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Riemannian mean and matrix inequalities
related to chaotic order and Ando-Hiai inequality

HR)IKRS 1Lk SCHA (Takeaki Yamazaki)

Kanagawa University

Abstract. Riemannian mean is a kind of geometric
mean of n-matrices which is an extension of geometric
mean of 2-matrices. In this paper, we shall show some
matrix inequalities via Riemannian mean which are
extensions of well-known matrix inequalities via geo-
metric mean of 2-matrices. Exactly, we shall show ex-
tensions of so-called Ando-Hiai inequality and a char-
acterization of chaotic order. Lastly, we shall discuss
about the problem whether the same results are satis-
fied or not for other geometric means of n-matrices.

1. INTRODUCTION

For positive invertible matrices A and B, their weighted geometric
mean Aff, B is well known as

(1.1) AfoB = A?(A7 BA7)®A? fora €[0,1].

Especially, in the case & = %, we say Af 1B just a geometric mean,

and denote it by AfB, simply. If A and B be non-invertible positive
matrices, their geometric mean can be defined by

AffoB = 6l_i)r}rlo(A + eNto(B+¢el) for a €0,1].

To extend the definition of AfB into geometric mean of m-matrices
was a long standing problem. Recently, a nice definition of geometric
mean of n-matrices was given in [3]. Since then, many authors study
geometric mean of n-matrices, and we know three kind of definitions
of geometric means. The one is defined by Ando-Li-Mathias in [3],
the second one is defined in [9, 6] which is a modification of geometric
mean by Ando-Li-Mathias. The third one is called Riemannian mean or
the least squares mean defined in [5, 10, 12]. These geometric means
have the same 10 properties including monotonicity and arithmetic-
geometric means inequality (which will be introduced in the later).

On the other hands, there are many results on geometric mean of
2-matrices. Especially, the following result is well known as Ando-Hiai
inequality [2): Let « € [0,1]. Then for positive matrices A and B,

Afo.B <1 implies AP§,B? <I forallp>1,
where the order is defined by positive definiteness in the whole paper.

For positive invertible matrices A and B, the order log A > log B is
called chaotic order. It is a weaker order than the usual order A > B



since logt¢ is an operator monotone function. As a characterization
of chaotic order, it is well known that the following statements are
mutually equivalent [1, 7, 8, 15]:

(1) log A > log B,

(2) AP > (A5BPA%): for all p > 0,

(3) A" > (AZBPA%)7 for all p,r > 0.
Ando-Hiai inequality and the above characterization of chaotic order

are well known and important in the theory of matrix (operator) in-
equalities.

In this paper, we shall show some matrix inequalities via Riemann-
lan mean. Some of them are extensions of Ando-Hiai inequality and
characterization of chaotic order introducing in the above. In Section
2, we shall introduce the definition of Riemannian mean and its basic
properties. In Section 3, we will show some matrix inequalities of Rie-
mannian mean which include extensions of Ando-Hiai inequality and
characterization of chaotic order. In Section 4, we will discuss whether
our results hold for other two geometric means or not.

2. RIEMANNIAN MEAN AND ITS BASIC PROPERTIES

In this section, we shall introduce the definition of Riemannian mean
and its basic properties. In what follows let M,,(C) be the set of all
m X m matrices on C, and let P,,(C) be the set of all m x m positive
invertible matrices. For A, B € M,,(C), define an inner product (A, B)
by (A, B) = trA*B. Then M,,(C) is an inner product space equipped
with the norm ||Al, = (trA*A)Z, moreover P.(C) is a differential
manifold, and we can consider the geodesic [A, B] C P,(C) which
includes A, B € P,,(C). It can be parameterized as follows:

Theorem A ([4, 5]). Let A,B € P, (C). Then there exists a unique
geodesic [A, B] joining A and B. It has a parametrization

v(t) = AfB = A2(A7 BAZ)tAZ, te|0,1].

Furthermore, we have a distance d2(A, B) between A and B along the
geodesic [A, B] as

02(A, B) = || log AT BA7 5.

We call the metric d;(A, B) between A and B by Riemannian metric.

A vector w = (wy,ws, -+ ,wy,) is called a probability vector if and
only if its components satisfy Y . w; = 1 and w; > 0 fori = 1,2,---  n.
Then weighted Riemannian mean is defined as follows:

Definition 1 ([4, 5, 10, 12]). Let Ay, -+, A, € P,(C), and w =
(wi,- - ,wy,) be a probability vector. Then weighted Riemannian mean
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Gs(w; Ay, -+, Ap) € P,(C) is defined by

&s(w; Ay, -+, A,) = argmin sz (A, X),

XePn(C)

where argminf(X) means the point X, whzch attains minimum value

of the function f(X).

It is easy to see that weighted Riemannian mean of 2-matrices just
coincides with geometric mean in (1.1) by the following property of
Riemannian metric.

82(A, Ao B) = adz(A, B) for a € [0,1].
This definition is firstly introduced in [5, 12] for the case of w =

(%, e ,%) In this case, we denote weighted Riemannian mean by
Bs(Ay, -+, Ay), simply, and we call it just a Riemannian mean. Exis-

tence and uniqueness of Riemannian mean have been already shown in
[5, 12]. Recently, Lawson and Lim defined weighted Riemannian mean
in [10], generally.

It is known that Riemannian mean satisfies the following 10 prop-
erties: Let A; € P,(C), i = 1,2,---,n, and w = (wy, - ,w,) be a
probability vector. Then

(P1) If Ay,..., A, commute with each other, then

Bs(w; Ay, ..., An) = AT - AL
(P2) Joint homogeneity.
Bs(w;a1A,...,a,A,) = at - -apBs(w; A1, ..., An)

for positive numbers a; >0 (i =1,...,n).
(P3) Permutation invariance. For any permutation 7 on {1,2,--- ,n},
65(W;A17"'7A ) Q55(7"( ) (1) "7A7l'(n))v
where T(w) = (W), ** , Wa(n))-

(P4) Monotonicity. For each i =1,2,...,n, if B; < A;, then
65(&), Bl, ey B'n) S @5((«);141, e ,An).
(P5) Continuity. For each ¢ = 1,2,...,n, let {AE’C)}Z‘;l be positive

invertible matrix sequences such that Agk) — A; as k — oo.
Then

Gs(w; AP AR 5 B5(w; Ay, .., Ay)  as k — oo
(P6) Congruence invariance. For any invertible matrix S,
Bs(w; S*A1S, ..., S ApS) = S"6s(w; A1, ..., An)S.
(P7) Joint concavity.
Bs(w; A + (1= NA,..., A, + (1 - N)A)
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(P8) Self-duality.
66((“}5 Ai_lv s aA;I)_l = 65(0‘)) Ala s aA’n)'
(P9) Determinantial identity.

det 85 (w; A1, ..., Ay) = [ [ (det A;)*:.
i=1

(P10) Arithmetic-geometric-harmonic means inequalities.

n -1 n
(Z’U),A;l) S @5((.&);141,...,14") S Z’szZ
=1 i=1

Moreover, instead of continuity (P5), weighted Riemannian mean sat-
isfies non-expansive property as follows:

(P5’)  02(Bs(w; A1, -+, Ap), Bs(w; By, -+, By)) < Y wiba(Ai, By).

i=1

(P3), (P5), (P6) and (P8) follow from the definition of weighted Rie-
mannian mean and properties of Riemannian metric [4, 5, 10]. (P1),
(P2), (P9) and (P10) follow from the following characterization of
weighted Riemannian mean [10, 12, 16].

Theorem B ([10, 12]). Let Ay, -+ , A, € Pp(C), andw = (wy, -+ , wy)
be a probability vector. Then X = Gs(w; Ay, -+, A,) 15 a unique posi-
tive solution of the following matriz equation:

wilog XTAXT + -+ wylog XTAXT =0.

(P4) and (P7) are not easy consequences. But very recently, Lawson
and Lim have given a proof of (P4) and (P7) in [10] by using Sturm’s re-
sult [14], and then Lawson and Lim showed that weighted Riemannian
mean satisfied (P5’) in [10]. Theorem B has been obtained by Moakher
in [12] in the case of just a Riemannian mean, and then Lawson and
Lim obtained Theorem B in [10], completely.

3. MAIN RESULTS

In this section, we shall show further properties of weighted Rie-
mannian mean. Almost these results are matrix inequalities, and some
of them extends well-known matrix (operator) inequalities introduced
in Section 1.

Theorem 1. Let Ay,---,A, € P,(C), and w = (wy,---,w,) be
a probability vector. Then wilogA; + -+ + wylogA, < 0 implies
65("‘);‘41)”' aAn) S I.
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Proof. If wylog Ay + -+ + wylog A, < 0, then there exists a matrix
A € P,,(C) such that A > I and

1
E)-1—logAl + oot %logAn + =log A =0.
2 2 2
Then w; = (%, , %, 3) is a probability vector, and by Theorem B,
we have

65(&)1;141, LR ,An,A) = [
Define a matrix sequence {G,}3, by
Gn+1 - 66((‘)1; Al, v ;An, Gn) and GO = 65(‘*‘-’1; Ala vttt aAn7 I)

Then by A > I and monotonicity (P4) of weighted Riemannian mean,
we have

I= 65(‘*’1;4’417"' 7AnaA) 2> 65((‘)1;"417"' ’AmI) = G,
and hence we obtain
I>Gy>G1 222G 2---20.

Therefore a matrix sequence {G,}2, converges to a positive semidef-
inite matrix.

Let X = Bs(w; Ay, -+, An). We shall show that G,, converges to X.
Noting that by Theorem B, we have

= -1 S Wi =1 a1 -1 =1
0= gwilogX T AXT = ;—z—logX PAXT + 5 log XT XX,
and hence
65(0‘)1; A17 e aAn’ X) = X.
Then by non-expansive property (P5’), we have
52(X7 Gk) = 62(66((*)1; Ala Tt 7A'na X)’ 6(5((")1:1 Alv et 7An1 Gk~l))
1

< 552(X, Gk-1)

IA

IA

k
(%) 02(X,Gp) =0 as k — +oo,

and hence G, — X as k — +oo. Since {Gr}2, is contractive and
decreasing sequence, we have

Bs(w; Ay, -+, Ap) = X < 1.
O
Theorem 2. Let Ay, -+ , A, € Pn(C). If 5(w; A1, -+, An) < I holds

for a probability vector w, then Bs(w;AY,---,AP) < I holds for all
p=>1.
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Theorem 2 is an extension of the following Ando-Hiai inequality,
because &5(1 — o, a; A, B) = Al B.

Theorem C (Ando-Hiai inequality [2]). Let A and B be positive ma-
trices. For any o € [0,1], A.B < I implies AP}, BP < I for allp > 1.

Proof of Theorem 2. Let w = (wy,- -+ ,w,) and X = Gs(w; Ay,- -+, 4,) <
I. Then for p € [1,2], we have

0 = p(wy logX%Ale% +---+wnlogX%A;1X%)
= wy log(XTATIX2)P + -+ + w, log(XZATIX3)P
<w log XTAPX? + -+ w,log XTAPX 3,
where the last inequality holds since logt is operator monotone and
Hansen’s inequality for p € [1,2] and X < I. It is equivalent to
wilog X7 APXT + -+ w,log XTAPX T <0,
and by Theorem 1, we have
Gs(w; XTAPXT .-  XTALXT) <1,
and then
65(‘-‘);*’4?7' . 7A£) < X = 65((");141"" 7An) < 1
forp € [1,2] by (P6). Repeating this procedure for B;(w; A}, -+ , AP) <
I, the proof is complete. O
Let p1,--- ,p, be positive numbers. For ¢ = 1,2,--- ,n, we denote
Hj;éz' pj by pa.
Theorem 3. Let A,,---, A, € P,(C). Then the following assertions
are mutually equivalent;
(1) log A1+ ---+1og A, <0,

(2) &s(AT,--- ,AP) < I for allp > 1,
(3) Bs(w A, - AP < T forallp; >1,i=1,2,--- ,n,
where ' is a probability vector defined by
P L BEn
> i Pi "D
Theorem 3 is an extension of the following characterization of chaotic
order:

Theorem D (Characterization of chaotic order [1, 7, 8, 15]). Let A
and B be positive invertible matrices. Then the following assertions
are mutually equivalent:

(1) log A > log B, :
(2) AP > (A5BPA%): for allp > 0,
(3) A" > (AEBPAz)5 for all p,r > 0.

W= (



In fact, Theorem D can be rewritten in the following form:
Theorem D’. Let A and B be positive invertible matrices. Then the
following assertions are mutually equivalent:

(1) log A+log B <0,
(2) APtBP < I for allp > 0,
(3) At BP <1 for allp,r > 0.

pFr
To prove Theorem 3, we need the following result:

Theorem E ([13]). Let Ay, - ,An € Pn(C). Then

(Aq+...+A,z;)% <logA1+---+logAn>
= eXp »

n n

lim
p—+0

uniformly.

Proof of Theorem 8. Proof of (1) — (3). If log A; + - +1logA, <0,
then we have

—I—_I—i—gi—(logA1 + .- +10gAn) <0,

Zi D#i
ie.,
P#1

Zi P#i

Hence by Theorem 1, we have

Gs(w'; A, VAP LT

log AP + -+ + <LZ%_Jog AP" < 0.

Zi P#i

forallp; >1,i=1,2,---,n.
Proof of (3) — (2) is easy by puttingp; = -+ = p, = p.

Proof of (2) — (1). By geometric-harmonic means inequality, we
have

A;‘“+--~+A;P>’1

IZ®J(A’1’,"',Aﬁ)Z( .

By Theorem E, we have

(A{”+--~+A;P>_Tl

n

I > lim
p—+0

( logAl_l—i----—i—logA;l)_l logA; + -+ +log A,
= | exp ~ = exp - )

Hence we have (1). O
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4. OTHER GEOMETRIC MEANS

In the previous section, we showed further properties of weighted
Riemannian mean. Here one might expect that other geometric means
satisfy the same properties stated in the previous section. In this sec-
tion, we shall discuss about this problem, and we will give a negative
answer for it.

It is known that there are two types of geometric means of n-matrices
except weighted Riemannian mean which satisfy 10 properties (P1)-
(P10) stated in Section 2. The most famous one has been defined by
Ando-Li-Mathias in [3]. In this paper, we call it ALM mean. The other
one is defined by Bini-Meini-Poloni and Izumino-Nakamura, indepen-
dently in [6, 9]. We call it BMP mean in this paper. Weighted BMP
mean has been considered in [6, 9], and recently weighted interpolation
mean between ALM and BMP means has been defined in [11].

Theorem 4. Let A;,--- , A, € Pn(C), w be a probability vector, and
&(w; Ay, -+, A,) be a weighted geometric mean satisfying properties
(P1)-(P10). If the weighted geometric mean satisfies Theorem 2, then
the weighted geometric mean & coincides with weighted Riemannian
mean.

Proof. Let w = (wq,--- ,w,). If wilogA; + -+ w,logA, < 0 is
satisfied, then by arithmetic-geometric means inequality, we have

log A, log A
k k k

hold for sufficiently large k. Since the weighted geometric mean &
satisfies Theorem 2, we have

& (w;(I+ 1OgAl)’f,--. ,(1+l-°%-1—’1)’°) <I

I Z wl(l-i-

...,]+

)+ Aw (14

n)ZQS(wI+

k
By well-known formula limy_, o (I + 19%’—4—’)’“ = A; and (P5), we have
®(W;A17 e >An) S 17

i.e., weighted geometric mean & satisfies Theorem 1.

If geometric mean satisfies Theorem 1, we have

Zw,—logAi >0 <= ZwilogA;1 <0
i=1 i=1

———* 6((4), ‘,41_17 ..

A <T
e i A A 2 1

by (P8).
Hence we obtain

(4.1)  wilogA; +---+wylogA, = 0= B(w; 41, -+ ,A,) =L

log A; log A,
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Let X = &5(w; Ay, -+ , A,) be a weighted Riemannian mean. Then by
Theorem B, we have

wllogX_TlAlX_Tl -i—-~-—}—wnlogX_TlAnX_Tl =0,
and by (4.1) and (P6),
Sw; XTAXT, XTAXT)=1
= B(w; A1, ,A) =X = B5(w; Ar, -+, An).
It completes the proof. O

Generally, ALM, BMP and Riemannian means are different from
each other. Here we shall introduce a concrete example. Before intro-
ducing an example, we shall introduce definitions of ALM and BMP
means in the 3-matrices cases, briefly.

Let A, B,C € P,,(C). Define matrices sequences {A,}>, {Bn}>2,
{Cn}2, as follows: Ag = A, By =B, Cp = C and

An+1 = Bnﬂcm Bn+1 = CnﬂAn, C’n+1 = AnﬁB'n-

Then we can obtain the same limit, and we define it as ALM mean [3]
(denoted by &, (A, B, C)), i.e.,

lim A, = lim B, = lim C, = &un(4, B,C).

n—o0 n—00 n—oo

On the other hand, BMP mean is defined as follows: Ag = A, By =
B y Co = C and

An+1 = (Bnﬁcn)ﬁé.Ana Bn+1 - (CnﬂAn)ﬁ%Bna Cn+1 = (AnﬁBn)ﬁ%Cn

Then we can obtain the same limit, and we define it as BMP mean
[6, 9] (denoted by Gpmp(A, B,C)), i.e.,

lim A, = lim B, = lim C, = Bumy(4, B,C).

n—o0 n—oo n—oo

Example. Let
18 5 1 0 _ (75 54
A= (5 2)’ b= (0 200)’ €= (54 40)'

9.06732 4.86436)

Then

G1 = Ggn(4,B,C) = (4.86436 8.89146

and
log GEA-'G? + log GZB'G? +log GC~1G?

_( —0.263706 —0.0340424 20
— \—0.0340424  0.263706



Hence by Theorem B, &;(A,B,C) # Gi1 = G4yn(A,B,C). On the
other hand,

9.39875 4.91569
G2 = Bpp(A, B, C) = (4.91659 8.63133)

and
1 1 L 1 1 1
log G22A‘1G22 +log G2 B—IGQ2 + log G5 C'_IG’Q2

_( —0.101249 —0.0568546 £0
~ \—0.0568546  0.101249 '

Hence by Theorem B, &s(A, B, C) # G2 = &pmp(A, B, C).
Corollary 5. ALM and BMP means do not satisfy Theorems 1 and 2.

Proof. ALM and BMP means do not coincide with Riemannian mean.
Hence by Theorem 4 and its proof, the proof is complete. O

REFERENCES

[1] T. Ando, On some operator inequalities, Math. Ann., 279 (1987), 157-159.

[2] T. Ando and F. Hiai, Log majorization and complementary Golden- Thompson
type inequalities, Linear Algebra Appl., 197, 198 (1994), 113-131.

[3] T. Ando, C.K. Li and R. Mathias, Geometric means, Linear Algebra Appl.,
385 (2004), 305-334.

[4] R. Bhatia, Positive definite matrices, Princeton Series in Applied Mathematics,
Princeton University Press, Princeton, NJ, 2007.

[5] R.Bhatiaand J. Holbrook, Riemannian geometry and matriz geometric means,
Linear Algebra Appl., 413 (2006), 594-618.

[6] D.A. Bini, B. Meini and F. Poloni, An effective matriz geometric mean satis-
fying the Ando-Li-Mathias properties, Math. Comp., 79 (2010), 437-452.

[7) M. Fujii, T. Furuta and E. Kamei, Furuta’s inequality and its application to
Ando’s theorem, Linear Algebra Appl., 179 (1993), 161-169.

[8] T. Furuta, Applications of order preserving operator inequalities, Oper. Theory
Adv. Appl., 59 (1992), 180-190.

[9] S. Izumino and N. Nakamura, Geometric means of positive operators II, Sci.
Math. Jpn., 69 (2009), 35-44.

[10] J.D. Lawson and Y. Lim, Monotonic properties of the least squares mean, to
appear in Math Ann.

[11] H. Lee, Y. Lim and T. Yamazaki, Multi-variable weighted geometric means of
positive definite matrices, preprint.

[12] M. Moakher, A differential geometric approach to the geometric mean of sym-
metric positive-definite matrices, SIAM J. Matrix Anal. Appl., 26 (2005), 735
747.

[13] R.D. Nussbaum and J.E. Cohen, The arithmetic-geometric mean and its gen-
eralizations for noncommuting linear operators, Ann. Scuola Norm. Sup. Pisa
Cl. Sci. (4), 15 (1988), 239-308.

[14] K.-T. Sturm, Probability measures on metric spaces of nonpositive curvature,
Heat kernels and analysis on manifolds, graphs, and metric spaces, 357-390,
Contemp. Math., 338, Amer. Math. Soc., Providence, RI, 2003.

[15] M. Uchiyama, Some ezponential operator inequalities, Math. Inequal. Appl., 2
(1999) 469-471.

149



150

(16] T. Yamazaki, On properties of geometric mean of n-matrices via Riemannian
metric, preprint.

DEPARTMENT OF MATHEMATICS, KANAGAWA UNIVERSITY, YOKOHAMA 221-
8686, JAPAN
E-mail address: yamazt26@kanagawa-u.ac.jp



