0000000000
0 17050 2010 0 225-236 225

Construction of non-associative algebras
in
algebras generated by Chomsky sentences

By

Yousuke Asou*, Hiromi Koriyama*, Miyuki Matsuo*,
Kiyoharu Nouno and Osamu Suzuki **

* Department of Mathematics, Fukuoka University of Education Munakata, Fukuoka,Japan E-
mail:nouno@fukuoka-edu.ac.jp

*ok Department of Computer and System Analysis College of Humanities and Sciences, Nikon Universityl56
Setagaya, Tokyo,Japan E-mail: osuzuki@cssa.chs.nihon-u.acjp

Keywords:Context free language, binary product, and Jordan algebra

Abstract. A strucutre of binary product is introduced to the context free
language(Chomsky algebra)and the binary strucutre of an arbitrary algebra
is .realized in the algebra. Nonw-associative algebras are discussed by
introducing the contexts to Chomsky sentences and flexible algebra and
Jordan algebra are constructed

Introduction

In this paper we introduce an algebraic structure in the context free language which
is called Chomsky algebra and discuss non-associative algebras in this algebra. Here
we call the context free language Chomsky language when a dictionary is given([1]).
For an algebra 4, we make the Chomsky algebraC(4) of the dictionary 4. Then

we see that there exists a homomorphism :

O:C(A)—> 4
which is called the versatility homomorphism. This implies that the Chomsky
algebra is a kind of a free algebra of 4. Then we can realize the binary structure of
an arbitrary algebra on the Chomsky algebra and discuss associativity or non-
asscoiativity structure by use of the binary strucutre of Chomsky algebra. In order
to discuss the given algebra, we have to analyze the kernel of the homorphism. Here
we notice that the analysis of the kernel of the morophism is nothing but the
introduction of the ,,context* to the context free sentences. Hence we see that we
can discuss the non-associativity of algebras in terms of the introduction of the
contexts to the context free sentences. Our discussion is divided into three parts:
(1) Generation of non-associative algebras in Chomsky sentences.
(2) Generation of associative sentences by shift operation
(3) Realization of non associative algebra by sentence algebra and Mendel algebra.

(DIn the first part we will introduce a non-associaitve strucutre in Chomsky
sentences as much as possible. Here we choose two algebras, ,,sentence algebra® and



,Mendel algebra“ which may describe the full non-associative algebraic structure.
The sentence algebra is motivated by the structure of Chomsky sentences([1]). We
can introduce the sentence algebra for a given Chomsky sentence and we can
describe the non-associativity of the sentences explicitly. The second algebra is
motivated by the Mendelian genetics([3]). We call the linear space M with
generators S,,S,,...,S, Mendel algebra, when generators satisfying the following

commutation relations and the distributive law([4]):
1
§,%8; =15, +5)}

We can introduce the non-associativity strucutre in Chomsky sentences by use of the
non-associativity of Mendel algebras.

(2) In the second part we will treat well known non-associative algebras. Here we
want to treat the following two algebras as examples([2]):

flexible algebra: (XY)X = X(¥X)
Jordan algebra: (XX)Y)X) = (XX)(¥X)

for any pair of elements " .X,"Y e 4. For this we restrict ourselves to a special
classes of non-assosiative algebras including flexible algebra and Jordan algebra.
We can introduce a concept of shift operations in Chomsky sentences and describe
commutation relations in terms of shift operations. Then we can describe
»associative structure* of non-associative algebras in terms of the ,,shift invarant
sentences®. At first we discuss algebras with following commutation relations:
(XY)Z = X(YZ) or ((XY)Z)W) = (XY (ZW).
We can obtain shift invariant sentences making symmetric elements:

%{(XY)Z+X(YZ)} or —]2—{(X(Y(ZW)))+(XY)(ZW)}

In order to get the commutation relations of flexible algebras or Jordan algebras
(XY)X = X(XX) or (XX)Y)X) = (XX)(¥X),
we have to choose shift operations of restricted type and make symmetrizations.

(3) Next we proceed to the realization of non-associativity of Chomsky sentences in
an explicit manner. By use of sentence algebras we can realize flexible algebras or
Jordan algebras by special choices of sentence algberas, but their choices are
strongly restricted. Hence we will consider another realization by use of Mendel
algebras. This is one of the important contribution to the theory of non-associative
algebra, if there exists. Then we can show that the shift invariant algebras on Mendel
algebra are automatically derive algebras including flexible algebra, Jordan algebra
and others. As for a genetic generation of Jordan algebras will be given in the
forthcoming paper.

By these discussions we may conclude that a method of formal language and
genetics is quite effective for the theory of non-associative algebrs.

1. An algebra of Chomsky sentences(Chomsky algebra)

In this section we recall the context free language and introduce several algebraic
strucutres on it. At first we recall basic facts on Chomsky sentences. Chomsky has
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discovered that a tree strucutre is essential in the theory of languages([1]). We take a
sentence: ,,The cat sleeps on the sofa* and make the decomposition:

S
W/ \r Dictionary .4
SN 7y
pa

PN

P NP §
7\
D N , S
| A (AR EAR{EINEA) 33}

|
The dog sleeps on the sofa

By this observation we can introduce the following concept:

Definition
We take a set of words 4 which is called dictionary. Choosing words 4,, 4, ..., 4

n?

we make a sentence: {{4,,4,},{4,,..., 4,}} which is called Chomsky sentence of 4.

- We notice that we do not care about the context of the sentence. As for the
acceptability condition and generation of Chomsky sentences, see Appendix.

Next we proceed to the algebraic structure of sentences. We choose an algebra A
which is generated by e, e,,...,e, over R which is denoted by A= R[e,,e,,...,e,].

Choosing generators, we make sentences, which we call Chomsky sentences of
algebra 4. Making operations of sum and constant multiplication, we can define an
algebra which is called Chomsky algebra C(4) .i.e.,

X,Y eC(4) = {X,Y}eC(4)
X,Y eC(4) = X +Y e C(4)
e R, X eC(A)= aX € C(4)

The product of X and ¥ can be described in terms of the tree structure as follows:

/N

X Y
We notice that this algebra is non-associative. We give a simple example:

S, S
S, //\S'l

X, Xz X, X. Xz X,
We see that {{x,, x,},X,} = {{X,, X,},X,} - As for an explicit introduction of non-

associativity structure to Chomsky sentences, we will discuss in Section 3.

2. The versatility of the Chomsky algebra for an arbitray algebra

In this section we show that the Chomsky algebra C(4) generated by an arbitrary
algebra A has the versatility property, even if it is a non-associative algebra. Namely
we have a homomorphism @ :C(4) - 4 . We begin with some basic notations. We

assume that the algebra is finitely generated: 4= R[e,,e,,...,e,]. Then we can
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represent an arbitray element X as follows:

X=30 X Xe=2 @ nle (e (. .e)
where the sum is taken through all possible sentences. In the following we put the
following notations: Q, . ., =(e, (e, (...)e, ).

We proceed to the construction of desired homomorphism. We define

® O[{X, {X, {..}}X,}]=(X, (X, (..))X,))
@LX + Y] = D[X]+D[Y], D[aX]=a®[X](ceR)

Then we have an algebraic homomorphism: @ : C(4) — 4 . By this correspondence
we can prove the following theorem:

Theorem I

Let A be a finitely generated algebra over R, ie., A= R[e,,e,,..,e,] andlet C(A4)
be the Chomsky algebra of 4. Then we can prove the following assertions:

(1) We have the algebraic homomorphism @ : C(4) — A defined by (*). (2) We
have the following homomorphism theorem: Namely there exists an ideal I such that
the following commutative diagram holds

®:C(4) > A4

\ I (® is isomorphism)
b:C(A)/ 1> 4

The main task of this paper is to describe the ideal I in connection to the Chomsky
sentences.

3. Generation of non-associative algebras by sentence algebra and
Mendel algebra

In this section we introduce two concept of algebras. The first one is sentence
algebra which is motivated by the graph strucutre of Chomsky sentences, and the
second one is Mendel algebras which is motivated by the separation law of Mendel’s
law respectively. Then we can describe the non-associativity condition of Chomsky
sentences by these algebras.

(Sentence algebra)
At first, we consider the simplest sentence and associate a product structure on it:

€
/\ — ee, =e (e, ={e.e;})
é e,

Next we introduce generators of an algebra with the product table:
e e
| - 4 &S e =0¢ e =¢¢,

oe, & ee, =8, (5,8,6=+or0)

e.

t 1

€

When &5'e = 0 holds, then the sentence is called degenerate. Then we can generate
an algebra by use of compositions of generators of basic sentence algebras. We notice

'
ge, O'e;
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that we can associate associative algebras when & =1 and non-associative algebra
when & = -1 respectively. We call the algebra the basic sentence algebra which is
denoted by S(e;,e , - £, ) when we can endow an algebraic structure, for example,

k=ior j. We proceed to more complicated sentences:
e

.
€ g ((eiaej)aek)
€; j €,
This sentence can be described by use of two basic sentence algebra: Preparing
S(e,e; 1 £,¢)and S(e,,e, : £,¢,)and introducing a product strucutre ((e.e;).e.), we
can introduce an algebra which is denoted by
S(e;.e; : £e)xS(e, e, : £,e,)

The graphic description of the algebra can be given in the following manner:

€ €

e
Elek, el r

. &

e e

m r

82 em

&€, ¢, e, e ¢ e

Next we proceed to an association of an algebra to sentences of more general type

< ((e(e-€)

€ kg
To this sentence we associate the following algebra which is denoted by
S(e;.e, 1€,e,)°S(e,,e, : £,e,). The product table of the algebra is given in the
following manner:

€, e

L L

p— S(e;,e, :6e,)0S(e, e, :

gl er en

Then we can prove the following theorem:

Theorem I1

(1) We can associate an algebra for an arbitray given Chomsky sentence which is
generated by the two kinds of products:
((S(e;.e; 1e1€)x....xS(e, e, 1 6,€,)) 0.....0S(e,, €, : 5,6,)) X.....

(2) Choosing &,(1 =1,2,...), we can realize the associativity or non-associativity of
the sentence.
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(3) For a sentence X, we make an element of the sentence algebra
X(¢,,&,,...,€,) and we have
X(&,&5,56,)=1X(11,...,1).

(Mendel algebra)
In order to treat flexible algebras and Jordan algebras, it is convienient to introduce a

concept of Mendel algebra([4]):

Definition
Let A(=R[S,,S,,...,S,]) be a linear space. Introducing the product by

1
5,+8,=515,+5)

X*Y = :,,j=|aiﬂjsi *SJ(X=Z=|a’S”Y =Z:’=‘ﬁ,S,)

Then we have an algebra M which is called Mendel algebra .

We notice that the Mendel algebra is non-associative and commutative algebra. In
fact we can give a simple example:

((S,*Sj)*S,,)=%(S,.+S,.+28k), ((s,.*(sj*s,))=%(2s,+s,.+s,)-

Following the scheme in the sentence algebra construction, we can make sentences in
Mendel algebras. We give an example.
Sy

Sk
/N = seses 54\ = @),
S

S~ S. i i j

i J

With this Mendel algebra, we willl treat flexible algebra and Jordan algebra in S. 5,6.

4. Shift operations and description of associaitive elements

In this section we give an description of elements of the Chomsky algebra in terms of
shift operations.

(Shift operation)
We consider an element of the Chomsky algebra which is called element of L-type:

ﬁm G = (X (X, (D)X, We denote the linear space over R by L(A4):
LA =) ..., .y 1+ The tree representation is given by

Qa0 = /(<\

D D S s X

iy [ i

Next we proceed to shift operations in Chomsky sentences. At first we define a shift
operation from L(4) to C(4). We define o,, :L(4)— C(4) by

O LK, X DX X, X )= (X, X, )X, (X, X, )

N Tea1

where ( implies the taking off the bracket. The graphical description is given as
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follows:

Lew

(( "i, vi,)iXi,)‘);ih,""/\")

e

(XX, ), X (X X))

Examples
We give two examples of shift operations which are connected to non-associative
algebras([2])

A= /N A2 N

X Y X X X Y X
flexible algbera Jordan algbera

Then we see the following proposition:

Proposition

Any element of C(4) can be obtained from that of L(4) by the successive operations
of shift operators.

(Shift invariant non-associative algebra)

Next we introduce a class of non-associative algebra which can be described in terms
of shift operations. Hence we have the following definition:

Definition
A non-associative algebra of shift type, or homogenous non-associative algebra, if
associative elements are given by shift invariant elements: o(X) = X, where ¢ is the

shift operation. It is extended to the identity for remained elements. The element
X(or X ') which is defined from X (e 4) in the following manner is called
symmetric (or anti-symmetric) element:

X

cr(X)+X) (resp,X'=%(0'(X)—X)J

In fact, we see that the typical non-associativity condition connected to the flexible
and Jordan algebras can be described in terms of the shift invariant condition;

o((X,Y),2))=(X,(Y,2)), o(((X,Y),Z),W))=(X,1),(Z,W))

(Non associative algebra generated by shift operations)
We construct an algebra which is generated by the shift invariance condition. We

consider an algebra which is generated by e,vez,...,em. We take a shift operation and
make a system of shift invariant sentences: s, S,, , - Making the symmetrization,

we can obtain non-associative algebras. We give an exphclt generation of the algebra.
We consider the followmg set:

= Z:O[(i.(iz.,.)i,_)((e,l (... )e,k )}
We decompose elements byuseof e, e,,...,e,,and §, S", (i = 1,2,,,, m) :Putting one
of them as 6,

Ck = { Za(fn(f;--~)fk)((9fl ('afz ."6&41 ")aik )}
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Then we can prove the following theorem:
Theorem III
(1)Every element of Chomsky algebras can be obtained from that of L(4) by shift

operations and symmetrization.
(2) Making the symmertization of elements of an algebra 4

é" = { Za(il(iz»~-ft)((é’| ('é'z "'éu )é’t )}
and we can obtain a new algebra A introducing product strucutre: o: 4o 4 — 4 by
vxel,,Wyel, = xoy=(xy)eC,,

3) We have & ~ ¢ . Hence we see that the algebra is determined by finite
C, c§ ”MC,, C, g Y
C‘,, (k=12,..M)

(Shift operations of restricted type)
Next we proceed to the shift operation of restricted type. In order to treat flexible
algebra and Jordan algebras, we have to treat shift operation of restricted type

o((X,Y), X)) =(X,(Y,X)), o((X,X),Y),X))=(X,X),(¥,X))

In order to treat this type of shift invariant sentences we have to introduce shift
operations with bigger symmetries. We just indicate its idea by considering an
example ((XY)Z)X = (XY)ZX) :Putting X=Ya,e,¥ =) Be, Z=Y'y,e;» We can write the
invarinat condition. Then we have
Zaiﬂj}'kal((eiej)eh de, = Zaiﬁj}’kal((eiej)(eke/)) for Va,,VB,VyeR.
Rewriting this condition in the following form
Zaiﬂjykal {((e,-e, Je,)e, + ((ele', Jede} = Zaiﬂj},kal {((e,-e‘,- Ne.e)+ ((e/e, Neee,)} Hence
we obtain the shift invariance condition:
{((e.e_, Je, e, + ((e/e, Je, e} = {((e.e, Ne,e,)+ ((elej Xewe,}}-
Making the symmetrization for these elements, we can describe elements of the
algebras.

S. Flexible algebra

In this section we treat flexible algebra from our point of view([2]). We begin with
the definition:

Definition
An algebra is called flexible algebra, if the following commutation relation holds:
VX,VY € 4 = (XY)X = X(XX)

At first we choose a basic sentence algebra and make a flexible algebra. We choose a
degenerate sentence algebra: S(e,,e, ¢, :2,0,)).

e, e,
€ 2e, ¢ e,(ee) #(ee)e

: 2€,¢, 2€,)¢,
e, e,

Proposition
Algebra S(e, ¢, e, :2,1,0)) is a flexible algbera.
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Proof
Putting X =Y are, , ¥ = > Be, s we check the condition: (X)X = X(¥X) . Since

XY =YX =2x,ye, +(x,, +X,),)e,. Hence we have (X7)X =2x’y.e, +x,x,y,¢, and
(X(YX)=2xlye, +x,x,y,e, which proves the assertion.
Next we introduce the Mendelian algebra M and prove the following Theorem:

Theorem IV
(1)Shift invariant algebra of associative type is a flexible algebra. Namely, if we
assume that x *(y*z)=(x*r)*z for vx,vy,vZeM(4) ,then we have x*=Z*.
Hence we obtain a flexible algebra from the shift invariance condition.
(2) Mendel algebra M™ (n23)is a flexible algebra,but not associative algebra
Proof of(1) Putting X =3",5,,Y =Y 35,,Z=3 7,5, we consider the shift invariant
condition: X *(Y*Z)=(X*Y)*Z. Restricting special elements, X =5,y = S,Z=8,,
we consider (s, *5,)*S,) = ((5, *(S, *S,)) - Then we have S, =5, . Hence putting
(XN)X) =D 2, B,2,8,(S,*S,)*S,,and (X(0x)) = Y @,8,2, 5,5, *(S, * S,), We obtain
X*T*X)=(X*Y)*X.
Proof of(2) Putting x =3 0,57 =3 g5, we see
(XN)X)=3 a,f,a,(S, *S)*S,, and (X(1X)=) a,8,a,S, *(S;*S,),
Hence to prove the assertion, it is enough to prove the following equality:
zailgjak(si *S)*S, =Zaiﬂjaksi *(S;*S,)-
For this we decompose the both sides in the following manner:
20810, (S,*S)*S, =3 k@ B (S,*S)* S, + Y @0, (5, *S,)*S,
28,08 * (S, $,)= X @B ,0,S (S, *S)+ Y. @,B,0,5,* (S, *S,)
Since ((S;*S,)*S,)=((S, *(S,*S,)), the first term of the both sides are identical. The
second terms of the both sides can be written as follows:
2B (S, *S)*S, = 3 LB (S, *S,)* S, +(S, *5,)* S}
2SS, ¥ (S, *5)= Y e, B (S, *(S, ¥ S,)+ S, *(S, *S,)}

By use of the commutativity of Mendel algebra, we see the both sides are identical.
Hence we have proved the assertion.

6. Jordan algebra

In this section we give an understanding commutation relations of Jordan algebra
from the point of Chomsky sentence and make a Jordan algebra by use of basic
sentence algebra and Mendel algebra. We recall the definition of Jordan algebra([2]):

Definition
An algebra J is called Jordan algebra if the following commutation relation holds:

VX,VY € A= ((XX)Y)X) = ((XX)(XX))
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When it is commutative, it is Jordan algebra simply, otherwise it is called non-
commutative Jordan algebra.

Next we proceed to make a Jordan algebra by use of basic sentence algebra. At first
we notice the following proposition:

Proposition
The following sentence algebra s'(e,e, : -le;) is a non-commutative Jordan algebra

: (ese))e, #e,(ee,)

Proof
The proof is a direct calculation . Putting X =Y xe,¥ =Y y.e,, We have

(XX)= (xlz +x§)enand(}7() =(x, 3, + X, 9,)e, +(x, 0, +x,¥,)e,
From(XX)Y = (x? + x2)(y,e, + y,¢,), We have

(X)X = (x|2 ’*‘x;){(xl)ﬁ +Xx,¥,)e, +(x, 3, —x,3,)e,)}.
On the other side we have

((XXY(¥X) = (xlz +x;){(x1y1 +X,¥,)e +(X, 9, — X, ¥,)e,)}-
Hence we have the assertion.

Next we proceed to the realization of Jordan algebra by use of the Mendelian algebra
M'"™ . We can prove the following:

Theroem V

(1)We assume that (X *Y)*Z)*W)=(X*Y)*(Z*W)) then we have X =Z=W .
Hence we obtain a non-commutative Jordan algebra from the shift invariance
condition

(2) Mendel algebra M is a Jordan algebra

Proof of (1) :From
(NS *S)*S)*S) = —;—(S, +8,+25, +45,),((S; *S,)*(S, *S)) =:1;-(Si +8,+8, +8§))
and (((S,*S,)*S,)*S,) = (S, *S,)*(S, *S,))» We have S, = §, =S, . Hence putting
X =Y a8,Y =) BS, we have the commutation relation of a Jordan algebra as in the
proof.of Theorem IV.
Proof of (2) : Putting x =>a,5,7 =3 4.5, We see
(((XY)X) =3 a,a,B,0((S,*S,)*S,)*S,,
(XX)XX)) =3 o, froy (S, * S )* (S, *S)),
Hence to prove the assertion, it is enough to prove the following equality:
Za,ajﬁka,((S, *S)*SI*S, = Za,.ajﬂka,(S, *S (S *S)-
For this we decompose the both sides in the following manner:
D2, B, (S, *S)*S)H*S, =D, B,a.a((S, *S)*(S, *S)+ > ', B, (S, *5,)*(S, *S,)
> B, (S, * (S, * S, N*S,
= Z,ﬂ:,a,.a,ﬂka,(S, *S,)* (S, *S,)+Z'a,ajﬂka,(S, *SO*(S*S)

where, the second sum is remained sum. Since (S, 5,)*S,)*S, = ((S, *S,)*(S, *S.))>



the first term of the both sides are identical. Next we decompose the remained sum
into two parts: ¥'=5'+%', :The first sum is taken for the case of two of the

indices (4, j,/) are identical and the remained sum is taken for the three indices are
different.The second terms of the both sides can be written as follows:

Z 2'aiajﬁkal((si * Sj) *$ XS =) aa'(i)ao'(j)ﬁkaa(/) {(Scr(i) * So'(j)) *Sp* Soin}
Z 2'a;ajﬂkal (S * Sj) *(S*S) = z o aa(f)aau)ﬁkaau) {(Sa'(i) * So’(j)) *(S, * So'(l) )}
where the sum is taken through the permutations of three words. By use of (****) we

see the both sides are identical. In a completely analogous manner, we have the first
equality forZ', . Hence we have proved the assertion.

Appendix

In this appendix we give the acceptability condition and the generation of Chomsky
sentences. We begin with the tree strucutre of Chomsky sentences:

%cceptabi_lity condition) _ . '
e can give the acceptability condition of Chomsky sentences in the following

manner:We choose a sequence, for example, {{,},{,}}or {{,},,} . We make a
numbering:

s

&~

1 )

7

Then we can give the following criterion of the acceptability condition:

For the sequence {
1

[y
-

#({), implies the sum of open

3 4

M= )2 40) 2 #(),
@ #(), =2(), =#(Q),
for only n(=length )

The other notations are similarly

f
|
% brackets from the first to the k-step.

(3) #()ps—#(), <1 used
We give several examples:
(VLX) (Y. X0 ALY, )
#{), [ R 2 t 2Rz T 1A F
#(’ )Ic g 10 N o[22 0 {0 it [z (2 i2 0 i1 o o2 o2
#(} )k o {0 {0 it 142 0 (o 0 {0 {1 §2 0 0 1 1 v i2
Acceptable Non acceptable Non acceptable

(Generationof Chomskysentences)
We proceed to a generation of Chomsky sentences.We introduce the circle
representation of centences.

o ~,
o« = (o)

CLIBCH AL BLCY
Then we can state the generation rule in the tollowing manner. Choosing an
acceptable sentence and putting points between each connected compornents and
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making circles surrounding each connected components succesively. We can give its
generation rule in the following two types:

General rule (Type 1) General rule (Type 2)
S
x @B

where the square implies the candidates whose acceptability will be determined in the
further steps and the circle implies the acceptable sentences. The sentence with x
implies that the sentences can not be acceptable. Hence we see that we have three
possible sentences by the first type and three possible sentences by the second type.
We give the generations in the first three steps:

Net (E)
i
N=2 T
W@e@)(®)
SR N2 N ) e
o (’{'3:}_’\‘ (oiul ((.*).) /'(TN ")H\\
. Ty N o, (U8 )ey)
(o) ele) X — A=
weiel (swie)]  |elele) 0] ()e)e
i __-] e —_"_._‘g;_ |- T S
X"— T
(o)te)e)
______ - %
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