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Abstract

In this article, solutions to the nonhomogeneous associated Lagu-

erre’s equations
$\varphi_{2}\cdot z+\varphi_{1}\cdot(-z+\alpha+1)+\varphi\cdot\beta=f$ $(z\neq 0)$

$(\varphi_{v}=d^{v}\varphi/dz^{v}$ for $v>0,$ $\varphi_{0}=\varphi=\varphi(z),$ $f=f(z))$

are discussed by means of N-fractional calculus operator (NFCO-Method).

By our method, some particular solutions to the above equations are

given as below for example, in fractional differintegrated forms.

Group I.

(i) $\varphi=(X_{[1]}.Y_{[1]})_{-(1+\beta)}\equiv\varphi_{[1](\alpha,\beta)}*,$ (denote)

and

$(ii)$ $\varphi=(Y_{[1]}\cdot X_{[1]})_{-(1+\beta)}\equiv\varphi_{[2](\alpha,\beta)}^{*}$ ,

where
$X_{[1]}=(f_{\beta}z^{a+\beta}e^{-}\overline{)}_{-1^{i}}$

$Y_{\lceil 1)^{=ez^{-(.\alpha\perp\beta+1)}}}^{-}$ .

Group II.
ネ

(i) $\varphi=e\overline{(}X_{[2]}.Y_{[2]})_{a+\beta}\equiv\varphi_{[3](\alpha,\beta)}$ ,

and
ネ

$(ii)$ $\varphi=e^{z}(Y_{[^{\underline{\gamma}}]}.X_{[2]})_{\alpha+\beta}\equiv\varphi_{[4](\alpha,\beta)}$ ,

where
$X_{[2]}=((fe^{-z})_{-(rx+\beta+1)}e^{z}z^{-(1+\beta)})_{-1}$ , $Y_{[2]}=e^{-\overline{\iota}}z^{\beta}$ .
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\S 0. Introduction (Definition of Fractionai Calculus) and

’: l.Preliminary

are omitted, then refer to the previous paper [35].

\S 2. Solutions to The Nonhomogeneous Associated Laguerre $s$

Equation by NFCO-Method
Theorem 1. Let $\varphi\in F$ and $f\in F_{r}then$ nonhomogeneous associated

Laguerre’s equation
$\varphi_{2}\cdot z+\varphi_{1}\cdot(-z+\alpha+1)+\varphi\cdot\beta=f$ $(z\neq 0)$ (1)

$(\varphi_{V}=d^{v}\varphi/d_{\angle}^{\sim^{V}}$ for $v>0,$ $\varphi_{0}=\varphi=\varphi(z)_{i}f=f(z))$

has particular solutions ofthe forms (fracfional differin tegrafed form) ;

Group I.

(i) $\varphi=(X_{r17}\cdot Y_{(1\overline{\rfloor}})_{\sim(1+\beta)}\equiv\varphi_{[1](\sigma,\beta)}*$ , $(der_{\lambda}ote)$ (2)

$(ii)$ $\varphi=(Y\{.X_{\dot{}},)_{-(1A\beta)}\equiv\varphi_{[2](\sigma,\beta)\dot{\prime}}\backslash *$ (3)

where
$X_{[1]}=(f_{\beta}z^{\alpha\sim\beta}e^{-z})_{-1}$ , $Y_{\downarrow 1\overline{)}}=e^{\overline{\wedge}}z^{-(\sigma*\beta\perp 1)}$ . (4)

Group II.
(i) $\varphi=e^{z}(X_{r}2^{\sim},, \cdot Y,\downarrow 2))_{\sigma^{A}\beta}\cong\varphi_{r\underline{\}\tilde{/}(\sigma.\beta)\overline{\prime}}^{*}\wedge$ (5)

$(ii)$ $\varphi=e^{\overline{4}}(Y_{[2]}\cdot X_{[\hat{\iota}]})_{\sigma\sim\beta}\equiv\varphi_{[t](\propto,\beta)\prime}^{*}$. (6)

$-’.oher’e$

$X_{[2]}=((fe^{-}\overline{)}_{-(\sigma*\beta A1)}e\overline{z}^{-(1\beta)})_{-1}A$
’.

$Y_{[2]}=e^{-z}z^{\beta}$ . (7)

Group $m$.

(i) $\varphi=z^{-G}(X_{\lceil_{\overline{\wedge_{\vee}^{\wedge}}}1}\cdot Y_{l3\tilde{I}})_{-(1+\sigma\perp\beta)}\equiv\varphi_{\mathfrak{c}5\overline{/}(\sigma,\beta)\dot{\prime}}*$ (8)

$(ii)$ $\varphi=z^{-\sigma}(Y_{[\lrcorner]}\wedge\cdot X_{1^{\overline{\wedge_{\underline{\wedge}}}}J})_{-(,.1+\alpha+\beta)}\equiv\varphi_{[6](\mathfrak{a},\beta)\prime}^{*}$ . (9)

$\overline{a}$ here
$X_{r3j}=((fz^{\sigma})_{\sigma^{A}\beta}z^{\beta}e^{-\overline{\iota}})_{-1^{j}}$ $Y_{r3i}=e^{z}z^{-(\beta+1)}$ $-$

(JO)

Croup $rv$ .

(i) $\varphi=z^{-\alpha_{C^{\overline{\wedge}}(X_{[\Delta]’}Y_{\iota 4})_{\beta}\equiv\varphi_{r\overline{/}J(\alpha_{:}\beta)\prime}}^{*}}\dot{J}\backslash \cdot$ (11)

$(ii)$ $\varphi=z^{-\sigma}e^{\overline{\iota}}(^{v_{\overline{i}41}^{r}}AX_{[4]})_{\beta}\equiv\varphi_{\lceil 81(\sigma,\beta)\prime}^{*}\iota.$. (12)

zuhere

$X_{[4]}=((fz^{\sigma}e^{-}\overline{)}_{(1*\beta)}ez^{-(1+\alpha+\beta)})_{-1^{i}}’$ $Y_{r4\}}=e^{--}z^{\alpha\perp\beta}$ . (13)
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Proof of Group I.
Operate N-fractional calculus (NFC) operator $N^{v}$ to the both sides of equation (1),

we have then
$(\varphi_{2}\cdot z)_{v}+(\varphi_{1}\cdot(-z+\alpha+1))_{\backslash t}+(\varphi\cdot\beta)_{\iota’}=f_{1’}$ ,

$(f\neq 0)$ . (14)

Now we have

$( \varphi_{2}\cdot z)_{\tau!}=\sum_{k\underline{-}0}^{\overline{1}}\frac{\Gamma(v+1)}{k!\Gamma(v+1-k)}(\varphi_{2})_{v-k}(z)_{k}$ (15)

$=\varphi_{2\perp v}\cdot z+\varphi_{1+v}\cdot v$ , (16)

$(\varphi_{1}\cdot(-z+\alpha+1))_{V}=\varphi_{1+v}\cdot(-z+\alpha+1))-\varphi_{v}\cdot v$ (17)

and
$(\varphi\cdot\beta)_{1;}=\varphi_{v}\cdot\beta$ , (18)

respectively, by Lemmas (i) and ( iv).

Therefore, we have

$\varphi_{2+v}\cdot z+\varphi_{1v}A^{\cdot}(-z+\alpha+1+v)+\varphi_{v}\cdot(\beta-v)=f_{v}$ (19)

from (14), applyimg (16), (17) and (18).

Choosing $v$ such that
$v=\beta$ (20)

we obtain
$\varphi_{2\beta}A^{\cdot}z+\varphi_{1\perp\beta}\cdot(-z+\alpha+\beta+1)=f_{\beta}$ . (21)

Set
$\varphi_{1+\beta}=\phi=\phi(z)$ $(\varphi=\phi_{-(1+\beta)})$ , (22)

we have then

$\phi_{1}+\phi\cdot(\frac{\alpha+\beta+1}{z}-1)=f_{\beta}\cdot z^{-1}$ (23)

from (21). A palticular solution to this linear first order equation is given by

$\phi=X_{[1]}Y_{\lceil 1l}$ , (24)

Where $X_{\mathfrak{c}1l}$ and $Y_{[1]}$ are the ones shown by (4), respectively.
Therefore, we obtain

$\varphi=(X_{(1j}\cdot Y_{[1]})_{-(1+\beta)}\equiv\varphi_{\mathfrak{k}1l(\alpha,\beta)}*$ , (2)

from (24) and (22).
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Inversely (24) satisfies equation (23). then (2) satisfies equation (1).

Next, changing the order
$X_{[1]}$ and $Y_{[1]}$ in parenthesis $($ $)_{-(1+\beta)}$

we obtain other solution $\varphi_{[2](a,\beta)}^{*}$ which is different from (2) $for-(1+\beta)\not\in Z_{0}^{+}$
,

that is,
$\varphi=(Y_{[1]}.X_{[1]})_{-(1+\beta)}\equiv\varphi_{[2](a,\beta)}^{*}$ . (3)

(Refer to Theorem $D$ in the previous paper [35]. )

Proof of Group II.
Set

$\varphi=e^{\gamma z}\psi$ $(\psi=\psi(z))_{i}$ (25)

we have then

$\psi_{2}\cdot z+\psi_{1}\cdot.\{z(2\gamma-1)+\alpha+1\}+\psi\cdot\{z\gamma(\gamma-1)+\gamma(\alpha+1)+\mathscr{F}=fe^{-\gamma z}$ (26)

from (1).
Here we choose $\gamma$ such that

$\gamma(\gamma-1)=0$ ,
that is,

$\gamma=0,1$ . (27)

When $\gamma=0,$ (26) is reduced to (1), therefore, we have the same solutions as
Group I.

When $\gamma=1$ we have

$\psi_{2}.z+\psi_{1}.\{z+\alpha+1\}+\psi.(\alpha+\beta+1)=fe^{-z}$ (28)

from (26)

Operate $N^{v}$ to the both sides of equation (28), we have then

$(V2^{\cdot} z)_{V}+(\psi_{1}.(z+\alpha+1))_{v}+(\psi.(\alpha+\beta+1))_{v}=(fe^{-z})_{v’}$ (29)

Hence, using Lemma (iv), we obtain
$\psi_{2+v}.z+\psi_{1+v}\cdot(z+\alpha+1+v)+\psi_{v}.(v+\alpha+\beta+1)=(fe^{-z})_{v}$ . (30)

Choosing $v$ such that
$v=-(\alpha+\beta+1)$ (31)

we obtain
$\psi_{1-(a+\beta)}\cdot z+\psi_{-(\alpha+\beta)}\cdot(z-\beta)=(fe^{\overline{-}})_{-(a+\beta+1)}$ . (32)
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from (30).

Set
$\psi_{-(\alpha+\beta)}=\phi=\phi(z)$ $(\psi=\phi_{\alpha+\beta})$ , (33)

we have then

$\phi_{1}+\phi\cdot(1-\frac{\beta}{z}1)^{=(fe^{--})_{-(\alpha+\beta+1)}z^{-1}}$ (34)

from (32). A partimlar solution to this equation is given by

$\phi=X_{[2]}Y_{(2\rceil}$ . (35)
Hence we obtain

$\psi=(X_{[2]}\cdot Y_{[2]})_{a+\beta}$ (36)

from (35) and (33).

Therefore, we obtain
$\varphi=e^{z}(X_{[2]}\cdot Y_{[2]})_{\alpha+\beta}\equiv\varphi_{[3](\alpha,\beta)}^{*}$ (5)

from (25) and (36), having $\gamma=1$ .
Inversely, (35) satisfies (34), then (36) satisfies equation (28).

Hence (5) satisfies equation (1).

Next, changing the order
$X_{[2]}$ and $Y_{[2]}$ in parenthesis $($ $)_{\alpha+\beta}$ in (5)

we obtain other solution
$\varphi=e^{z}(Y_{[2]}\cdot X_{\mathfrak{c}2l})_{\sigma+\beta}\equiv\varphi_{[4](\alpha,\beta)}^{*}$ , (6)

which is different from (5) for $(\alpha+\beta)\not\in Z_{0}^{+}$ ,

Proof of Group III.
Set

$\varphi=z^{J_{\vee}}\psi$ $(\psi=\psi(z))$ , (37)
we have then

Hence we obtain

$\psi_{2}.z^{\dot{\Lambda}+1}+\psi_{1}\cdot\vdash z^{\lambda+1}+z^{\lambda}(2\lambda+\alpha+1)\}$

$+\psi\cdot\{z^{\lambda}(\beta-\lambda)+z^{\lambda-1}\lambda(\lambda+\alpha)\}=f$ (38)
from (1).

Here we choose $J_{U}$ such that
$\lambda(\lambda+\alpha)=0$ ,
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that is,
$\lambda=0,$ $-\alpha$ . (39)

When $\lambda=0,$ (38) is reduced to (1), therefore, we have the same solutions as

Group I.
When $\lambda=-\alpha$ we have

$\psi_{2}.z+\psi_{1}.\{-z+1-\alpha\}+\psi.(\alpha+\beta)=fz^{a}$ (40)

from (38)

Operate $N^{v}$ to the both sides of equation (40), we have then

$\psi_{2+v}\cdot z.+\psi_{1+v}\cdot(-z+1-\alpha+v)+\psi_{v}\cdot(\alpha+\beta-v)=(fz^{a})_{V}$ . (41)

Choosing $\gamma$ such that
$v=\alpha+\beta$ (42)

we obtain
$\psi_{2+\sigma^{A}\beta}.z+\psi_{1\pm a+\beta}.(-z+\beta+1)=(fz^{\sigma})_{\alpha+\beta}$ . (43)

from (41), applying (42).

Set
$\psi_{1+\alpha+\beta}=\phi=\phi(z)$ $(\psi=\phi_{-(1+\alpha+\beta)})$ , (44)

we have then
$\phi_{1}+\phi\cdot(\frac{\beta+1}{z}-1)=(fz^{\alpha})_{\alpha+\beta}z^{-1}$ (45)

from (43).

A particular solution to this equation is given by

$\phi=X_{[3]}Y_{[3]}$ . (46)

Where $X_{[3]}$ and $Y_{[3]}$ are the ones given by (10).

Hence we obtain

$\psi=(X_{[3]}Y_{[3]})_{-(1+\sigma+\beta)}$ (47)

from (44) and (46).

Therefore, we obtain
$\varphi=z^{-\alpha}(X_{[3]}Y_{[3]})_{-(1+\alpha+\beta)}\cong\varphi_{[5](\alpha,\beta)}^{*}$ (8)

from (37) and (47), having $\lambda=-\alpha$ .
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Inversely, (46) satisfies (equation (45), then (47) satisfies equation (43).

Therefore, (8) satisfies equation (1)

Next, changing the order

$X_{[3]}$ and $Y_{[3]}$ in parenthesis $($ $)_{-(1+\alpha+\beta)}$ in (8)

we obtain other solution
$\varphi=z^{-\alpha}(Y_{3I}rX_{[3]})_{-(1\sigma+\beta)}\iota A$ 差 $\varphi_{[6](\alpha_{;}\beta)}^{*}$ (9)

which is different from (8) for $-(1+\alpha+\beta)\not\in Z_{0}^{+}$ ,

Proof of Group IV.
First set

$\varphi=z^{\lambda}\psi$ $(\psi=\psi(z))$ , (37)

and substitute (37) into equation (1), we have then (38).

We have then (40) from (38), having

$\lambda=-\alpha$ .
Next set

$\psi=e^{\delta z}\phi$ $(\phi=\phi(z))$ , (48)
We have then

$\phi_{2}\cdot z+\phi_{1}\cdot\{z(2\delta-1)+1-\alpha\}$

$+\phi\cdot\{z(\delta^{2}-\delta)+\delta(1-\alpha)+\alpha+\beta\}=fz^{\alpha}e^{-\overline{\delta}}$ (49)

from (40), applying (48).

Choose $\delta$ such that
$\delta^{2}-\delta=0$ ,

that is,
$\delta=0,1$ . (50)

When $\delta=0$ , we obtain (40) from (49). Then we have the same solutions as
Group III.

When $\delta=1$ we have
$\phi_{2}\cdot z+\phi_{1}\cdot(z+1-\alpha)+\phi\cdot(1+\beta)=fz^{\alpha}e^{-z}$ (51)

from (49).

Operate $N^{v}$ to the both sides of equation (51), we have then

$\phi_{2+v}\cdot z+\phi_{1+v}\cdot(z+1-\alpha+v)+\phi_{v}\cdot(v+1+\beta)=(fz^{\alpha}e^{-z})_{v}$ . (52)
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Choose $v$ such that
$v=-(1+\beta)$

we obtain
$\phi_{1-\beta}\cdot z+\phi_{-\beta}\cdot(z-\alpha-\beta)=(fz^{a}e^{-z})_{-(1+\beta)}$

from (52).

(53)

(54)

Therefore, setting
$\phi_{-\beta}=u=u(z)$ $(\phi=u_{\beta})$ , (55)

we have

$u_{1}+u \cdot(1-\frac{\alpha+\beta}{z})=(fz^{\sigma}e^{-z})_{-(1+\beta)}z^{-1}$ (56)

from (54). Aparticular solution to this equation is given by

$u=X_{[4]}Y_{\mathfrak{c}4i^{r}}$ (57)

where $X_{[4]}$ and $Y_{[4]}$ are the ones shown by (13).

Hence we obtain
$\phi=(X_{[4]}\cdot Y_{[4]})_{\beta}$ (58)

from (55) and (57).

Therefore, we have
$\psi=e^{z}(X_{[4]}\cdot Y_{[4]})_{\beta}$ (59)

from (58) and (48), having $\delta=1$ .
We have then

$\varphi=z^{-\alpha}e^{z}(X_{[4]}.Y_{[^{4}]})_{\beta}\equiv\varphi_{(7l(\sigma,\beta)}^{*}$ (11)

from (59) and (37), having $\lambda=-\alpha$ .

Inversely, the function shown by (57) satisfies equation (56), then (58)

satisfies equation (54), and hence (59) satisfies (40).
Therefore, the function given by (11) satisfies equation (1), by (37) where

$\lambda=-\alpha$ .
Next, changing the order

$X_{r4j}$ and $Y_{t^{41}}$ in parenthesis $($ $)_{\beta}$ in (11)

we obtain other solution
$\varphi=z^{-\alpha}e^{z}(Y_{\mathfrak{c}41}X_{[4]})_{\beta}\equiv\varphi_{[8](\alpha,\beta)}^{*}$ (12)

which is different ffom (11) for $\beta\not\in Z_{0}^{+}$ ,
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(I) Let

$\tilde{S}^{3}$ . Some Illustrative Example

$f(z)=e^{z}$

we have then the nonhomogeneous $La_{b}uerre^{\mathfrak{l}}s$ equation

$\varphi_{2}\cdot z+\varphi_{1}\cdot(-z+\alpha+1)+\varphi\cdot\beta=e^{\overline{\iota}}$ $(z\not\in 0)$ (1)

trom \S 2. (1)

A particular solution to this equation is given by

$\varphi=\varphi_{[1](\alpha_{;}\beta)^{=}}(Y_{[1]}\cdot X_{[1]})_{-(1*\beta)}*$

.
(2)

$=(A$ (3)

$=e^{\overline{\wedge}}\underline{1}$

の (4)
$\alpha+\beta+1$

since
$(e^{\overline{\wedge}})_{\beta}=e^{z}$ (5)

and

$(z^{\alpha*\beta})_{-1}= \frac{1}{\alpha+\beta+1}z^{\alpha^{A}\beta\perp 1}$ . (6)

Indeed we have

$\varphi_{1}=\frac{1}{\alpha+\beta+1}e^{z}$ and $\varphi_{2}=\frac{1}{a+\beta+1}e^{\overline{\iota}}$ (7)

from (4). thenoe applying (4) and (7) we obtain

LHS of (1) $= \frac{1}{\alpha+\beta+1}e^{-}(z-z+\alpha+1+\beta)=e^{4}’$ . (8)

(II ) Let
$a=0$ , $\beta=-1$ and $f(z)=e^{z}$

we have then the nonhomogeneous Laguerre’s equation

$\varphi_{2}\cdot z+\varphi_{\overline{1}}$ .(-2 $+$ 1) $-\varphi=e^{z}$ $(z\neq 0)$ (9)

from \S 2. (1)

A particular solution to this equation is given by
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$\varphi=\varphi_{[^{\sigma}](0,-1)}^{*}=(X_{|3)}\cdot Y_{|3l})_{-(I+\beta)}=(J_{-1}^{\mathcal{L}}z^{-1}e^{-z})_{-\ddagger}e^{z}$ (10)

$=e^{z}\log z$ . (11)
Hence we obtain

$\varphi_{1}=e\overline{l}ogz+e^{z}\frac{1}{z}$ (12)

and
$\varphi_{2}=e^{z}\log z+2e^{z}\frac{1}{z}-e^{z}\frac{1}{z^{2}}$ . (13)

from (11), respectively.

Therefore. we have

LHS of (9) $=ze^{z} \log z+2e^{z}-e^{z}\frac{1}{z}$

$-ze^{z}$ Iog $z-e^{z}+e^{z} \log z+e^{z}\frac{1}{z}-e^{z}\log z$

$\approx e^{z}$ (14)

applying (11). (12) and (13).

(III) Let
$f(z)=z^{-\alpha}e^{z}$

we have then the nonhomogeneous Laguerre‘s equation

$\varphi_{2}\cdot z+\varphi_{1}\cdot(-z+\alpha+1)+\varphi\cdot\beta=z^{-\alpha}\overline{e}$ $(z\neq 0)$ (15)

from.\S 2. (1)

A particular solutioii to this equation is given by

$\varphi=\varphi_{[3](\alpha_{j}\beta)}^{*}=e^{z}(*_{21}\cdot Y_{[2]})_{\alpha+\beta}$ (16)

$=e^{\overline{\wedge}}(((fe^{-}\overline{)}_{-(a+\beta+1)}e^{z}z^{-(1+\beta)})_{-1}e^{-z}z^{\beta})_{\sigma+\beta}$ (17)

$= \frac{1}{\beta+1}e^{z}z^{-\sigma}$ (18)

since we have

$(fe^{-z})_{-(\alpha+\beta+1)}=(\tilde{z}^{-\alpha})_{-(\alpha*\beta A1)}$ (19)

44



$=e^{iir(\alpha+\beta+1)} \frac{\Gamma(-\beta-1)}{\Gamma(\alpha)}z^{\beta+1}$ (20)

and

$(z^{\beta})_{\alpha+\beta}=e^{-i_{J}r(\alpha+\beta)} \frac{\Gamma(\alpha)}{\Gamma(-\beta)}z^{-\sigma}$
$(| \frac{\Gamma(\alpha)}{\Gamma(-\beta)}|<\infty)$ . (21)

by Lemma (i), respectively.
Indeed we have

$\varphi_{J}=\frac{1}{\beta+1}e^{z}(z^{-\alpha}-\alpha z^{-a-1})$ (22)

and

$\varphi_{2}=\frac{1}{\beta+1}e^{z}[z^{-a}-2\alpha z^{-\alpha-1}+\alpha(\alpha+1)z^{-\alpha-\angle}]\wedge$ (23)

from (18), respectively.
Therefore. we obtain

LHS of (15) $= \frac{1}{\beta+1}e^{z}[z^{1-\sigma}-2\alpha z^{-\alpha}+\alpha(\alpha+1)z^{-\alpha-1}$

$-z^{1-\alpha}+\alpha z^{-\alpha}+\alpha z^{-\alpha}-\alpha^{2}z^{-\alpha-1}+z^{-\alpha}-\alpha z^{-\alpha-1}+\beta z^{-\alpha}]$ (24)

$= \frac{1}{\beta+1}e^{z}[z^{-a}+\beta z^{-\alpha}]$ (25)

$=e^{z}z^{-\alpha}$ , (26)

applying (18). (22) and (23).
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