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Verified eigenvalue evaluation for Laplace operator on arbitrary
polygonal domain
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Abstract

For eigenvalue problem of Laplace operator over polygonal domain 2(C R?)
of arbitrary shape, we proposed an algorithm based on finite element method
to bound the leading eigenvalues with indices guaranteed. The algorithm is
developed by well use of max-min and min-max principles and newly constructed
a priori error estimation for FEM solution. The efficiency of the algorithm is
demonstrated by several computation examples.

1 Introduction

The eigenvalue problem of Laplacian has been well investigated in history from
various viewpoints. Here, we pay attention to giving accurate bounds for eigenvalues
with indices guaranteed. For such a purpose, Lehmann-Goerisch method is well known
as a effective way to give sharp bounds for eigenvalues once a quantity v satisfying
Ak < V < Mgy is available, where )\, denotes the eigenvalues with increasing order on
magnitude. To find such a v is not an easy work. In [8], M. Plum developed homotopy
method based on operator comparison theorem to give a computable v. As base problem
with explicit eigenvalues is necessary when we apply the homotopy method, domain
mapping is used to construct the base problem, which brings difficulties to solving
problems over general domain.

In this paper, starting from an early work of Birkhoff, de Boor, Swartz and Wendroff
[2], we propose a new method to give guaranteed estimation for leading k-th eigenvalue
on arbitrary polygonal domain, where the finite element method(FEM) is used to give
approximate eigenvalues with computable error bounds. The estimate of A; obtained
by using sparse domain triangulation will be relatively rough, but it can work as a
good candidate of v mentioned above. Thus, if needed, the bounds can be sharpened
by further applying Lehmann-Goerisch method. The method proposed here can deal
with three types homogeneous boundary conditions associated with function space:
Dirichlet, Neumann and mixed one. To explain the method in a concise way, we only
show details for the Dirichlet case. Also, it is possible to extend the method for general
elliptic problem.

At the end of this paper, we show computation results on triangle and L-shaped
domain.

2 Preliminaries

Let € be polygonal domain with arbitrary shape, convex or non-convex. We in-
troduce function space V = H}(Q) = {v € H}(Q)|]v = 0 on 9Q}. The notation ||v||z,
denotes the Ly norm of v € Ly and |v|grg) (k = 1,2) the semi-norms in H*(Q). Let
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T" be one triangularization of 2, which has polygon boundary. The variational form
of eigenvalue problem is defined as below:

Find A€ Rand u € V s.t. (Vu,Vv) = Au,v), YveV. (1)

The classical continuous piecewise linear finite element(FE) space V;, € V will be

used as approximation space. The Ritz method is to solve the variational problem in
th
Find \* € R and u;, € Vj, s.t. (Vu,, Vo) = A" (uy, v), Yo, € V. (2)

Supposing the bases of V, to be {¢;},, the problem of (2) is in fact a generalized
matrix eigenvalue problem:

APz = \"B", where Af,j =(V¢i,Ve))L,, Bffj = (¢, 5) L - (3)

The eigenvalues A? can be evaluated accurately by applying verified computations, c.f,,
[1, 7, 9]. Denote by {\;,u;} (resp. {\},u?} ) the eigenpairs of (1) (resp. (2) ) with
eigenfunction being orthogonally normalized under Lo-norm. These eigenpairs are just
the stationary values and critical points of Rayleigh quotient on space V ( resp. V}):

R(u) := (Vu, Vu)/(u,u) . (4)

Since an upper bound for A; as \; < A? is easy to obtain from min-max principle, we
will pay attention to find satisfactory lower bounds for eigenvalues. The eigenfunction
estimation will not be discussed here.

Let’s introduce two constants C;j (i = 0,1) to be used later, which are related to
function interpolations m; (i = 0,1) over triangle element K. For u € Ly(K), mou is

constant function s.t.
ToU E/ u(x) da:// ldz, (5)
K K

and for u € H%(K), mu is linear function s.t.
(miu) (z) = u(x) on each vertex of K . (6)

Global interpolations g and 7y, are just the extension of 7y and 7;. Define h by the
mesh size and Cp, and Cyj the constants over triangulation 74,

Cin = max Ci(K)/h (i=0,1), 7
n = max C(K)/h (i ) (7)
where
Co(K):= sup |mou—ulr,/|ulm, Ci(K):= sup |mu—ulm/|ulp:.
ve HL(K)\{0} veHZ(K)\{0}
3 Lower bound of eigenvalues by adopting min-
max and max-min principle

In this section, we will introduce two methods to give lower bound for eigenvalues, all
of them adopting computable a priori estimate of Ritz-Galerkin solution of Poisson’s
problem. Let u € H}(Q) be the solution of following variation problem,

(Vu, Vo) = (f,v) Yo e HAQ). )



The solution u € H}(Q2), in meaning of distribution, satisfies the partial differential
equation —Au = f. Whether u belongs to H%({2) or not depends on the domain shape.
Let P, be the orthogonal projection of u € V into Vj,

(Vu — VPhu, V’Uh> =0 Yu,€eV,. (9)
We will deduce a computable a apriori error estimate in the form as below,
lu = Poulan < M|\flL,, lw = Poullr, < Mlu = Poulm < M?|flz,,  (10)

where M is quantity to be evaluated in Section 4. In the following, we will introduce
two methods to bound eigenvalues based on this a priori error estimation.

3.1 Birkhoff’s method: application of Min-Max principle

Birkhoff, de Boor, Swartz and Wendroff [2] considered eigenvalue problem in form of
Rayleigh quotient R(u) := N(u)/D(u) , where N(u) and D(u) are quadratic forms of
u €V and D(u) > 0 for u # 0. Suppose {\,ux} ( resp. {Af,ul}) the stationary
values and critical points of R(u) on space V (resp. V}), with increasing order on A
(resp. AF). Birkhoff et al deduced an estimate for Al by applying Min-Max principle:

Theorem 1. Given any v}, v}, .-+ v} € V4(C V) satisfying 2?:1 D(vf — ) < 1, we
have, for k > 1,

2

k k 1/2
Ae SAF < A+ (Z N(v} — Ui)) /(1 - (Z D(v} — ui)) (11)
im1 =1

For model problem of Laplacian in (1), N(u) = (Vu, Vu) and D(u) = (u,u). It
is natural to select v! = Pyu; (i = 1,--- ,k) for each eigenfunction u;, and apply the
error estimate of (10):

‘ui — Phui{Hl S A{HAU,HLQ = A[/\1HU1HL2 = A[/\l .
Hul — .Ph’lL,'“L2 < ]W|u1 — Phui|H1 S ]\[2/\1 .

Thus, we obtain an a priori estimate for Al

Theorem 2. Let Ay and A} be the ones defined in Section 2. If 1—M?*(32F_ A2)1/2 > 0,

we have )
k k
NS e+ MY N /(1 - M) A$)1/2> . (12)
i=1

i=1

Define function ¢, on variable ¢, with parameters {t, -+ ,x_;} as below,

k k 2
Pt tr, - te) = tk+M?th/(1—1\12(2@?)1/2) (13)

i=1 i=1

Noticing that ¢; is increasing as varible #; increases, ¢;(t;) has increasing inverse
function. Therefore, ¢; (A A1, -+, A1) < Ap . As Ay < M for i > 1, we can further
see

G NG AT ) < Ak
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Remark 3.1. In practical computation, instead of verifying 1—]\12(Zf=1 A2 50, we

will check a stronger condition 1—M2(3°F_| )\?2)1/2 > 0 since A} (> i) 's are computable
ones.

Remark 3.2. Birkhoff, de Boor, Swartz and Wendroff [2] obtained the estimation of
form (11) with Vi, the space constructed by spline functions. By applying the error
estimate for spline interpolation, quantitative estimate for eigenvalue problem of 1D
Sturm-Liouwville system is successfully done. However, it is difficult to apply their
method to solve problem on general 2D domain. As a comparison, our estimation in
Theorem 2 and 3 can deal with eigenvalue problem with domain of general shape, which
inherits advantages from the finite element method.

3.2 Bounding eigenvalues by adopting Max-Min principle

Theorem 3 (Liu). Letvf,--- vt _, be arbitrary functions of Vy and Vi1 := span{vh,--- oP .}
Define A by Rayleigh quotient on Vi, N Vit ( Vit : complement space of Vi1 in V )
A= min U Vi)

vREVRNVE | (vn,vn)
Then, an a posteriori estimate for S\k 1s available,
- xes (Ma)' /(1403 (14)
where M 1s the one in (10).

Proof. From Max-Min principle, we have

. (Vu,Vv)
A = max min —————= .
wevdimw)<k-1 veW+ (v,v)
Thus, for specified Vj_1 := span{v?, .-+ ,v}_;}, a lower bound for A is given as
. (Vu, Vo
>\k Z min (___v__LZ . (15)

UEVkJ:l (va)

For any v € V&, Pov € V,. Let w, be arbitrary one in Vi_1(C V). Then
(Vu,Vwy) = 0. Thus (VPw, V) = (Vo,Vus) = 0, which implies that P,v €
Vi NVt . Considering (10) and the definition of A,

ollzs < 1Phllz, + v = Puvllz, < A IV Povllz, + MV (0 = Prv)liz, -

i, < (32 + M) (19 Pl + 190 = P)i) = (3! + A7) 19012,

Hence,
IVeli2, /el > A/ (14 M2Ac) for any v e Vit

The equation (15) tells us,
Ak2XM(1+APXQ. (16)

Now, it is trivious to formulate the result in (14). O



Remark 3.3. The subspace Vi, in Theorem 3 can be taken as the one spanned by
first k — 1 eigenfunction of (2). In this case, \x = At and lower bound of A, is given
as:

Mo/ (L4 M) < A S AL (17)
It is obvious that the above estimate based on Maz-Min principle gives better estimate
than the one of (11).

4 A prioiri error estimate for Ritz-Galerkin solu-
tion of Poisson’s problem

The following section will be devoted to evaluating M appearing in a priori error
estimate (10) for projection P,. The discussion will be divided into two parts, the
one with regular solution on convex domain and the one with singular solution on
non-convex domain.

4.1 Convex domain
First, we quote a well known result on a priori estimation for Laplacian.

Lemma 4. [{] Assume § is bounded convez polygonal domain in R?. Foru € H*(Q))N
HY(Q) or ue HYQ) and Ou/On = 0 on O, let f := —Auw. Then, we have

lulgz < |Aullz, = | fllz. -

Theorem 5. Let () be conver polygonal domain and u be the solution of (8). The error
estimate for (u — Pyu) is given as

[u = Poulgn < Crphlifllz,s = Poull, < Ciphlu — Pl < CFuR%| fllL, -

Thus, we can take M := Cyh under current assumptions.

Proof. Under the given assumptions, the solution u belongs to H%({2). By using inter-
polation error estimate for 7, and the Lemma 4, we have,

[u — Poulgt < |u—mpulm < Ciphlulpe < Ciph| flle, (18)

where the constant C;; is the one defined in (7). The Lo-norm error estimation can
be easily done by adopting Aubin-Nitsue’s technique.
O

4.2 Non-convex domain

To deal with problem on non-convex domain, which has singular solution not belong-
ing to H2({2), we adopt the hypercircle equation to deduce a computable a priori error
estimate. Let W" be the lowest order Raviart-Thomas FEM space over domain trian-
gulation 7" and M" the space of piecewise constant. Also, define subspace of W, for
frin M* W} = {p, € W"| div pp = f.}. Recall the definition of mp, : Lo(Q2) — M"
in Section 2,

(u - TT().hu,Uh) =0, Yy, € M.
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From the definition, we have ||u|%; = ||moul?2 + |lu — Topul?. and
Hu - 7T(),huHL2 < Co,hh]u|H1 ifue H'.

where Cp, is the constant defined in (7).
Let’s introduce a computable quantity s over finite dimensional spaces:

K:= max min min — Vv 19
P vy e [P wllza /1 fellz. (19)

Lemma 6. Given f, € M", let i € H! and @, € Vi,(C V) be the solutions of varia-
ttonal problems,

(Vﬂ7 V'U) = (fhav)7 V’U € V . (Vﬁha Vvh) = (fhuvh)v vvh € Vh ’ (20)
respectively. Then we have a computable error estimate as below:
@ — nlm < Klifnllze - (21)

Proof. From Prager-Synge’s theorem, we have, for @ in (20) and any vy, € Vi, pr € Wf’;,
such a hypercircle equation holds,

IVE = Vuglii, + IVa = pall?, = lpn = VurlZ, - (22)
Thus,
IV = Voullz, < IVUn = PullL,,  Yon € Va, Vpn € W (23)
From minimization principle and the definition of &, we obtain
Vi — Vi|l, < min min |pn — Vopllz, < &llfallz, - (24)
vaVh phewfhh
O

Theorem 7. For any f € Ly(Q), let u € V and up, € V, be solution of variational
problems

(Vu, V'U) = (f,’U), Yv eV, (Vuh, Vvh) = (f, ’Uh), Yu, €V}, . (25)

respectively. Introduce quantity M = ,/C’g,th + K2, where Co, is the constant defined
wn (7). Then, we have,

lu—unlgn < M| flle,  llw— unlle, < M2 SllL, - (26)

Remark 4.1. The quantity M, independent of f. will decrease when mesh is refined.
By theoretical analysis, we can show that M tends to 0 in the same order as the error
of linear conforming FEM solution solution.

Proof. We follow analogous framework with Kikuchi and Saito [6] to finish the proof.
Let @ and @, be the ones defined in Theorem 6 with f, = m,f. The minimization
principle leads to |u — up|g < |u — |- Decomposing u — @, by (u — @) + (@ — ug),
we have

Iu——uh|H1§|u—ﬂth1§|u—&|H1+|'&—ﬂh|H1. (27)



From the definitions of u and u, we have, for any v € V

(Vv =), Vo) = (f = monf,v) = (I = mon) f, (I = mop)v) -
Taking v to be u — @ and applying the error estimate of interpolation (I — w4 )v,

lu =il < Conhl|(I = 7o) fllL, - (28)
Substitute (21) and (28) into (27),

[ = unlm < Cophl(I = 7on) fllz, + £limonfllze < 4/C3nh? + K2 ||f||L, -

The estimate for |u — up||z, can be easily done by applying Aubin-Nitsche’s method.
0O

5 Computation

The computation of quantity s turns to solving eigenvalue problem of matrix, for
which we omit the details but point out that evaluation of ¥ consumes most of the tota)
computation time. To obtain accurate numerical result, we adopt interval computation
arithmetic to do the floating-point computation. The total framework is as below

1) Triangulate the domain 2 and construct finite element space Vj,.
2) Solve eigenvalues problem A"z = M\*B"z under the bases of V.

3) Evaluate quantity M for the mesh and domain.
)

4) Calculate the lower and upper bounds of ) by using (12) or (17) .

In the following we display computation examples on several domains.

5.1 Triangle domain

In case of unit isosoceles right triangle domain, due to the symmetry of specified triangle
domain, we can apply reflecting techniques, e.g.,[5], to obtain the explicit eigenpairs as
below:

{A=m?+n% u = sin mrasin nTY — sin NTT SN MY }rmsn>1 -

To compare the efficiency of the methods basing on Max-min principle and the
Min-max principle, we display the estimates of (12) and (17) in Table 1.

5.2 Computation Results on L-shaped domain

The domain is taken as = [0,2] % [0,2]\[1,2] X [1,2]. As a model problem, it has been
well explored by many people, e.g., L. Fox, P. Henrici and C. Moler [3]. However, to
the author’s knowledge, most of the results are given only in the sense of approximate
computation. Although our method gives a relatively rough evaluation, it can easily
deal with more general domain and the result works as mathematically correct with
indices guaranteed.
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X | approx. | lower (12) | lower (17) | upper | |
1 | 49.348 | 48955 48.976 | 49.553
2 | 98.696 | 96.532 97.331 | 99.633 | wl
3 | 128.305 | 122196 | 125.853 | 129.729 Dot
4 | 167.783 | 154.763 | 163.694 |170.312 | = et e
5 |197.392 | 174.176 | 192.372 | 201.577 <ot e

L L 1 !
1 2 3 H 5

Table 1: Estimates by Min-max(12) and Max-min (17) principle. (h = 1/32)

h=1/32 h=1/64
lower | upper lower | upper
57° = 49.348 | 48.976 | 49.553 | 49.254 | 49.400
10m% ~ 98.696 | 97.331 | 99.633 | 98.352 | 98.930
1372 ~ 128.305 | 125.853 | 129.729 | 127.687 | 128.662
1772 ~ 167.783 | 163.694 | 170.312 | 166.746 | 168.413
2072 ~ 197.392 | 192.372 | 201.577 | 196.129 | 198.439

i exact value

Ot b W N~

Table 2: Eigenvalue estimates for Laplacian on triangle domain (Dirichlet b.d.c.)

In Table 4, we list the first 5 eigenvalues given by [3] and the verified bounds by
our proposed method. The values of k, Ci and M, which are only depending on the
mesh, are displayed in Table 3. We can see M tends to zero in order less than 1. Once
lower bound for ) is available, we can further apply the Lehmann-Goerisch method to
obtain more precise bound for A;, -+, As. Such a computation, although not verified,
has been reported by Yuan and He [10] with very sharp bounds, while the lower bound
for A5 is obtained in a different way.

6 Conclusion

For the classical eigenvalue problems of Laplace operator over 2-dimensional do-
main, we have proposed a novel and robust method to give accurate lower and upper
bounds for eigenvalues. The method can deal with both convex and non-convex do-
mains with general shape. To apply the Lehmann-Goerisch method for purpose of high
precision, we still need pay efforts on constructing base functions over general domain.

Acknowledgement

The authors would like show great appreciation to Prof. M. Plum and Prof. K.
Nagatou for fruitful discussion.

38



' h K Ch M | order of M
o 1/4 | 0.1466 | 0.080 | 0.1668 -
1/8 | 0.0882 | 0.040 | 0.0968 0.786
1/16 | 0.0538 | 0.020 | 0.0574 0.754
1/32 | 0.0332 | 0.010 | 0.0348 0.722

0.1

(0.0) (L. 2.0

Table 3: Uniform mesh of L-shaped domain and x values

Ai | lower bound | approximate | upper bound | relative error
1 9.5585 9.6397 9.6698 0.012
2 14.950 15.361 15.225 0.018
3 19.326 19.739 19.787 0.024
4 28.605 29.521 29.626 0.035
5 30.866 - 31.913 32.058 0.038

Table 4: Eigenvalue evaluation for L-shaped domain (h = 1/32)
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