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ON SUBNORMAL AND COMPLETELY
HYPEREXPANSIVE COMPLETION PROBLEMS

IL BONG JUNG

ABSTRACT. In this note we discuss the completely hyperexpansive completion
problem about finite sequences of positive numbers in terms of positivity of
attached matrices. In particular, we obtain formulas to solve the completely
hyperexpansive completion problem about low numbers such as two, three,
four, five and six numbers. As an application, we also discuss an explicit
solution of the subnormal completion problem for five numbers.

1. Introduction and definitions

This was presented at the 2010 RIMS workshop: research and its application of
noncommutative structure in operator theory, which was held at Kyoto University
in Japan on October 27-29, 2010. And this is the joint work with Z. Jabloniski, J.
A. Kwak, and J. Stochel, which will be appeared in some other journal as a full
context.

The completion problem for completely hyperexpansive weighted shift opera-
tors with applications to subnormal completion problems will be discussed in this
note. In particular, we give a general solution of the completely hyperexpansive
completion problem using a different approach than that in [4]. Our method is
based on a characterization of truncations of completely alternating sequences. The
aforesaid characterization relies on the solution of the truncated Hausdorff moment
problem due to Krein and Nudel'man (cf. [8, Theorems I11.2.3 and II11.2.4]).

The following notation is made for convenience and ease of presentation. We
write &; for the Borel probability measure on [0, 1] concentrated at ¢ € [0,1]. Given
m,n € {0,1,2,...} U {co}, we define |m,n| = {i: i is an integer, m < i < n}. Let
v = {7%}7, and § = {%;}2, be sequences of real numbers with m,n as above. If
m < nand vy; = 4; for i € |0,m], then we write v C 4. Given a finite number of
real numbers (g, ..., (i, we denote by [Cj]fzo the column matrix and regard it as a
vector in the vector space R¥*!, where R stands for the field of real numbers.

Throughout this note we assume that X is a real vector space and k is a
nonnegative integer. Let & = {z;}X_; be a sequence of vectors in X with k& > 1
and z; # 0. The largest integer j € |1,k] for which the vectors z1,...,x; are
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linearly independent is called the rank of {z;}5_;. For zx4; € X, we assume
that xx,; belongs to the linear span of & whenever the rank r of x is equal
to k. Then there exists a unique r-tuple (p1,...,9,) € R" such that z,,; =

¢1-Z1 + ...+ ¢ - z,. The generating function g5 of & = {z;}; ’.“"'1 is given by

8:(t) = — (@1t + ...+ ot N +t", teR.

Recall that a sequence {yz} 0 © X (k>1) is said to be affinely independent if for
every sequence {\;}5 o C R, if Zi:O ;¥; = 0 and Zi=0 A; = 0, then A\; = 0 for
i € [0,k]. A vector yx+1 € X is an affine combination of a sequence {y;}5., C X
(k > 0) with coefficients (o, .., ¥x) € RF* if gy = S8 (absys and 38 o = 1.
Let y = {y;}£_, be a sequence of vectors in X with k > 1 and yo # y1. The largest
integer j € |1,k] for which the sequence {yi}{=0 is affinely independent is called
the affine rank of {y;}%_,. For yry1 € X. We assume that yp4; belongs to the
affine span of y whenever the affine rank r of y is equal to k. Then there exists a
unique (r + 1)-tuple (¢o,...,%,) € R™! such that y,4+1 = ¥oyo + ... + ¥,y and
E:zo ¥; = 1. The affine generating function By of § = {y; f;"ol is given by

®y(t) = pot’ + (Yo +¢¥1)t' +...+ (Yo + ... + )t 1T, teR

2. Truncations of monotone and alternating sequences

A sequence {7, }52, of real numbers is said to be a Hausdorff moment sequence
if there exists a positive Borel measure p on [0, 1] such that for all n > 0

(2.1) = [ sdu(s)
[0,1]

where 0° = 1. The measure p is unique and finite. Call it an $-representing
measure for {7v,}5 ,. By the Hausdorff theorem (cf. [5] and [2, Proposition 4.6.11}),
a sequence ¥ = {7,}52, of real numbers is a Hausdorff moment sequence if and
only if it is completely monotone, i.e., (V™) > 0 for all integers k, m > 0, where
V™ is the mth power of the difference operator V which acts on ~ via

(2.2) (VYn = Yn = ns1, n=0,1,2,... (Voy=7).

To consider truncated Hausdorff moment problem, we give an integer m > 0. Then
we say that a positive Borel measure p on [0,1] is an $-representing measure for
a sequence {v,}" o of real numbers if (2.1) holds for n € [0,m|. If m = 2k for
some integer k > 0, and o > 0, then the rank of the sequence {[v;+;-1]%¢ }f:ll of
columns of the Hankel matrix [yi1;]¥ ;_o is called the Hankel rank of v = {1, }2£,
and denoted by r(y) (cf. [3]).

THEOREM 2.1 (Even Case). If vy = {v,}2E, is a finite sequence of real numbers
with k 2 1 and v9 > 0, then the following condztzons are equivalent:
(i) there exists a Hausdorff moment sequence 5 = {4, }3%, such that v C 7;
(ii) v has an $H-representing measure whose support consists of r(7y) points;
(iii) there exists Yort1 € R such that [v;4x11]5 0 s a linear combination of
{[’Yz+g]z—o}] —0, and [’h+y]u 07 [’Yz+a+1]zg o =0
(iv) [’Yz+J]zJ 0 2 0 and [’Yz+y+1]k,J =0 Z h’z+3+2]z] =0-
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We now turn to the odd case. Let ¥ = {y,}; 2k+1 be a finite sequence of

real numbers with £ > 0 and 79 > 0. The generatmg function of the sequence
{[¥i+j-1] z_o}k+2 will be called the generating function of ¥ and denoted by g5 (cf.
[3]).

THEOREM 2.2 (Odd Case). If ¥ = {v,}2k4! is a finite sequence of real numbers
with k > 0 and 9 > 0, then the following conditions are equivalent:

(i) there exists a Hausdorff moment sequence 5 = {4, }5%¢ such that ¥ C 7;
(ii) 4 has an $H-representing measure whose support consists of r(7y) points
which are roots of g5 with ¥ = {y,}2%;
(iil) [Yi4rs1lizo 8 @ linear combination of {['Yi+j]£c=o}f=o; and ['7i+jl;€,j=0 2
[Yigi41)8 im0 = 0;
(i) [Yiesl¥ 20 2 [Yirsjr1]Fjo0 2 0.
We next consider truncations of completely alternating sequences. Following
[2], we say that a sequence { = {(,}32, of real numbers is completely alternating
if (V™¢)x < 0 for all integers k > 0 and m > 1 (see (2.2) for the definition of V).
Recall that a sequence {(,}3%, of real numbers is completely alternating if and
only if there exists a positive Borel measure 7 on the closed interval [0, 1] such that
foralln >1

(2.3) n :go+/[0 1](1+...+s"_1)d7(s).

The measure 7 is unique (cf. [6, Lemma 4.1]) and finite. We call it a ca-representing
measure for {(,}52,. If { = {(n fl’f.:{)l is a finite sequence of real numbers with
E > 0 and ¢ > (o, then the affine rank of the sequence {[¢i1;]% k'*'é will be

called the Hankel affine rank of { and denoted by ar(¢). In turn, if ( = {¢n }2R42

is a sequence of real numbers with k£ > 0 and {; > (o, then the affine generatlng

function of the sequence {[¢;+;]% 0}?:% will be called the affine generating function

of ¢ and denoted by G;.

THEOREM 2.3 (Even Case). If ¢ = {¢,}2¥%2 is a finite sequence of real numbers
with k 2 0 and {; > (o, then the following conditions are equivalent:

(i) there exists a completely alternating sequence § ¢ = {én}%":o such that

¢ < ¢
(ii) ¢ has a ca-representing measure whose support consists of ar(¢) points
which are roots of GZ with ¢ = {¢n ik:*al;
k+1

(iil) [Ciyna2l®o s an affine combination of {{Ciy;]%, pary
(2.4) [Cirirz — Girir1) im0 = 0 and [~Ciprjp2 + 2Girjr1 — Gijlijmo = O;
(iv) the condition (2.4) holds.
A similar reasoning enables as to deduce Theorem 2.4 from Theorem 2.1.
THEOREM 2.4 (0dd Case). If { = {¢,}254! is a finite sequence of real numbers
with k > 1 and {1 > (o, then the following condztions are equivalent:
(i) thereAexists a completely alternating sequence ¢ = {(n}5%, such that

¢C ¢

(i1) ¢ has a ca-representing measure whose support consists of ar(¢) points;
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(iil) there exists (2512 € R such that [Cirrs2]’, is an affine combination of
{[Gorslio}520,

[Girsrz = 1)t j=0 = 0 and [~Cijra + 2Gitjr1 — Citsl¥ im0 2 0;
(V) [Cirjer = GinslFjmo 2 0 and [~Gijus + it sz — Ginjr1l¥520 2 0.
3. Completely hyperexpansive completion problem

Given a bounded sequence a = {0, }2 of positive real numbers, we denote
by W, the weighted shift with the weight sequence a, i.e., Wy, is a unique bounded
linear operator on 2 such that Wue, = apeny1 for all n > 0, where {en}3, is the
standard orthonormal basis of ¢2.

We now recall a well-known characterization of the complete hyperexpansivity
of weighted shifts (see [1, Proposition 3] and [6, Lemma 4.1]).

PROPOSITION 3.1. Let o = {a,}%, be a bounded sequence of positive real
numbers. A weighted shift Wy, is completely hyperezpansive if and only if there
exists a (unique) finite positive Borel measure 7 on [0,1] such that

(3.1) of el =14 [ (ks hars),
[0,1]

The correspondence Wo, «—— 7 is one-to-one.

If (3.1) holds, then we say that the measure 7 is associated with the weighted
shift W or that W, is associated with 7. Let & = {a,}™ , be a finite sequence
of positive real numbers with m > 0. A weighted shift W5 with positive weights &
is called a completely hyperezpansive completion of a if Wy, is completely hyperex-
pansive and a C &.

Before investigating solutions of the completely hyperexpansive completion
problem, we introduce two transformations acting on sequences (finite or not)
of real numbers. Fix m € {0,1,2,...} U {oc}. Denote by II,, the bijection be-
tween the set of all sequences & = {a,}™, C (0,00) and the set of all sequences
¢ = {4 C (0,00) with (o =1 that maps a to ¢ via

n=0
1 ifn=0
392 =Il,(a): n = ’
(3.2) ¢ (o) ¢ {ag ... 0«’?;»1 otherwise,

for n € |0,m + 1]. Its inverse IT;' which maps ¢ to « is given by

(3.3) a=I:4¢): an= \/C’g“,

for n € |[0,m]. Denote by A,, the bijection between the set of all sequences
¢ = {¢ )72 C R with {p = 1 and the set of all sequences Y = {"}tro C R that
maps { to v via

(3'4) Y= Am(C) D Y = Gntl — Gny
for n € [0,m]. Its inverse A which maps y to ¢ is given by

n—1
(3.5) (=48 =1+
=0

forne|l,m+1].
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PROPOSITION 3.2. Suppose that o = {an,} is a finite sequence of positive
real numbers, with m > 1, such that either two of its successive terms coincide or
one of them is equal to 1. Then the following conditions are equivalent:

(i) o has a completely hyperezpansive completion;

(i) o > 1 and o, =1 forn € [1,m].
Moreover, if (1) holds, then there ezists a unigue completely hyperexpansive weighted
shift Wg, such that o C Q; its weights are given by: &o = o and &, =1 forn > 1.

For definitions of transformations I1,,, and 4,, that are used below, we refer
the reader to (3.2) and (3.4).

THEOREM 3.3 (Even Case). Suppose that a = {an}2k is a finite sequence of
positive real numbers with k > 1 and.ag > 1. Let { = Hgk(a) Then the following
conditions are equivalent:

(i) @ has a completely hyperezpansive completion;

(ii) [§z+3+1 Cl+]]” —0=0 and[ Gitj+3 + 2itj+2 — Qz+g+1]z =0 =0
(i) there exists (2x+2 € R such that [Cizka2]5 o is an affine combination of

{[Cirilio }oo,
(it g2 — Giage1lFjmo 2 0 and [=Cipjaz + 2Giaj41 — Citjlt =0 2 0.

Moreover, if (i) holds, then there ezists a bounded sequence & = {64, }3% of positive
real numbers such that o C & and Wy is a completely hyperezpansive weighted shift
with associated measure whose support consists of ar(§) points.

For clarity of presentation, we formulate Theorem 3.4 without using the tilde
notation that has appeared in Theorem 2.3.

THEOREM 3.4 (Odd Case). Suppose that o = {0y, }2*H! is a finite sequence
of positive real numbers with k > 0 and op > 1. Let ¢ = I3 1(c). Then the
following conditions are equivalent:

(i) « has a completely hyperezpansive completion;
(i) [Girjrz — Cirir1) o0 = 0 and [—Ciyjua + 2Girjt1 = GirslE =0 2 0.
k+1

Moreover, if (1) holds, then {C1+k+2]1,—0 is an affine combination of {[(iv;|¥ 0} 20
and there ezists a bounded sequence & = {&n 132 of positive real numbers such
that o C & and W is a completely hyperexpansive weighted shift with associated
measure whose support consists of ar({,}2541) points which are roots of Ge.

We write down Theorems 3.3 and 3.4 in a particularly useful determinant form
below.

THEOREM 3.5 (Even Case - determinant test). Suppose that o = {an}25,
is a finite sequence of positive real numbers with k > 1 and ap > 1. Let { =
Iy (cx). Then o has a completely hyperezpansive completion if and only if one of
the following two disjunctive conditions holds:

(i) o has a completely hyperezpansive completion and at least one of the de-
terminants det 29(k — 1) and det 6, (k — 1) vanishes;
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(i) det £29(n) > 0 and det ©1(n) > 0 for alln € |1,k — 1], det 25(k) > 0 and
det ©; (k) > 0, where

[ G -G o 1=
2(n) = : : , ne|0,k],
[Gnt1 = Cn - Cont1 — C2n
—G+20 -G 0 =Gtz + 26a4+1 — Gn
O1(n) = : : , nel|l k]
| —Crt2+2Ct1 =G o0 —Cont1 + 2Con — (2n-1

THEOREM 3.6 (Odd Case - determinant test). Suppose that o = {a,}2kH!
is a finite sequence of positive real numbers with k > 0 and o9 > 1. Let { =
Iyp41(a). Then o has a completely hyperezpansive completion if and only if one
of the following two disjunctive conditions holds:

(i) a has a completely hyperezpansive completion and at least one of the de-
terminants det 21 (k) and det ©g(k — 1) vanishes;

(ii) det 21(n) > 0 for all n € |1,k], detOp(n) > O for all n € [0,k — 1],
det £2:(k +1) > 0 and det ©y(k) > 0, where

[ =G o G —
1(n) = : : , ne|lk+1],
T e N C2n~1J
( _C2 + 2C1 - CO e “Cn+2 + 2Cn+1 - Cn
By(n) = : : , nel0k|.
| —Cn+2 + 21 =G o0 —Cang2 + 2(nt1 — C2n

4. Solutions for low numbers of weights

4.1. Two-, three- and four weights: 2-isometries. Let us start with one
weight ag. It follows from Proposition 3.2 applied to ap and a; := 1 that a one-term
sequence {ap} has a completely hyperexpansive completion if and only if og > 1.

PROPOSITION 4.1 (Two weights). A sequence & = {a;}l_, of positive real
numbers such that og > 1 and a1 > 1 has a completely hyperezpansive completion
if and only if oda? — 202 +1 < 0.

Note that the assumption ap > @; > 1 does not guarantee that a has a
completely hyperexpansive completion, e.g. this is the case for o9 = 2 and 4 >
2

PROPOSITION 4.2 (Three weights). A sequence a = {a;}2_, of positive real
numbers with ag > 1 has a completely hyperexpansive completion if and only if the
following two conditions hold:

(i) a2ad — 202 +1 <0
(i) ef(af — 1) < (af — 1)of(ef - 1).
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Before proving the next result, we recall that a weighted shift W, with positive
weights a = {0, }52 is 2-isometric if and only if there exists ¢ € [0, 00) such that

1+(n+1)q
1+ ng

(see [7, Lemma 6.1 (ii)]). The measure associated with such W, is equal to g - d;.
If g =1, then W, is called the Dirichlet weighted shift.

Op =

PROPOSITION 4.3 (Four weights). A sequence a = {o;}3_, of positive real
numbers such that ag > 1 and a; > 1 has a completely hyperezpansive completion
if and only if one of the following two disjunctive conditions holds:

(i) & has a 2-isometric completion,
(ii) the following three inequalities hold:
(ii-a) a0a1 - 2a0 +1<0,
(ii-b) o3(0f —1)* < (of - 1)0‘2(03 -1,
(ii-c) od(atad — 2a1 +1)? < (@@a? — 203 + 1)oi(ada] — 203 +1).

Moreover, if (i) holds, then & has a unique completely hyperexpansive completion.

4.2. Five weights: quasi- and nearly 2-isometries. A completely hyper-
expansive weighted shift W, is said to be guasi-2-isometric if it is associated with
a measure of the form c- 8y, where A € [0,1] and ¢ € [0,00). Owing to Proposition
3.1, the weights a = {0, }%2, of a quasi-2-isometric weighted shift W, associated
w1th the measure c- §) are given by

-\ A+l .
EEaey frelo),
(4.1) an, = nz0
14¢(n+1) FA=1

1+cn

A completely hyperexpansive weighted shift Wy, is said to be nearly 2-isometric if
it is associated with a measure of the form c- 8 + d - 6;, where ¢,d € [0, 00).
We now consider the case of five weights.

THEOREM 4.4 (Five weights). A sequence & = {a;}i—q of positive real numbers
with ag > 1 has a completely hyperexpansive completion if and only if one of the
following two disjunctive conditions holds:

(i) « has either a quasi-2-isometric completion or a nearly-2-isometric com-
pletion;
(i) the following four inequalities hold:
(ii-a) a%(af - 1)2 < (ef = 1of(ag —1);
(ii-b) a2aZ —2a2 +1 < 0;
(ii-c) al(a2a3 — 202 + 1)2 (a1a2 2a1 +1)o2 (030l - 2a3 + 1)
(ii-d) (ao - 1)(0‘3 —1)?0a3 + (al - 1) (of —1)agojod + (a2 —1)%aget <
(o —1)(ad —1)(ef - 1)afo3ad +2(af —1)(a3 - 1)(a3 — 1)ajaio3.
Moreover, if (i) holds, then o has a unique completely hyperezpansive completion.

4.3. Six weights: almost and pseudo-2-isometries. A completely hyper-
expansive weighted shift W, is said to be almost 2-isometric if it is associated with
a measure of the form c¢- 8y +d- §;, where c,d € [0,00) and A € [0,1). A completely
hyperexpansive weighted shift W is said to be pseudo-2-isometric if it is associated
with a measure of the form c¢- 8 + d - 6, where ¢,d € [0,00) and A € (0,1].
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THEOREM 4.5 (Six weights). A sequence & = {o;}3_,, of positive real numbers
such that ap > 1 and oy > 1 has a completely hyperezpansive completion if and
only if one of the following two disjunctive conditions holds:

(i) o has either an almost 2-isometric or a pseudo-2-isometric completion;
(ii) the following four inequalities hold:
(i-a) of(af —1)* < af(of —1)(03 — 1);
(ii-b) oda? —2a% 41 < 0;
(ii-c) od(a2ad — 202 +1)? < &2(c3a? — 202 +1)(c30? — 202 +1);
(ii-d) det £21(3) > 0 and det ©y(2) > 0 (see Theorem 3.6 for definitions).
Moreover, if (i) holds, then o has a unique completely hyperexpansive completion.

5. Applications to the subnormal completion problem

We begin by relating the contractive subnormal completion problem to the
completely hyperexpansive completion problem. Fix m € {0,1,2,...} U {c0}. Let
a = {an}z:ol be a sequence of real numbers such that ag = v/2 and a, > 1 for
all n € |1,m +1]. Set { = Hpyi(e) and v = Apy1(¢) (cf. (3.2) and (3.4) for
definitions). Note that 49 =1 and v, > 0for all n € |1,m+1]. Set 8 = II'(v),
i.e. (cf. (3.3)),

2
Yn+1 o, —1
5.1 =, [ = —ntl 0.m|.
(5.1) Bn 1/%1 oy f oz =1 ne [0,m]

Then 3, > O for all n € |0, m]. Conversely, if 8 = {3,}™_, is a sequence of positive

real numbers, then o = (Hn:il o A;lﬂ_l o IT,,)(B) is a sequence of real numbers
such that ap = v2 and o, > 1 for all » € |1,m+1] (cf. (3.5)). The transformation
(5.2) a B=(II"0An 0, )(a)

m+1

is a bijection between the set of all sequences o = {o,}ny of real numbers such
that o = v2 and a,, > 1 for all n € |1,m + 1], and the set of all sequences
B = {Bn}™, of positive real numbers.

LEMMA 5.1. If o = {a,}32, is a bounded sequence of positive real numbers
such that ag = V2, ay > 1 and the weighted shift Wy, is completely hyperezpansive,
then a, > 1 for all n > 1, the sequence B := (I} 0 A 0 I1,)() is bounded and
the weighted shift Wg is contractive and subnormal. Conversely, if 8 = {8r}5%, s
a bounded sequence of positive real numbers and the weighted shift Wg is contractive
and subnormal, then the sequence a := (ITZ} o A7 o IT,.)(B) is bounded, ap = V2,
on > 1 for alln > 1, and the weighted shift W, is completely hyperexzpansive.

We are now ready to relate the contractive subnormal completion problem to
the completely hyperexpansive completion problem.

PROPOSITION 5.2. Fiz a nonnegative integer m. Let B = {B,} 7, be a sequence
of positive real numbers and let o := (H,;}H o A;ll_'_l o IT,)(B) (equivalently: a =
{an}t ) is a sequence of real numbers such that og = V2 and &, > 1 for all
ne|l,m+1], and B = (II;! 0o Ay 0 Ii1)(@)). Then B has a contractive
subnormal completion if and only if o has a completely hyperexpansive completion.
Moreover, if m 2 2 and 8 has a contractive subnormal completion, then the numbers
Bo, - - - Bm are distinct if and only if & has no pseudo-2-isometric completion.
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Next, we consider the ontractive subnormal completions for five weights.

THEOREM 5.3. A sequence {0n}2_, of distinct positive real numbers has a con-
tractive subnormal completion if and only if the following two disjunctive conditions
hold:

(i) there exist ¢ € (0,00) and A € (0,1) such that

cAntl 41
53) 5=/ oL melo)

(i1) the following inequalities hold:
(iira) B1 < Be;
(ii-b) Bo < 1;
(i<) (52 — B8) + B2(68 — 90) + BRAR(5E — B3 > O,
(i-d) 14 > 0 and 1 + B2m2 + BEBins — BEBEB5Ma > 0, where

m = 2636763 — BBt — BIBEAE + Bi6365 — BLSs,
me = —B2B8: — BEBIBE + BIBT + BYB36E + BIB5 8% — BiB3AT,
ns = —BRBI 63 + BEBEGE + B B3B3 — 8353 8% + B B35 — P3hs,
na = 282 B36% — B3B3 — B1635% + B2B36; — B3B3

Finally, we discuss the subnormal completions for five weights.

(5.4)

THEOREM 5.4. A sequence 3 = {Bn}2_o of distinct positive real numbers has
a subnormal completion if and only if the following requirements are satisfied:
(1) Bo < B1 < Bo;
(ii) one of the following two disjunctive conditions holds:
(ii-a) 71 > 0 andng 2 0,
(i-b) m =14 = 0.
Moreover, if (ii-b) holds, then 2 = n3 = 0.
4

PROPOSITION 5.5. A sequence B = {B,}n=o of distinct positive real numbers
has a subnormal completion if and only if the following requirements are satisfied:
(1) Bo < B1 < Bo;
(i1) one of the following four disjunctive conditions holds:
(ii-a) 7y > 0 and nq > 0,
(ii-b) m; =0, 72 > 0 and 4 2 0,
(ii-C) m=1mn2= 0, n3 > 0 and ns 20,
(i-d) m =m =713 =ns = 0.

We conclude this work by showing that the solution of the subnormal comple-
tion problem for five weights given in [9, page 45] is wrong. Indeed, this solution
implies that a sequence By < 81 < B2 < B3 < B4 of positive real numbers has
a subnormal completion if and only if the sequences {8,}3_, and {8,}4_, have
subnormal completions. However, as is justified below, this is not true.

Ezample 5.6. Set Bo = %, 61 = %, B2 = ,/f%, B3 = \/% and 84 = 1.

Then By < 1 < B2 < B3 < Ba,m =0, 70 = —g33, 13 = 735 and M4 = 515 By
Theorem 5.4, the sequence {8, }+—o does not have subnormal completion. Since the
inequalities ; > 0 and 74 > 0 are equivalent respectively to the first and the second
inequality in the assertion 3 of [9, Corollary 2.12], we infer from[10, Remark, p.
377) that the sequences {3, }3_, and {8,}4_; have subnormal completions.
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