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1 Introduction

O-minimal structures are a class of ordered structures which are a model
theoretic (logic) generalization of interesting classical structures such as:

e the field of real numbers;

e the field of real numbers expanded by restricted globally analytic func-
tions ([7]).

More precisely, an ordered structure

M = (M,(c)cec, (f)fer, (R)rer, <)

is o-minimal if every definable subset of M in the structure is already defin-
able in the ordered set (M, <).

The development of o-minimality has been strongly influenced by real
analytic geometry and it is based on: (i) adaptation of methods of real ana-
lytic geometry to the o-minimal setting; (ii) construction of new and math-
ematically interesting examples of o-minimal structures; (iii) new insights
originated from model-theoretic methods into the real analytic setting. O-
minimal structures provide: a generalization, a uniform treatment and new
tools.

Good references on o-minimality are, for example, the book [8] by van den
Dries and the notes [3] by Coste. For semialgebraic geometry relevant to this
paper the reader should consult the work by Delfs [5], Delfs and Knebusch
[6] and the book [2] by Bochnak, Coste and Roy. For subanalytic geometry
we refer to the work [1] by Bierstone and Milmann.

Given an o-minimal structure

M = (M, (c)cec, (f)fers (R)rer, <)
we have:

e the category Def of definable spaces with continuous definable maps.

e the geometry of Def is called o-minimal geometry.

Examples 1.1 (Special cases of o-minimal geometry)

e M= (R,0,1,+,, <) - semi-algebraic geometry (includes real algebraic
geometry);
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o M= (R,0,1,+,-,(f)ean, <) - restricted globally sub-analytic geome-
try;

The model theoretic language allows a uniform development of o-minimal
geometry in non-standard o-minimal structures. Concrete non-standard o-
minimal structures are:

o R((t?)) = (R((t?)),0,1,+,-,<) (or any ordered real closed field),

g R((t(@))an = (R((tQ))? 0,1, +,-, (f)fEan, <)

where R((¢?)) is the field of power series with well ordered supports on which
every restricted globally analytic function f € an can be interpreted in a
canonical way ([9]). There are many important o-minimal expansions

M = (R, 07 1a+v %y (f)fé]'-’ <)

of the ordered field of real numbers. For example R,,, Rexp, Ran, exp: Rane,
Ran+.exp see resp., [7, 29, 10, 12, 13]. For each such we have 2 many non-
isomorphic non standard o-minimal models for each ¥ > cardinality of the
language! There is however a non-standard o-minimal structure

neN

which does not came from a standard one ([23, 17]). O-minimal geometry
includes the geometry of all those (standard) tame analytic structures but it
goes beyond and includes also a generalization of PL-geometry: any ordered
vector space over an ordered division ring

M = (]\[3 07 +’ ()‘d)dEDa <)

is an o-minimal structure ([8]).
Following or inspired by the work of:

e Verdier (locally compact topological spaces) - [16, 18, 19].
e Delfs (real algebraic geometry) - [5].

e Kashiwara-Schapira, L. Prelli et al. (sub-analytic geometry) - [22, 20,
21, 25, 26).

e Grothendieck (étale framework) - [28].

we would like to develop sheaf theory in the category Def in a fixed but
arbitrary o-minimal structures M.
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2 What are o-minimal sheaves

Recall that our goal is to develop sheaf theory in the category Def in a fixed
but arbitrary o-minimal structures M. Every object of Def is a topological
space with topology defined from the ordering of M. So why not topological
sheaf theory? Topological sheaf theory is not suitable, since it gives:

e no information in the non standard setting;

e no new information in the standard setting.

In fact we have to use sites (Grothedienck topologies). Usually the problem
is having too many or too few open subsets.

So what are o-minimal sheaves? Let X be an object of Def and k a field.
An o-minimal sheaf of k-vector spaces on X, called also an o-minimal k-sheaf
on X, is a contravariant functor:

F: Op(Xdef) — I\IOd(k')
U — F(U)
(V CU) s (F(U) — F(V))

S = Sy

where Xger is the o-minimal site on X. Satisfying the following gluing condi-
tions: for U € Op(Xgqer) and {U;};es € Cov(U) we have the exact sequence

0 — FU) - e, F(Uj) — Wjpes F(U; N U).

What is the o-minimal site on X7 The o-minimal site X4 on X is the data
consisting of:

e The category
Op(Xaqet)

of open definable subsets of X with inclusions;

e The collection of admissible coverings
Cov(U), U € Op(Xqef)

such that {U;};c; € Cov(U) if {U;};jes covers U, its elements are in
Op(Xg4er) and has a finite sub-cover.
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This includes semi-algebraic and restricted globally sub-analytic sites and
sheaves. What about sub-analytic site and sheaves? If we work in the slightly
more general category of locally definable spaces with continuous locally de-
finable maps, then the o-minimal site includes also the sub-analytic site on
real analytic manifolds.

The gluing condition

00— F(U) — HjeJF(Uj) — Hj,kEJF(Uj N Uk)
means:

o if s € F(U) and sy, = 0 for each j, then s = 0;

o if s; € F(U,) are such that s; = s, on U; N Uy then they glue to
s € F(U) (ie. sy, = s;).

For X an object of Def and k a field, we use the following notation:
Mod(kx,,,) := k-sheaves in the o-minimal site Xg4er and Mod(kx) := topo-
logical k-sheaves on X.

Examples 2.1 (Simple examples) Let X be an object of Def. The fol-
lowing pre-sheaves are in Mod(Rx,,,):

e U Rx(U):={f:U — R|f locally constant},
o Ur— {f:U — R|f bounded},
o U Cx(U):={f:U — R|f continuous},
e U {f:U — R|f definable};
The second and the fourth examples above are not in Mod(Ryx).

In our context the gluing condition gives rise to the following gluing cri-
teria. Let X be an object of Def (resp. a real analytic manifold) and F a
presheaf on Xger (resp. on X, - the sub-analytic site of X). Assume that

e F(@)=0;
e for all U,V € Op(Xger) (resp. in Op(X,,)) the sequence
0-FUUV)->FU)®F(V)— FUNYV)

i1s exact.
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Then F is a sheaf on Xger (resp. Xq).

Examples 2.2 ([20] - Deep examples) M. Kashiwara and P. Schapira com-
bined classical analytical results of S. Lojastewicz and the gluing criteria to
show that the following pre-sheaves

e tempered distributions Db ;
o tempered C'*° functions,
o Whitney C* functions;

o tempered holomorphic O functions;

are sheaves on Xg,. This is very deep and has applications to the theory of
D-modules.

3 Some results

Of course all the classical homological results for sheaves on sites hold in the
category Mod(kx,,,). So if we want to obtain specific results on the geometry
of objects of Def we have to introduce something more. For this it will be
convenient to replace the o-minimal site Xger by the o-minimal spectrum X
of X. See [14]. This method was also used in the semi-algebraic context but
never in the sub-analytic case where everything is standard - [2, 4, 5].

The o-minimal spectrum X of X is the set of ultrafilters of definable
subsets of X equipped with the topology generated by the open subsets of
the form U where U € Op(Xgef). This is a spectral topological space -
[3, 14, 24].

Example 3.1 (The connection to real algebraic geometry) If R is a
real closed field and X an affine real algebraic variety over R with coordinate
ring R[X], then X =~ SpecrR[X] (the real spectrum of the commutative ring
R[X]).

The tilde operation determines the tilde functor Def — Def which de-
termines morphisms of sites

vx + X — Xgef

~

given by the functor v% : Op(Xger) — Op(X):U —U.
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Theorem 3.2 ([14]) The functor Def — Def induces an isomorphism of

categories _
Mod(kx,,,) — Mod(kg) : F — F,

where Mod(kg) is the category of sheaves of k-modules on the topological
space X.

The isomorphism is the inverse image v5' and its inverse is the direct image
Vxs. The canonical isomorphism extends to the derived categories

D*(kx,.) — D*(kg): [ — T
where D*(kg) = D*(Mod(kg)) and (* = b, +, —).
Corollary 3.3 The functors

RHomyy, (¢,) : D™ (kxyer)™ X D¥ (kxye) — D* (),
RHomkxdef(’v ®) : D7 (kxy ) % D¥ (kxgee) — DT (kxye)s
f7H:D*(kyg) — D¥(kxa)  (x=b+,-),

Rf: D+(kxdef) - D+(kydef)’

¢ ®Ilclxdef  : D*(kxyo ) X D*(kxyer) — D™ (Fxue) (x=b,+,-)

commute with the tilde functor.

In the paper [14] can develop o-minimal sheaf cohomology by setting
H*(X;F):= H*X;F)

where X is a definable space and F' is a sheaf in Mod(kx,.,) and prove the
following results:

Theorems 3.4 ([14))
o Vanishing Theorem.
e Vietoris-Begle Theorem.

o FEilenberg-Steenrod Azioms.

The vanishing theorem above has the following application to sub-analytic
sheaves:

Theorem 3.5 ([27]) Let X be a real analytic manifold. The homological
dimension of Mod(kx,,) is finite.
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After developing the theory of definably compact supports one obtains
the following result conjectured by Delfs in the semi-algebraic case:

Theorem 3.6 ([15] - Global Verdier duality) Let X be definably nor-
mal, definably locally compact, definable space. There exists D* in D (kx,,,)
and a natural isomorphism

RHokadef (F*,D*) ~ RHomy (RL (X, F*), k)
as F* varies through D* (kx,_,).
This is a general form of Poincaré duality:

Corollary 3.7 ([15] - Poincaré and Alexander duality) Let X be de-
finably normal, definably locally compact, definable manifold of dimension
n.

e If X has an orientation k-sheaf Orx, then
HP(X:Orx)~ H"P(X;k)".
e If X is k-orientable and Z is a closed definable subset, then

HY(X:ky) = B P(Z:E) Y.

With L. Prelli we are working on developing the formalism of the six
operations on o-minimal sheaves in Def:

Rf*a f_l’ ®Lv RHOTYL, Rf!!a f!!

Such formalism was developed for sub-analytic sheaves by Kashiwara-Schapira
using the complicated theory of ind-sheaves and later a direct construction
was given by L. Prelli. However, both methods do not generalize to o-minimal
sheaves since they rely on the formalism of the six operations on topological
sheaves in locally compact topological spaces (Verdier).

References

[1] E. Bierstorne, D. Milmann, Semianalytic and subanalytic sets,
Publ. LH.E.S. 67, pp. 5-42 (1988).

[2] J. Bochnak, M. Coste, M. F. Roy, Real algebraic geometry,
Ergebnisse der Math. 36, Springer-Verlag, Berlin (1998).



[3] M. Coste, An introduction to o-minimal geometry, Dip. Mat.
Univ. Pisa, Dottorato di Ricerca in Matematica, Istituti Edi-
toriali e Poligrafici Internazionali, Pisa (2000).

[4] M. Coste, M. F. Roy, La topologie du spectre réel, in Ordered
fields and real algebraic geometry, Contemporary Mathematics
8, pp. 27-59 (1982).

[5] H. Delfs, Homology of locally semialgebraic spaces, Lecture
Notes in Math. 1484, Springer-Verlag, Berlin (1991).

[6] H. Delfs, M. Knebusch, Locally semi-algebraic spaces, Lecture
Notes in Math. 1173, Springer-Verlag, Berlin (1985).

[7] J. Denef, L. van den Dries, p-adic and real subanalytic sets,
Ann. Math. 128, pp. 79-138 (1988).

[8] L. van den Dries, Tame topology and o-minimal structures,
London Math. Society Lecture Notes Series 248, Cambridge
University Press, Cambridge (1998).

[9] L. van den Dries, A. Macintyre, D. Marker, The elementary
theory of restricted analytic fields with exponentiation, Ann.
Math. 140 pp. 183-205 (1994).

[10] L. van den Dries, C. Miller, On the real exponential field with

restricted analytic functions, Israel J. Math. 85, pp. 19-56
(1994).

[11] L. van den Dries, C. Miller, Geometric categories and o-
minimal structures, Duke Math. J. 84, pp. 497-540 (1996).

[12] L. van den Dries, P. Speissegger, The real field with convergent
generalized power series, Trans. Amer. Math. Soc. 350, pp.
4377-4421 (1998).

[13] L. van den Dries, P. Speissegger,The field of reals with multi-
summable series and the exponential function, Proc. London
Math. Soc. 81, pp. 513-565 (2000).

[14] M. Edmundo, G. Jones, N. Peatfield, Sheaf cohomology in
o-minimal structures, J. Math. Logic 6, pp. 163-179 (2006).

[15] M. Edmundo, L. Prelli, Poincaré - Verdier duality in o-minimal
structures, Ann. Inst. Fourier Grenoble (to appear).

100



101

[16] R. Godement, Topologie algébrique et théorie des faisceaux,
Hermann, Paris (1958).

[17] E. Hrushovski, Y. Peterzil, A question of van den Dries and a
: theorem of Lipshitz and Robinson; not everything is standard,
J. Symb. Logic 72, pp. 119-122 (2007).

[18] B. Iversen, Cohomology of sheaves, Universitext Springer-
Verlag, Berlin (1986).

[19] M. Kashiwara, P. Schapira, Sheaves on manifolds,
Grundlehren der Math. 292, Springer-Verlag, Berlin (1990).

[20] M. Kashiwara, P. Schapira, Ind-sheaves, Astérisque 271
(2001).

[21] M. Kashiwara, P. Schapira, Categories and sheaves,
Grundlehren der Math. 332, Springer-Verlag, Berlin (2006).

[22] M. Kashiwara, P. Schapira, Moderate and formal cohomology
associated with constructible sheaves, Mémoires Soc. Math.

France 64 (1996).

[23] L. Lipshitz, Z. Robinson, Overconvergent real closed quantifier
elimination, Bull. London Math. Soc. 38, pp. 897-906 (2006).

[24] A. Pillay, Sheaves of continuous definable functions, J. Symb.
Logic 53, pp. 1165-1169 (1988).

[25] L. Prelli, Sheaves on subanalytic sites, Phd Thesis, Universi-
ties of Padova and Paris 6 (2006).

[26] L. Prelli, Sheaves on subanalytic sites, Rend. Sem. Mat. Univ.
Padova Vol. 120, pp. 167-216 (2008).

[27] L. Prelli, On the homological dimension of o-minimal and sub-
analytic sheaves, Portugaliae Math. (to appear).

[28] G. Tamme, Introduction to étale cohomology, Universitext
Springer-Verlag, Berlin (1994).

[29] A. Wilkie, Model completeness results for expansions of the
ordered field of real numbers by restricted Pfaffian functions
and the exponential function, J. Amer. Math. Soc. 9 pp. 1051-
1094 (1996).



