ok (u; Bry(2:)) < 2wnr~Fp(rs)", (4.6)



It holds that

ox(u; A) < Z ox(u; Br,(z;)) < Z2"wnr?"k¢(r,-)'° = 2"wpe. (4.7)
=1

=1 %

Thus we have o4 (u; A) = 0 due to the arbitrariness of €. The proof that u satisfies
Fi[u] = 0 in the whole domain 2 is complete.

Remark 4.1. For the case of kK = 1 (Laplace equation), the convexity assumption
of u can be removed so that we get the same removability result as Kral’s.
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