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A NECESSARY AND SUFFICIENT CONDITION FOR A METRIC
SPACE TO BE COARSE EQUIVALENCE TO THE HALF REAL LINE

5&IEM (NAOTSUGU CHINEN)
IRBT¥X% (HIROSHIMA INSTITUTE OF TECHNOLOGY)

1. P&

FRBY—ICBWT, B2 TAERER L L UHMEERVH S, 2F 0, ML
) LOEHERTRHEIEN 2261, MUBMELTARZ) LI I ETH D, EEMR
X = YDPHMHEEREIE, HEER g: Y - XBHEL Tgo f=idx & fog =idy
PR (XY ¢8BL), 22T idy: X —-Xtidy: Y > Y IEEEHRET S, 2
DOREEDFEMEPZ ) THRVHZHAETAERLL T, FEME—#HHIIIFERY —
Hrbhs, EROBErE PE—HRCIIRE-NEBLELSTSE, 2FED, 200%E
X EYDBFREIE—[FHELIE (XY EFO)BEFR [ X >Y E gV > X8
FEELTgof~idx & fogidy BT, I T, = B3FREIEYIERT, X~V i
FEFE—DEKRTRICEMEBZIZZLMNTES, /-, X 2Y Lol X ~Y WX
{HonTw3, §FT, HL OWEREI 2V 7 F RERERZ LROBERICEWTH
RCE, 727, BHLREMIZEL ., AELEIDPEZHEKTI20RES R, B2
23, ML D KT FE— D&% 53R L 72 Shape [l (Shape DEIKCH U 2=2/M) &
WIDLH 3 ([11] #8H) ., Shape BFIZ L DML a7 b REMEZ AMHICHEAN
5ZLZEBNELWVS,

MAE, Gromov D 1980 FERDOWAZ EonF L LTa v 7 b TRVHIWIZERT
ROZEBBBAICHARONT WS, ZNLEIPL 37 P TRVHEVITHERTLVLE
i, proper BEHEE L L THLRINTVW S, 20, BRDEB/% proper BB
BEERICRMZARL I LTHD, BERF: X - Y Dproper TH D LiZ, £FEDOY
DAVRIVEEZITH LT Y Z) B kbl eThHb, a7 TR
2% proper BREFE S TR Z LI3H B8 a v 87 b BREICHED L 7R 038 H
b, L L., Gromov id Z DFEE R ZFE, Coarse WixFiEzZ VW THER TR WM
H 5B 2R, BEELFERLEEZ/Z L7, (Gromov IZBJL T [16] % £ % 2H)

Definition 1.1 ([3] and [6]). Let (X, d) and (Y, p) be metric spaces, and let f, g : (X,d) —
(Y, p) be two functions (not necessarily continuous).

(1) f is bornotopic to g, written f ~ 9 if there exists R > 0 such that p(f(x), g(z)) <

R for all z € X, denoted by p(f,g9) < R. ,
(2) f is metrically proper if f~1(C) is d-bounded for all p-bounded subset C of Y.
(3) f is uniformly expansive if there exists a monotone increasing function A : Ry —
Ry such that p(f(z), f(z)) < Md(x,2’)) for all z,2' € X.
(4) f is a coarse map if it is both metrically proper and uniformly expansive.
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Definition 1.2. (X, d) and (Y, p) are coarsely equivalent, written (X, d) ~ (Y, p), if there
exist coarse maps f: (X,d) — (Y,p) and g: (Y, p) — (X,d) such that go f ¥ id(x,q) and
fog > id(y,p)-

E#B D Coarse FfEl (X,d) ~ (¥,p) EVIH DI, BBV, BYLHFIIELTX

LY REILTHE EVZSE, 2EDEEEREEEICHARLIEVIZLETHY, HILR
Bt 2 LIZEL., Ju— Vi BEERRZI2 L TH B, RO LI IC K
793D T, Coarse FfEIZERICKET 2, 2 h. AELEHETHERBO V1
b, Coarse @ L IZRSR (2EZEH),

HEo o, ZROREMTIBHRINTE, ELLZDIZ3RILEREDOTE F E—Hk
R CHE2R7AVTFRTH S, o h, 3RILHKE & K€ F E¥—FIE% 3 RITEH
SRkAIZIRTRA L FAMETH B, £ 1 RTEBMTLILHASNTHREELLT, av
Ry N EREEEMEZRR X 52(0,1) & AMTH 3 BB O+ X D cut LA 2
mMDOHZTHS (13, p.96] 2MH) (¥ — 7 VIBL TIZ[18, p.31]. R-tree i2BIL TR
i [12) 2BR), X 2337 P CROCEANERS ZBREERMEMRE L2 &, [0,1])D
BT E LRy 7 Mo, X B3R, = [0,00) & FAMETH 508 >+0&HEIK X
lZoneend Z2dbb, ESICcut LEVEIR1IBROATH S, £/, 20 X D Stone-Cech
AV MEEBX LEBS T EIZT B, (17, pp.239-240) I k5T, BT Z Ld3Fon
TWw5,

Proposition 1.3 ([17]). Let X be a noncompact locally connected, locally compact con-
nected metric space. Then X \ X is homeomorphic to SR, \ Ry if and only if X has
strong complementation property.

Coarse [FfE X Higson 2> /%7 MUELBEVBIREH B Z LFIon T3 ([14 25
M), F7-. Higson 2232 MLiZ Stone-Cech 2 2327 ML ETEWEIRDIH 2 Z & 235
5NTw5 ([9)[10] &), ZDFWXIZE T, Propositionl.3 DEER» v Mo, B
BEZ2[ (X, d) 2% (R4, d,) & Coarse FMEIZ % 3 7- D DRBE» O+ I&GFE2RRE, ZZ T,
d, SHENED S B 5 R, DEFEOEE 75,

Theorem 1.4 (Characterization Theorem). Let X be an unbounded chain connected sep-
arable metric space with a metric d. Then the following are equivalent:
(1) (X, d) s coarse equivalence to (R;,d..).
(2) (X,d) is coarsely uniformly chain connected, is of the bounded geometry and has
the coarse strong complementation property.

LFROEBED I >OWEIIIETCRARL I LIT 3,

2. Ry DA DL 2V R, OEBECDWT

d, Z R" DBEDOEML T2, (Ry,d)) 55 (R2,dy) D coarse BRMFEL LV D
T. Coarse FIfHOE&ED 5. (Ry,d;) & (R?,dy) IZ Coarse FMETId 7 \> (asymptotic
KILZF->Twid (6] ZSM8). asymptotic RJTId Coarse FMETHREINSZ Z & &,
asdim(Ry,d;) =1 Tasdim(R?,dy) =2 TH B D5 b bH»3), RiZ, R, DAHZEH»
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ZRWVEIIZR, DEME pItEZ T, (Ry,p) & (R%,dy) % Coarse [AEICZ 5 XL
£
¥7. i Coarse FMED+ 0 &H 2B~ 3,

Proposition 2.1. [14] Let (X, dx) and (Y, dy) be metric spaces. If (Y,dy) is an e-dense
subset of (X,dx) for some e > 0, then (X,dyx) ~ (Y, dy).
[

CIT, (X,d) ZBEREZEM. e> 0L LT, Y C X Wle-dense THD I,
X={z€ X :d(z,y) <eforsomeyeY}
EMil-TLETH S,

HHOBE. f Y - X i yr— y tT5, 45, RRYBHUBEELL L), 2%
Y={yo:n€N} £F5, g: X =Y % g({ya} UB(gn, ) \U Byi,6) = (n €N)
BT EIICEET S, T5L. f&gldcoarse BT, gof ~ idxa & fog ~ id(y,p)

EWTT DT, (X,dy) ~ (Y,dy) L% 5, O
INE o THERRR B,

Example 2.2. Y = {(tcos2nt,tsin2nrt) € R? : t € Ry}, dp 2 Y (CHIR L 72 BEREZ
p=doly £T 5%, BHEDIZ, (V,p) 3Ry ERMATY I (R dy) IZEVT 2-dense TH 3
Z &H 5., Proposition 2.1 X D, (Ry,p) ~ (R?,d)

c

EFROBIZEAS &, EAERELEREMD R, ORI VR, OEEEZEA
T Coarse [AfHICTEZ ) ThH 3, ZOEENLBRIIDTICHERS,

Definition 2.3 ([1]). A metric space (X,d) is said to be coarsely uniformly connected
at oo, if for any € > 0 there exist a compact set K of X and a § > 0 such that for any
two points z,y € X \ K with d(z,y) < e there exists a connected set Z in X satisfying
z,y € Z and diamZ < 4.

Theorem 2.4 ([2]). Let (X,d) be a noncompact, connected proper metric space with
coarsely uniformly connected at 0o. If 3 X 1is connected, then there ezists a proper metric
p on Ry compatible with the topology of R, such that (X,d) ~ (R4, p).

[+

I T, vgX IZEEREZRME (X, d) O Higson corona (§ %&b, Higson 287 MMED
remainder) &3 3 ([2] b5 \id [14] Z2BH), (Ry,d;) 25 (R, dy) D coarse BRMFLE
L WDT, Coarse BHEDEED 6. (Ry,dy) & (R, dy) 1 Coarse BIfETIZ 2\ 2 &5
5, EiBE v, RPIEEETHZ Z &0 6 v, X EEETH 2 2 LITHBESRHTH 2030
95,

RERLMERE LTUT2H 5,

Example 2.5 ([2]). There exists a locally connected, connected proper metric space
(X, d) such that v4X is connected and (X, d) and (R4, p) are not coarsely equivalent for
all proper metric p on R, compatible with the topology of R..
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MLEDZ ED 5. Coarse [FfE & IZIFERBEICIKEFET A L BL b2 3, Bzt s
AT, ROEIBWT (Ry,dy) & Coarse AHETH 3 7D DABEL >+ 2L T

>

7o

o

3. 3-o0HH

(Nydi|n) ~ (R4, dy) THB X I, (Ry,dy) & Coarse FIfERERIEECHEZ L%
WIRFCELRVDT, FTEEED Coarse W ERTHEAL &),

Definition 3.1. Let (X, d) be a metric space and let r > 0.

(1) A sequence S = {zg,1,...,Z,} in X is said to be an r-chain in (X,d) between
Zo and T, if d(z;q,2;) <rforeachi=1,...,n. For0 < ko <k; <n, T =
{Tkys Tho+1, - - -, Ty } 18 s2id to be an r-subchain of S.

(2) (X, d) is said to be r-chain connected, chain connected for brevity, if for any two
points z,y of X there exists an r-chain in (X, d) connecting between z and y.

Remark 3.2. Let (X, d) and (Y, p) be metric spaces and let f : (X,d) — (Y, p) be uniformly
expansive. If (X, d) is chain connected, (f(X), p|s(x)) is so.

(R4,dy) & Coarse EMEZ BRI BHATEEZHFCEL VDT, EH23%2B8EIMUT
DISEDEHE (HH) HAL LI,

Definition 3.3. A metric space (X, d) is said to be coarsely uniformly chain connected,
write cuc-connected for short, if there exists r > 0 satisfying the following: for any € > 0
there exists 6 = d(e) > 0 such that for any two points z,y of X with d(z,y) < € there
exists an r-chain S in (X, d) connecting between z and y satisfying diamyS < 4.

BT, BE2MI 28T 5,

Example 3.4. (1) (R",d,) /% coarsely uniformly chain connected 27 %,

(2) E#& 2.3 D coarsely uniformly connected at oo TdHE, coarsely uniformly chain
connected 127 %,

BreNIHLT, Z,={2%y) eR*:0<y < 2"}, Z=Ry x{0}UU, Zn, p = do|2
&9 %, (Z,p) 13 coarsely uniformly chain connected {272 %,

Z




63

BdB(Z,1) Z R* TD Z O 1-388% B(Z,1) DHFEHRE L, X =R3ANBAB(Z,1), d=ds|x
&9 %, (X,d) iZ coarsely uniformly chain connected 7243, coarsely uniformly connected
at oo Tl7Ze\>,

Proposition2.1 £ 0. (Z,d) ~ (B(Z,1),d2|B(z,1)) ~ (X,p) o935,

(4) Xo = Ry x {0} Xoo = {(t,t) € R®: ¢ € Ry}, X, = {(t,2") € R? : ¢ > 27}
(neN., X=X UXoUU,enXns d=dolx £ 72 (TRIZH), ZDLE, (X,d)1d
coarsely uniformly chain connected TId 72 \>,

//

X 7

- y

B2 2808 X A3 the strong complementation property 2 ¥> L%, BUT D&M % #i:
T X OFEFEHAEEMU I LT, CWUHBay 7 bTiiFiud, CUX\U) ikav iy
b e B ([17, p.236] ZBHH), TOEREZSH L. chain connected ZHL ) AT Coarse
FICRR L 7 EBBUTO@EY 2%, 2F b, 2O0HOER (HH) 2HAL L),

Definition 3.5. A metric space (X, d) is said to have the coarse strong complementation
property, write the csc-property for short, for every r > 0 and every unbounded r-chain
connected subset (U,d|y) of (X,d) there exists v > 0 such that By(U,v) = X, thus,
(X,d) ~ (U,d|y) by Proposition 2.1.

BRBIC3IOHDER (HE) 2HAL L),

Definition 3.6 ([4]). Let (X, d) be a metric space. For r > 0, the r-capacity of (X, d),
denoted cap, X, is the maximal cardinality of an r-discrete subset of X. A metric space
(X, d) is of bounded geometry if there exist 7 > 0 and a function N : Ry — R, such that
for every € > 0 and every x € X the r-capacity of B(z,¢) does not exceed N(e), i.e.,
cap,B(z,€) < N(e).

Example 3.7. (1) (R",d,) i bounded geometry % b -2,

(2) bounded geometry % 2 22D ER4r22[# 1 bounded geometry % b, & T Ex-
ample 3.4(3)(4) DB bounded geometry % 2,

(3) Hilbert 22f ([7, pp.252-253] £ £8) I3 bounded geometry % & =7 \>,

Ho»iZ, (Ry,dy) R EBRD 3 DOUEZF>TWV5, TORRP»LD I3 >DHEEIZ
Coarse BARIC K > TRI=N B Z L b »n 3,

Lemma 3.8. Let (X,d) and (Y, p) be metric spaces, let R > 0 and let f: (X,d) — (Y,p
and g : (Y,p) — (X,d) be uniformly expansive such that max{d(g o f,id(X,d)),p(f o
g,id(Y,0))} < R.

(1) If (X,d) is chain connected, then (Y, p) is so.

(2) If (X,d) has the csc-property, then (Y, p) has so.

(3) If (X, d) is cuc-connected, then (Y, p) is so.
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(4) If (X, d) is of bounded geometry, then (Y, p) is so.

4. EEB LB

b)) K, TEEEADND,

Theorem 4.1 (Characterization Theorem). Let X be an unbounded chain connected sep-
arable metric space with a metric d. Then the following are equivalent:
(1) (X, d) is coarse equivalence to (Ry,dy).
(2) (X,d) is coarsely uniformly chain connected, is of the bounded geometry and has
the coarse strong complementation property.

Proof. (1)= (2) Lemma 3.8 25§ {ich P 3,
(2)= (1) [5] 2&H, O

Ric, 320FEETFE, UToH LD, Lido (2) D 3 >HEIIHMIZHEECHS
LBbes, 2%h, 3OHEDENNRIITH EROERIZEILLR\WI L23bd 3,

Example 4.2. cuc-connected % #j7z L, bounded geometry ZfF23, csc-property % #F
72O Ry M2 BEREZER (X, d) O3FFET 5, 2% D, Lemma 3.82°5 (X, d) 766 (R4, dy)
b b,

Example 3.4(3) DEEREZREHE % (X,d) &3 %, Example 3.4(3) »*& (X, d) I cuc-connected
T b, Example 3.7 %5 (X, d) tX bounded geometry 2F>Z L tb» 3, ¥/, 3¢
IZ(X,d) 3R, ICEMEBHL» 3

LA L. (X,d) & csc-property K74 \v>, %¥7 6, Definition 3.5 D U % X N(R, x
{1}) &332, EARYy>SOIINLTH, BUy) #X &2 6THS,

Example 4.3. bounded geometry & csc-property % #2243, cuc-connected % 7z X %
WV Ry ICEEZ R (X, d) BFEET S, o T, Lemma 3.8 256 (X,d) # (Ry,dy)

Bbhb,
EBDOmn e NIKNL T, 2, =(n,0) € R?, 0(m,n) € (0,2r) BT 2T LI
k5
i = (ncos@(m,n),nsinf(m,n)) eR* £ § 3 &, dy(2n,2,,) =m &%,

ERAN ﬁl‘ﬂ?ﬂ{an:neN} ZUTDESI1L B,
1,2,1,2,3,2,1,2,3,4,3,2,1,2,3,4,5,4,3,2.1, .

oz, EEDn € NIZHLT., b, = Y00 0y = O0(an,bp)s & = 0. & =
S (<16 EF B, REOEHAEEELTO LS otk 5,

X = {(bn cos(&ne1 + (=1)"71¢), by sin(€pq + (1)) e R2: 0 < t < 27 — 0,}
Yo ={(rcos&,rsing,) : by <7 <bnii} (REN)

X =|J(X,UY,). d=dyx.
neN
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T XIER, LM LD B, £/, Example 3.79°5 (X, d) iZ bounded geometry
ZROIEDBOD B, EDH LD, (X,dy|x) I& cuc-connected T\ I EbH 5, [5]
5. (X,d) %3 csc-property Z RO Z L 3bh 5,

Example 4.4. cuc-connected %7z L. csc-property %243, bounded geometry % ¥
7l R ISR BEBEZRE (X, d) BEET %, Lo T, Lemma 3.8%°5 (X, d) #* (Ry,dy)

Bod b,
2 EDneNITRL T,
j-th
m'll,i,j = (0,...,0, 1 ,0_,...,0) ER”
Xn,i = {txn,‘i,.j -+ (1 — t)wn.,i,j-l-l eR": te [0, 1] and j = 1, N 1}
EF3L, diamgX,; = V2i 2T ENTCIchh B, i, BARKICLT

() D 2,2 € Xp; KNLT, Xp, O T2 & o RS P, o 235 5T,
diamg, P, < v2d,(z,2") 27T,

VARE S, 2B EDn e NI LT, BB X, i3 P, Xni P Tnin & Tnir1a (1 <)
% < C")U"C?%Eh%?r‘?rlﬂﬂ & L\ EE%&%%FEﬂ X ‘i @11.22 Xn D Tnnn & Tn+1,1,1 (Tl Z 2)
ZLo2FTRONZEELET D, X, DR p, ZUTOX ) ICRD B,

dn(z,9) if £,y € Xns
pn(l’a y) = dn("L'a wn,i,n) + Zz‘<kz<j dn(xn,k,ly wn,k,n) ifre Xn,ia AS Xn,j
, +dn(Tn 1, Y) with @ < j.
XDEMIZUTOL ) IcRD B,
pn(Z,Y) if 2,y € X,
d(@ay) = pm(Z, ﬁm,m,m) + Zm<k<n Pk(xk,l,'l, $k,k,k,) fre XmyeX,
+0n(Tn1,1,Y) with m < n.

FTCIXBR, EAMETH S Z Ebd B, £/, (X,d) 1 bounded geometry % 7z 72
WZtbbdsd, EOHE () &b,

() EBD 2Kz, € X IKX LT, diamy[z, '] < V2d(z,z') 27T,

BOhs, IO D6, (X,d) I3 cuc-connected TH 5 Z L3bH 5,

(X, d) %% csc-property ZHf2Z £ 27T, U % (X,d) D unbounded r-chain connected
HaEaLT s, $5&, (Udy) DHD rchain {z, € U : n € N} BH>T, z, <
Tnt1 (n € N) ZF72F, (**) & b, diamg[en, Tny1] < V2d(@n, Tny1) < V21 Z2Hi72T,
R = max{diamy[z, 11,21}, V2r} £ T3¢, BRI, X = By({rn € U:n € N},R) C
Bd(U, R) %?ﬁf:?o
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