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Asymptotic behavior of solutions for
p-Laplace parabolic equations

EERZ - HTZ2E  #KEEERE (Ryuji Kajikiya)

Faculty of Science and Engineering, Saga University

This lecture is based on the joint work with Professor Goro Akagi. We
study the asymptotic behavior of solutions for the one-dimensional p-Laplace
parabolic equation

uy = Apu = (JuglP~2uz), in (0,1) x (0, 00),
u(0,t) = u(1,t) =0 in (0, 00), (1)
u(z,0) = uo(z) 1in (0,1),

where p > 2 and uy € W;P(0,1) \ {0}.

Definition 1. We call u(z, t) a solution of (1) if u € C([0, c0), Wy(0,1)) N
WL2(0,00; L2(0,1)), Ayu € L2 (0, 00; L2(0,1)), ( ,0) = wo(z) and u(z, 1)

loc

satisfies the first equation of (1) a.e. t € (0, c0).
We denote the L2(0,1) and W,?(0, 1) norms by

q
lullq := (/ lu(zx) qu:c) for u € L9(0,1),

/a
llull1,q := (/ v/ (z qux> for u € W)9(0,1).

The next theorem can be proved by using Theorem 3.6 of [1].
Theorem A. Problem (1) has a unique solution.
The next theorem is proved in [4, 5].
Theorem B. Any nontrivial solution u(x,t) of (1) decays as t — oo, more

precisely, there exist constants C; > 0 such that

Cult+ 17772 < [u(t)]l < Callu(t)up < Calt +1) 70
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fort € [0,00).

We investigate the asymptotic behavior of solutions as ¢t — co. To this
end, we use a change of variable

v(z,s) = (t+ 1)YPDu(z,t), s=Ilog(t+1).

Then (1) is reduced .to

vs = Apv + v in (0,1) x (0, 00),
v(0,t) =v(1,t) =0  in (0,0), (2)
v(z,0) = up(z) in (0,1),

where a := 1/(p — 2). The stationary problem for (2) is written in the
following form:

—(1¢/(2)lP2¢/(z)) = ad(z), z€(0,1),
¢(0) = ¢(1) = 0.
The next theorem implies that each stationary solution is characterized
by its nodal number.

Theorem C. For each k € N, there exists a unique solution ¢, of (3) which
has ezactly k — 1 zeros in (0,1) and ¢;(0) > 0. Moreover, the set of all
nontrivial solutions of (3) consists of ¢, with k € N.

(3)

Proof. This theorem is a known result, but for the reader’s convenience we
give a sketch of proof. Observe that if ¢ satisfies the first equation of (3), so
is A\7P/P=2p(Az) for any A > 0. We consider the first equation of (3) with
the initial condition,
¢(0) =0, ¢'(0)=1.

This problem has a unique solution, which is denoted by ¢o(z). Moreover,
¢o(z) is a periodic solution and it has the first zero T > 0. Thus kT with
k € Z are all the zeros of ¢g(z). Then we put

or(z) := (KT) PP Dpo(kTz) with k € N, (4)

which is the desired solution. Furthermore, it is easy to check that the set of
all nontrivial solutions of (3) consists of +¢; with k € N. O
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By using Theorem C with the same way as in Berryman and Holland [2],
we can prove the next theorem.

Theorem D. For any nontrivial solution v(s) of (2), there ezxists a unique
nontrivial stationary solution ¢ (i.e., ¢ = ¢ or —di with a certain k € N )
such that

lim [[o(s) = 8l = 0.

We give a definition of the stability of stationary solutions.
Definition 2. Let ¢ be a nontrivial solution of (3).

(i) ¢ is called stable if for any € > 0, there exists a > 0 such that

sup [Jo(s) = llip < ¢ when [0(0) = @ll1p < &

0<s<©

(ii) ¢ is called asymptotically stable if it is stable and moreover there exists
a dg > 0 such that

lim [jv(s) = ¢ll1, =0 when ||Ju(0) — |1, < do.

We state our main result.

Theorem 1. The positive solution ¢; and the negative solution —¢; of (3)
are asymptotically stable and ¢y with k > 2 are unstable.

To prove Theorem 1, we define the energy

«

J(v) == /01 (]%h)’(zc)[p - —é-v(:r)z) dz for v e W,P(0,1).

Then J becomes a Lyapunov functional for (2). Indeed, multiplying (2) by
vs and integrating it over (0, 1), we have

~llvsll3 = (Jva g, (va)s) — (v, vs).

Here (u,v) denotes the duality pairing of u and v. The above expression is

rewritten as P

S J(w(s)) = ~lluli3 <
Thus, if v(s) is a solution of (2), then J(v(s)) is decreasing. Consequently J

becomes a Lyapunov functional.
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Lemma 1. Each stationary solution is isolated from each other. Moreover,
we have

J(E¢1) < J(£) < J(£¢5) < /0. (5)

Proof. Multiplying the first equation of (3) by ¢(x) and integrating it over

(0,1), we have
1 1
/ |¢'|Pdz = a/ ¢*dz.
0 0

Using this relation with o = 1/(p — 2), we get

1 [,
- dz,
%L¢

provided that ¢ is a solution of (3). Substituting (4) into the relation above,
we obtain

1
J(de) = —%(k:r)-zp/‘p-” / do(KTz)%dx

= _2ip(k:r ~2/(p=2) -1 / ¢o(z)*d

This expression assures (5), which implies that each stationary solution is
isolated from each other. O

Lemma 2. J has a global}mz'm'mizer and it is equal to either ¢, or —¢;.

Proof. We use the Sobolev imbedding to get a constant C > 0 such that
1 a, 2 1 9
J(v) = Ellv'llﬁ = 5 lvllz 2 ;Hv’H,’S = Cllv'[|, (6)

which shows the lower boundedness of J because p > 2. In the standard
way, we can prove that J satisfies the Palais-Smale condition. Then J has a
global minimizer (for the proof, refer to [3, Theorem 2.7]). If ¢ is a global
minimizer, so is |@|, which becomes a critical point of J. Hence |¢| is a
solution of (3). By the strong maximum principle, |¢| > 0 in (0,1). Thus
¢ is a positive or negative solution. Since a positive solution is unique by
Theorem C, ¢ is equal to either ¢; or —¢;. O
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Lemma 3. For any € > 0, there exists an a > J(¢1) such that
{ve W,?(0,1) : J(v) < a} C B(¢1,e) U B(—¢y,¢), (7)

where
B(er,¢) :={v € WyP(0,1) : |lv — ¢1]l1p < €}

Proof. Recall that +¢; are minimizers of J and the W, ?(0, 1)-norm is de-
fined by ||v||1, = ||v'||,- We use contradiction. Suppose that there exist € > 0
and a sequence v, € W, (0, 1) such that J(v,) converges to J(¢;) but

lvn = ¢1ll1p > €, lvn + @1]l1p > €. (8)

By (6), ||vy ||, is bounded. Hence a subsequence (denoted by v, again) of v,
converges t0 v, weakly in W,P(0,1) and strongly in L2(0,1). Since J(vn)
converges to J(¢;), we have

1 a o
SRl = () + 5l = T(61) + 5 ol

Since ¢; is a global minimizer of J, we get
1 a
JWQSJ@m%=yWQ%—§W@%-

From two inequalities above, it follows that limsup, . [|v.ll, < |[villp
Moreover, lim inf, o |0}, ||, > ||vL ||, because v, weakly converges in W *(0, 1).
Since W;*(0, 1) is uniformly convex, v, converges strongly in W2*(0, 1). Let-
ting n — oo in (8), we have

V00 = @1llip 2 & lveo + 1llip > &

On the other hand, since J(vy) = J(¢1), v is equal to ¢; or —¢; by Lemma,
2. This is a contradiction. Thus the proof is complete. O

To prove instability of ¢, with &£ > 2, we use

Lemma 4. Let k > 2. Then for any € > 0 there exists a v, € W3*(0,1)
such that
”’Uo — ¢kHl.p <e and J(’Uo) < J(¢k)

In other words, there is a point vy sufficiently close to ¢, whose energy is
less than that of ¢y.
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Proof. We denote by ¥(z, (a, b)) the unique positive solution of
— (W' (@)P~*¢'(z)) = ap(z), ¢(z) >0, z € (a,b),
P(a) = 9(b) =0,

Recall that ¢, () is a positive solution of (3). Hence it holds that ¢(z, (0,1)) =
¢1(z) and moreover we have the relation

W(z, (a,b)) = PP D (c(x —a)), c:=1/(b—a). 9)
For A € (0,2), we define

¥(z, (0, \/k)) if z € [0, /K],
Un(z) = q —v(z, (A/k,2/k))  ifz€[A/k 2/k],
¢i(z) if z € [2/k, 1].

By using (9) with (4), we can prove that ¥y — ¢, as A — 1 and J(¥,) <
J(¢r) if A # 1. When X # 1 is sufficiently close to 1, vg = ¥, satisfies the
assertion of Lemma 4. O

Proof of Theorem 1. We prove that ¢, is asymptotically stable. Let £ >
0. We can assume that ¢ satisfies

B(¢1,e) N B(—¢1,6) =0, =*¢ & B(gr.e) (k>2).

Then by Lemma 3, we determine a(> J(¢;)) which satisfies (7). If ||v(0) —
#1ll1,» is small enough, then J(v(0)) is sufficiently close to J(¢;) and hence
J(v(0)) < a. Thus J(v(s)) < J(v(0)) < a. By Lemma 3, we get

v(s) € B(¢1,e) U B(—¢1,e) for all s > 0.

Since B(¢1,€) N B(—¢1,¢) = B, v(s) belongs to B(¢, €) for s > 0. Therefore
¢ is stable. By Theorem D, v(s) has a limit as s — co. Since £¢y & B(¢1,¢€)
for £ > 2, v(s) must converge to ¢;. Therefore ¢; is asymptotically stable.
In the same way as above, we can show the asymptotic stability of —¢;.

Let k£ > 2. We show the instability of ¢;. Let ¢ > 0. Then we choose vg
by Lemma 4. Let v(s) be the solution starting from v(0) = vy. Then v(s)
converges to a certain stationary point v.. But v, # ¢ because

J(veo) = lim J(v(s)) < J(vo) < J(k).

8§—00
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Since each stationary point is isolated from each other, we define
d:=inf{||lu — ¢«|l1, : u is any stationary solution except for ¢y}

Then ||veo — ¢k|l1p = d > 0. The initial data vy is sufficiently close to ¢
but the solution v(s) is away from ¢, with at least distance d/2 for s large
enough. Therefore ¢ (k > 2) is unstable. O
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