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Abstract. In this paper, we consider several types of semilinear elliptic
equations with concentration phenomena. We will give a concise survey
about the relation between the existence and/or non-existence of solutions
with multiple blow up (or concentration) points and the geometry of the
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1. Results.
Let $\Omega$ be a smooth bounded domain in $\mathbb{R}^{N},$ $N\geq 2$ . In the following, $G$

will denote the Green function $of-\Delta$ under the Dirichlet boundary condition

$-\triangle_{x}G(x, y)=\delta_{y}(x),$ $x\in\Omega$ , $G(x, y)=0,$ $x\in\partial\Omega$

with a pole $y\in\Omega$ , and

$\Gamma(x, y)=\{\begin{array}{ll}\frac{1}{2\pi}\log|x-y|^{-1}, (N=2))\frac{1}{(N-2)\sigma_{N}}|x-y|^{2-N}, (N\geq 3)\end{array}$

the fundamental solution, where $\sigma_{N}$ is a measure of the unit sphere of $\mathbb{R}^{N}$ .
Let

$R(x)= \lim_{yarrow x}[\Gamma(x, y)-G(x, y)]$

denote the Robin function.
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Among semilinear elliptic problems with concentration phenomena, first,
we consider the Liouville equation

$\{\begin{array}{ll}-\triangle u=\lambda e^{u} in \Omega,u=0 on \partial\Omega\end{array}$ (1.1)

where $\Omega$ is a smooth bounded domain in $\mathbb{R}^{2}$ and $\lambda>0$ is a parameter.
The maximum principle implies any solution is positive on $\Omega$ . This kind of
problem with exponential nonlinearity appears in many fields of mathemat-
ics, such as the study of prescribed Gauss curvature equation on a compact
Riemann surface, Chern-Simons gauge theories, the vortex theory for the
turbulent Euler flow, and so on, and it has attracted many authors for more
than decades.

This simple-looking problem is shown to have much richer mathemati-
cal structure than expected before, and the following fundamental fact was
proved by Nagasaki and Suzuki [16] around 1989, which may be considered
as a concrete example of the general principle of concentration-compactness
alternatives by P. L. Lions [18] [19] in two-dimensional critical problems.

Proposition 1 (Nagasaki-Suzuki [16]) Let $u_{\lambda_{n}}$ be a solution sequence of
(1.1) for $\lambda=\lambda_{n}\downarrow 0$ . Then $\lambda_{n}\int_{\Omega}e^{u_{\lambda_{n}}}dx$ accumulates only on values $8\pi l$

for some $l\in\{0\}\cup$ NU $\{+\infty\}$ (mass quantization). According to these val-
$ues$ , the subsequence of solutions $\{u_{\lambda_{n}}\}$ behaves as follows:

$(a)$ If $l=0$ , then $\Vert u_{\lambda_{n}}\Vert_{L^{\infty}(\Omega)}arrow 0$ .

$(b)$ If $l=+\infty_{f}$ then $u_{\lambda_{n}}(x)arrow+\infty(\forall x\in\Omega)$ .

$(c)$ If $l\in \mathbb{N}$ , then there exists a set of $l$ distinct points $S=\{a_{1}, \cdots , a_{l}\}\subset$

$\Omega_{f}$ which is called a blow up set, such that $\Vert u_{\lambda_{n}}\Vert_{L^{\infty}(K)}=O(1)$ for any
compact sets $K\subset$ St $\backslash S_{f}\{u_{\lambda_{n}}(x)\}$ has a limit for any $x\in$ St $\backslash S$ , and
$u_{\lambda_{n}}|sarrow+\infty$ (l-points blow up).

Moreover, in the last case, we have

$u_{\lambda_{n}} arrow 8\pi\sum_{i=1}^{l}G(\cdot, a_{i})$ $in$ $C_{loc}^{2}(\overline{\Omega}\backslash S)$ $(narrow\infty)$

and each $a_{i}\in S$ must satisfy

$\frac{1}{2}\nabla R(a_{i})-\sum_{j=1,j\neq i}^{l}\nabla_{x}G(a_{i}, a_{j})=\vec{0}$ , $(i=1,2, \cdots, l)$ . (1.2)
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Here, $G$ and $R$ denotes the Green function $of-\triangle$ acting on $H_{0}^{1}(\Omega)$ and the
Robin function, respectively.

For the proof, the authors in [16] used the complex function theory, more
precisely, a representation formula of solutions to (1.1), called the Liouville
integral formula was a key ingredient. For other proofs of Proposition 1 by
using real analysis and PDE theory, see also Brezis-Merle [3] and Ma-Wei
[14].

More generally, we consider the mean field equation:

$\{\begin{array}{ll}- Au =\lambda\frac{V(x)e^{u}}{\int_{\Omega}V(x)e^{u}dx} in \Omega,u=0 on \partial\Omega\end{array}$ (1.3)

where $\lambda>0$ and $V$ is a given function in $C^{2}$ (Si). In this case, Ma and Wei
[14] proved the following result.

Proposition 2 (Ma-Wei [14]) Assume $V\in C^{2}(\overline{\Omega}),$ $\inf_{\Omega}V>0$ . Let $\{u_{\lambda}\}$ be
a sequence of solutions to (1.3) which is not unifomly bounded from above
for $\lambda$ bounded. Then there exists a subsequence $\lambda_{n}$ and a set of $l$ distinct
points $S=\{a_{1}, \cdots, a_{l}\}$ such that $\lambda_{n}arrow 8\pi l,$ $l\in \mathbb{N}$ , and $u_{\lambda_{n}}$ blows up at
$a_{1},$ $\cdots,$ $a_{l}$ in $S_{f}$ that is,

$\lambda_{n}\frac{V(x)e^{u_{\lambda n}}}{\int_{\Omega}V(x)e^{u_{\lambda_{n}}}dx}arrow 8\pi\sum_{i=1}^{l}\delta_{a_{i}}$

in the sense ofmeasures on St as $narrow\infty$ . Moreover, blow up points $\{a_{1}, \cdots, a_{l}\}$

must satisfy

$\frac{1}{2}\nabla R(a_{i})-\sum_{j=1,j\neq i}^{l}\nabla_{x}G(a_{i}, a_{j})-\frac{1}{8\pi}\nabla\log V(a_{i})=\vec{0}$ (1.4)

for $i=1,2,$ $\cdots,$
$l$ .

After the appearance of these results, the existence of blowing-up solu-
tions with multiple blow up points became the next problem to be studied.
On this issue, several affirmative results are now available as follows.
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Let $l\geq 1$ be an integer. Assume $\Omega’=\{x\in\Omega|V(x)>0\}\neq\phi$ . Set
$(\Omega’)^{l}=(\Omega’)\cross\cdots\cross(\Omega’)$ ( $l$ times) and $\triangle=\{(\xi_{1}, \cdots, \xi_{l})\in(\Omega’)^{l}|\xi_{i}=$

$\xi_{j}$ for some $i\neq j$ }. Now, define the Hamiltonian function

$\mathcal{F}(\xi_{1}, \cdots, \xi_{l})=\sum_{i=1}^{l}R(\xi_{i})-$
$\sum_{i\neq j,1\leq i,j\leq l}G(\xi_{i}, \xi_{j})-\frac{1}{4\pi}\sum_{i=1}^{l}\log V(\xi_{i})$ (1.5)

on $(\Omega’)^{l}\backslash \triangle$ . Note that the former necessary conditions (1.2) or (1.4) for
l-distinct points $\{a_{1}, \cdots, a_{l}\}$ to be blow up points is nothing more than that
$(a_{1}, \cdots, a_{l})$ is a critical point of the Hamiltonian $\mathcal{F}$ on $(\Omega’)^{l}\backslash \triangle$ .

We recall some definitions from the critical point theory.

Definition 3 ([17], [8]) Let $D\subset \mathbb{R}^{N}$ and $F:Darrow \mathbb{R}$ is a $C^{1}$ function. $A$

bounded set $K$ of criti $cal$ points of $F$ is called a $C^{1}$ -stable critical set of $F$ if
for any $\mu>0$ , there exists $\delta>0$ such that if $G$ : $Darrow \mathbb{R}$ is a $C^{1}$ function
with the property that

$\max_{dist(x,K)\leq\mu}(|G(x)-F(x)|+|\nabla G(x)-\nabla F(x)|)\leq\delta$,

then $G$ has at least one critical point $x$ with dist$(x, K)\leq\mu$ .

Definition 4 ([7]) Let $D\subset \mathbb{R}^{N}$ and $F:Darrow \mathbb{R}$ be a $C^{1}$ function. We say
that $F$ links in $D$ at critical level $c$ relative to $B$ and $B_{0}$ if the followings
hold; $B,$ $B_{0}$ closed subsets of $\overline{D}$ with $B$ connected, $B_{0}\subset B$ , and if we set

$\Gamma=\{\Phi\in C(B, D)|\exists\Psi\in C([0,1]\cross B, D)$

$s.t$ . $\Psi(0, \cdot)=Id_{B},$ $\Psi(1, \cdot)=\Phi,$ $\Psi(t, \cdot)|_{B_{0}}=Id_{B_{0}}(\forall t\in[0,1])\}$

and
$c= \inf_{\Phi\in\Gamma}\sup_{y\in B}F(\Phi(y))$

,

then we have $\sup_{y\in B_{0}}F(y)<c$ and for any $y\in\partial D^{\cdot}$ with $F(y)=c$, there
exists a vector $\tau_{y}$ tangent to $\partial D$ such that $\nabla F(y)\cdot\tau_{y}\neq 0$ .

Under the circumstances of Definition 4, it is standard to assure that there
exists a critical point $y\in D$ such that $F(y)=c$ . Therefore the value $c$ is
called a nontrivial critical level of $F$ in $D$ .
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Proposition 5 (Existence of l-blowing up solution) Assume $\Omega’=\{x\in$

$\Omega|V(x)>0\}\neq\phi$ . If the Hamiltonian $\mathcal{F}$ defined by (1.5) satisfies one of the
following assumptions:

(1) $\mathcal{F}$ has a nondegenemte critical point $(a_{1}, \cdots , a_{l})\in(\Omega’)^{l}\backslash \triangle$ (Baraket-
Pacard [2] $)$ , $or$

(2) there exists a stable critical set $K$ for $\mathcal{F}$ in $(\Omega^{f})^{l}\backslash \triangle$ (Esposito-Grossi-
Pistoia [8] $)$ , $or$

(3) there exists an open set $D$ compactly contained in $(\Omega’)^{l}\backslash \triangle wherc^{\lrcorner}\mathcal{F}$

has a nontrivial critical level $c$ (del Pino-Kowalczyk-Musso [7])

then there exists a solution sequence $\{u_{\lambda}\}$ to (1.3) such that $u_{\lambda}$ blows up
exactly on $S=\{a_{1}, \cdots, a_{l}\}$ .

It is known that a bounded set $K$ of critical points of $\mathcal{F}$ is a stable critical
set if $K$ is a set of strict local minimum points of $\mathcal{F}:\mathcal{F}(x)=\mathcal{F}(y)$ for any
$x,$ $y\in K$ and for some open neighborhood $U$ of $K$ it holds $\mathcal{F}(x)<\mathcal{F}(y)$ for
$x\in K$ and $y\in U\backslash K$ . Also a strict local maximum set is a stable critical set.
Moreover, if the Brower degree $\deg(\nabla \mathcal{F}, U_{\epsilon}, 0)\neq 0$ for any $\epsilon>0$ small, where
$U_{\epsilon}$ is an $\epsilon$-neighborhood of $K$ , then $K$ is stable. Furthermore, if $\Omega\subset \mathbb{R}^{2}$ is
not simply-connected, for example, if it has a small hole, then it is proved
in [7] that such a set $D$ in which $\mathcal{F}$ has a nontrivial critical level actually
exists for any $l\geq 1$ . Therefore in this case, we have a blowing-up solution
sequence to (1.1) or (1.3), whose blow up set $S$ consists of l-distinct points
for any $l\in$ N.

Even on simply-connected domains, we sometimes have the existence of
multi-bubble solutions. To state the next result, we define l-durnbbell shaped
domain for $l\in$ N. Prepare $l$ smooth bounded domains $\Omega_{1},$

$\cdots,$
$\Omega_{l}$ in $\mathbb{R}^{2}$ with

$\overline{\Omega_{i}}\cap\overline{\Omega_{j}}=\phi$ if $i\neq j$ . Assume that

$\Omega_{i}\subset\{(x, y)\in \mathbb{R}^{2}|a_{i}\leq x\leq b_{i}\}$ , $\Omega_{i}\cap\{y=0\}\neq\phi$

for some $a_{i}<b_{i}<a_{i+1}<b_{i+1},$ $(i=1, \cdots, l-1)$ and set $\Omega_{0}=\Omega_{1}\cup\cdots\cup\Omega_{l}$ .
Let

$C_{\epsilon}=\{(x, y)\in \mathbb{R}^{2}||y|\leq\epsilon, a_{1}<x<b_{l}\}$

and let $\Omega_{\epsilon}$ be a simply-connected domain such that $\Omega_{0}\subset\Omega_{\epsilon}\subset\Omega_{0}\cup C_{\epsilon}$ . We
call $\Omega_{\epsilon}$ a l-dumbbell shaped domain.
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Proposition 6 ([8] l-points blow up solution on dumbbell shaped domains)
Let $1\geq 2$ and $V(x)\equiv 1$ . Then there exists l-dumbbell shaped domain (in
$p?(:’l1,(l7,$ $\uparrow$

ノ

$ti.\backslash \cdot$ siniply $conn\prime_{Z}^{\lrcorner}$(, $t_{C^{\lrcorner},}d$ but not conve.$’\gamma_{\text{ノ}}$) $\Omega a^{l}r\prime_{\text{ノ}}d$ an $l-poi_{7l}$, ts.set $S=$

$\{a_{1}, \cdots, a_{l}\}$ such that there exists a solutions $\{u_{\lambda}\}$ to $(MFE)$ satisfying

$\lambda\frac{e^{u}\lambda}{\int_{\Omega}e^{u_{\lambda}}dx}-\triangle 8\pi\sum_{i=1}^{l}\delta_{a_{i}}$

as $\lambdaarrow 8\pi l$ on $\Omega$ .

However, on convex domains, there does not exist any blowing up solu-
tions with multiple blow up points. The nonexistence result for the Liouville
equation proved in [13] is the following:

Theorem 7 (Grossi-Takahashi [13]) Assume $\Omega$ is convex. Let $\{u_{\lambda}\}$ be a
solution sequence of (1.1) with $\Vert u_{\lambda}\Vert_{L(\Omega)}\inftyarrow+\infty$ as $\lambdaarrow 0$ . Then we have

$\lambda\int_{\Omega}e^{u_{\lambda}}dxarrow 8\pi$

as $\lambdaarrow 0$ .

Theorem 7 and a direct application of some results in [11] [12] yields

Corollary 8 (Grossi-Takahashi [13]) Let $u_{\lambda}$ and $\Omega$ be as in Theorem 7. Then
the Morse index of $u_{\lambda}$ is exactly 1 for $\lambda>0$ sufficiently small. Furthemore,

$u_{\lambda}$ has only one critical point $x_{\lambda}$ which is the global $ma\prime x_{\text{ノ}}\cdot imum$ point of $u_{\lambda)}$

and it holds
$(x-x_{\lambda})\cdot\nabla u_{\lambda}(x)<0$ , $\forall x\in\Omega\backslash \{x_{\lambda}\}$ .

In particular, the level sets of $u_{\lambda}$ are strict star-shaped with respect to $x_{\lambda}$ . If
$\partial\Omega$ has strictly positive curvature at any point, then the $le^{r}\{)el$ sets of $u_{\lambda}$ have
strictly positive curvature at any point different from $x_{\lambda}$ for $\lambda>0$ sufficiently
small. In particular, the level sets are strictly convex.

Almost the same argument as in Theorem 7 yields the following:

Theorem 9 (Grossi-Takahashi [13]) Assume $\Omega$ is convex. Let $\{u_{\lambda}\}$ be a
solution sequence of (1.3) with $\Vert u_{\lambda}\Vert_{L^{\infty}(\Omega)}$ not bounded from above while $\lambda>0$

bounded. Assume $\inf_{\Omega}V>0$ and $R- \frac{1}{4\pi}\log V$ is a convex function on $\Omega$ .
Then $\lambda$ accumulates only on $8\pi$ . In particular, if $V>0$ is a $conca^{r}|)e$, function
on $\Omega$ , we have the same conclusion.
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This is a striking contrast with the known existence theorems of multiple-
blowing-up solutions on domains which meet some topological conditions, see
the results of [2], [8], [7] described in Proposition 5.

We may consider a different type of problem in 2-dimension, which is
socalled a large exponent problem:

$\{\begin{array}{l}-\triangle u=(u_{+})^{p} in \Omega\subset \mathbb{R}^{2}, p>1,u=0 on \partial\Omega.\end{array}$ (1.6)

Here $\Omega$ is a smooth bounded domain in $\mathbb{R}^{2}$ and $p>1$ is a large exponent.
In [20] [21], the authors showed that least energy solutions $u_{p}$ to (1.6)

(which may be chosen positive on $\Omega$ ) is bounded from above and below away
from zero in $L^{\infty}$ norm sense uniformly for $p$ large. Also, after taking a subse-
quence, $p|\nabla u_{p}|^{2}dxarrow 8\pi e\delta_{a}$ in Radon measures, where $a\in\Omega$ is a minimum
point of the Robin function $R[10]$ . In this sense, least energy solutions to
(1.6) exhibit single point condensation phenomena on any smooth bounded
domain in $\mathbb{R}^{2}$ .

Recently, Santra and Wei [23] studied the asymptotic behavior of con-
centrating solutions to (1.6) with multiple concentration points. Under the
assumption

$p \int_{\Omega}(u_{+})^{p+1}dx=O(1),$ $(parrow\infty)$ (1.7)

they obtained the following result.

Proposition 10 (Santra-Wei [23]) Let $u_{p}$ be a solution sequence to $(E_{p})$

satisfying the assumption (1.7). Then there exists a subsequence $p_{n}arrow\infty$

such that
$p_{n} \int_{\Omega}((u_{p_{n}})_{+})^{p_{n}}dxarrow 8\pi\sqrt{e}l$, $l\in N$

holds. $Moreover_{f}$

(1) $\Vert u_{p_{n}}\Vert_{L(\Omega)}\inftyarrow\sqrt{e}$ as $p_{n}arrow\infty$ ,

(2) there exists l-points set $S=\{a_{1}, \cdots, a_{l}\}\subset\Omega$ such that

$p_{n}u_{p_{n}} arrow 8\pi\sqrt{e}\sum_{i=1}^{l}G(\cdot, a_{i})$ $in$ $C_{loc}^{2}(\overline{\Omega}\backslash S)$ $(p_{n}arrow\infty)$ .
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(3) $a_{\iota}\in S$ satisfies

$\frac{1}{2}\nabla R(a_{i}|)-\sum_{j=1,j\neq i}^{l}\nabla_{x}G(a_{i}, a_{j})=\vec{0}$, $i=1,2,$ $\cdots,$
$l$ . (1.8)

Santra and Wei treated the more general problem which includes the
polyharmonic operator with the Dirichlet boundary conditions.

On the existence of concentrating solution sequence with multiple con-
centration points, Esposito, Musso and Pistoia [9] proved the existence of
such sequence to the problem

$\{\begin{array}{ll}- Au =u^{p} in \Omega,u>0 in \Omega,u=0 on \partial\Omega\end{array}$

when $\Omega$ satisfies some topological conditions. In particular, for example, un-
der the assumption that $\Omega$ is not simply connected, they proved the existence
of solution sequence $\{u_{p}\}$ which satisfies

$p| \nabla u_{p}|^{2}dx-8\pi e\sum_{j=1}^{l}\delta_{a_{j}}$ weakly in the sense of measures of $\overline{\Omega}$

as $parrow\infty$ for some l-different concentration points $\{a_{j}\}_{j=1}^{l}\subset\Omega$ , with $\{a_{j}\}$

satisfying the characterization (1.8).
However, the same argument as in Theorem 7 yields the following nonex-

istence result.

Theorem 11 Let $\Omega\subset \mathbb{R}^{2}$ be a bounded convex domain and let $\{u_{p}\}$ be a
solution sequence satisfying the assumption (1.7). Then there exists $a\in\Omega_{f}$

for ufhich

$\lim_{parrow\infty}p\int_{\Omega}((u_{p})_{+})^{p}dx=8\pi\sqrt{e}$ , $pu_{p}arrow 8\pi\sqrt{e}G(_{)}a)$ in $C_{loc}^{2}(\overline{\Omega}\backslash \{a\})$

holds true.

Thus the assumption on the domain in [9] is sharp for the construction of
multiple concentrating solution.
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We may consider the higher-dimensional problem:

$\{\begin{array}{l}- Au =u^{p-\epsilon} in \Omega\subset \mathbb{R}^{N}(N\geq 3),u>0 in\Omega,u=0 on \partial\Omega\end{array}$ (1.9)

where $p=(N+2)/(N-2)$ is the critical Sobolev exponent with respect to
the embedding $H_{0}^{1}(\Omega)arrow L^{p+1}(\Omega)$ , and $\epsilon>0$ is a parameter. To describe
the result by Bahri, Li and Rey [1] on the blowing-up sequence to (1.9), we
prepare some notations.

For $\vec{x}=(x_{1}, \cdots, x_{l})\in\Omega\cross\cdots\cross\Omega$ ( $l$ times), we define $l\cross l$ matrix
$M(\vec{x})=(m_{ij})_{1\leq i,j\leq\downarrow}$ as

$m_{ii}=R(x_{i})$ , $m_{ij}=-G(x_{i}, x_{j})(i\neq j)$

where $R$ is the Robin function on $\Omega$ . Let $\rho(\vec{x})$ denote the least eigenvalue
of $M(\vec{x})$ , which is known to be simple, and let $r(\vec{x})\in \mathbb{R}^{l}$ be the eigenvector
associated with $\rho(\vec{x})$ . It is proved in [1] that all components of $r(\vec{x})$ may be
chosen to be positive. When $\rho(\vec{x})>0$ , the function

$F_{\vec{x}}( \Lambda)=\frac{1}{2}{}^{t}\Lambda M(\vec{x})\Lambda-\log\Lambda_{1}\cdots$ Ai

defined for positive vector $\Lambda={}^{t}(\Lambda_{1},$
$\cdots,$

$\Lambda_{l})\in(\mathbb{R}_{+})^{l}$ is strictly convex, so it
has a unique minimum point, which is denoted by $\Lambda(\vec{x})\in(\mathbb{R}_{+})^{l}$ .

Bahri-Li-Rey first proved the following proposition when $N\geq 4$ . After
several years, Rey [22] proved that the same results as Bahri-Li-Rey’s hold
true even for $N=3$ .

Proposition 12 (Bahri-Li-Rey [1], Rey [22]) Let $N\geq 3$ and $\{u_{\epsilon}\}_{\epsilon>0}$ be a
sequence of solutions to (1.9) which blows up at $\{a_{1}, \cdots, a_{l}\}\subset$ S2 as $\epsilonarrow 0_{f}$

in the sense that
$l$ $l$

$| \nabla u_{\epsilon}|^{2}dx-\Delta S^{N/2}\sum\delta_{a_{i}}$ , $u^{\frac{2N}{\epsilon^{N-2}}} arrow S^{N/2}\sum\delta_{a_{i}}$

$i=1$ $i=1$

where $S$ is the best constant for the Sobolev inequality on $\mathbb{R}^{N}$ . Then

(1) $\vec{a}=(a_{1}, \cdots, a_{l})\in\Omega^{l}(int_{\theta,7}\cdot ior\cdot$ points$)$
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(2) $\rho(\vec{a})\geq 0$ (no collision of blow up points occurs)

(3) it holds

$\frac{1}{2}\nabla R(a_{\dot{\eta}})\Lambda_{i}^{2}-\sum_{j=1,j\neq i}^{l}\nabla_{x}G(a_{i}, a_{j})\Lambda_{i}\Lambda_{j}=\vec{0}$ $(\forall i=1,2, \cdots, l)$

where

$\Lambda={}^{t}(\Lambda_{1},$
$\cdots,$

$\Lambda_{l})=\{\begin{array}{l}\Lambda(\vec{a}) if \rho(\vec{a})>0,r(\vec{a}) if \rho(\vec{a})=0\end{array}$

As for the existence of multi-peak solutions in higher dimensional case,
Musso and Pistoia [15] constructed solutions to (1.9) which blow up and
concentrate at l-different points $\{a_{1}, \cdots, a_{l}\}$ in $\Omega$ , if $\{a_{1}, \cdots, a_{l}\}$ satisfies,
among other things,

$\frac{1}{2}\nabla R(a_{i})\Lambda_{i}^{2}-\sum_{j=1,j\neq i}^{l}\nabla_{x}G(a_{i}, a_{j})\Lambda_{i}\Lambda_{j}=\vec{0}$, $(i=1,2, \cdots, l)$ , (1.10)

where $\Lambda_{i}>0,$ $(i=1, \cdots, l)$ are some positive constants. We refer to [15] for
the precise notion of solutions which “blow up and concentrate at l-different
points” and the other assumption imposed on the prescribed blow-up points
$\{a_{1}, \cdots, a_{l}\}$ .

Their method can produce also multispike solutions to the equation

$\{\begin{array}{ll}- Au =u^{\frac{N+2}{N-2}}+\epsilon u in \Omega,u>0 in \Omega,u=0 on \partial\Omega,\end{array}$ (1.11)

which blow up and concentrate on l-different points satisfying (1.10), when
$N\geq 5$ . Also they exhibited an example of contractible domains for which
the problem (1.9), or (1.11) has a family of solutions which blow up and
concentrate at l-different points.

However, like Theorem 7 and Theorem 11, we have the nonexistence
results on convex domains.
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Theorem 13 ([13]) Let $\Omega$ be a smooth bounded, convex domain in $\mathbb{R}^{N},$ $N\geq$

3. Then any solution sequence $\{u_{\epsilon}\}$ of the problem

$\{\begin{array}{ll}-\triangle u=u^{\frac{N+2}{N-2}-\epsilon} in \Omega,u>0 in\Omega,u=0 on\partial\Omega\end{array}$

must exhibit the single point blow-up as $\epsilonarrow 0$ , i. e.,

$|\nabla u_{\epsilon}|^{2}dxarrow S^{N/2}\delta_{a}$ , $u^{\frac{2N}{\epsilon^{N-2}}}arrow S^{N/2}\delta_{a}$

for some $a\in\Omega$ , where $S$ is the best constant of the Sobolev inequality.

Theorem 14 Assume $\Omega\subset \mathbb{R}^{N},$ $N\geq 4$ is convex. Then for $l\geq 2$ , there does
not err ist a solution $seq\uparrow l,cnce\{u_{\epsilon}\}$ of $(1.11),$ $\prime n)hich$ blows $npar|,d$ concentrate
at l-different points $\{a_{1}, \cdots, a_{l}\}$ in $\Omega$ , those points satisfying (1.10).

2. Outline of Proof.
All nonexistence results in the former section come from the following

Main Theorem.

Main Theorem. Let $\Omega$ be a smooth bounded domain in $\mathbb{R}^{N},$ $N\geq 2$ and let
$l\geq 2$ be an integer. Set $\Omega^{l}=\Omega\cross\cdots\cross\Omega$ ($l$ times), and $\triangle=\{(\xi_{1}, \cdots, \xi_{l})\in$

$\Omega^{l}|\xi_{i}=\xi_{j}$ for some $i\neq j$ }. For given $\omega nstantsA,$ $B>0$ and $\Lambda=$

$(\Lambda_{1}, \cdots, \Lambda_{l}),$ $\Lambda_{i}>0,1\leq i\leq l$ , define a function $\mathcal{F}_{\Lambda}$ : $\Omega^{l}\backslash \trianglearrow \mathbb{R}$ ,

$\mathcal{F}_{\Lambda}(\xi_{1}, \cdots, \xi_{l})=A\sum_{i=1}^{l}(R(\xi_{i})+K(\xi_{i}))\Lambda_{i}^{2}-B$

$\sum_{i\neq j,1\leq i,j\leq l}G(\xi_{i}, \xi_{j})\Lambda_{i}\Lambda_{j}$

,

rvhere $K\in C^{2}(\Omega)$ is such that $R+K$ is a convex function on $\Omega$ .
Assume $\Omega$ is convex. Then there does not exist any critical point $(a_{1}, \cdots, a_{l})$

of $\mathcal{F}_{\Lambda}$ in $\Omega^{l}\backslash \Delta$ . That is, there does not exist $(a_{1}, \cdots, a_{l})\in\Omega^{l}\backslash \Delta$ such that

$A( \nabla R(a_{i})+\nabla K(a_{i}))\Lambda_{i}^{2}-B\sum_{j=1,j\neq i}^{l}\nabla_{x}G(a_{i}, a_{j})\Lambda_{i}\Lambda_{j}=\vec{0}$
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for $i=1,2,$ $\cdots,$
$l$ .

Main Theorem is proved by a contradiction argument, which uses the follow-
ing two facts:

Theorem 15 (Caffarelli-Fliriedman [5] $(N=2)$ , Cardaliaguet-Tahraoui [6]
$(N\geq 3))$ The Robin function on a domain $\Omega$ is strictly convex if $\Omega$ is a
smooth bounded convex domain.

Lemma 16 Let $\Omega\subset \mathbb{R}^{N},$ $N\geq 2$ be a smooth bounded domain. For any
$P\in \mathbb{R}^{N}$ and $a,$ $b\in\Omega,$ $a\neq b$ , there holds

$\int_{\partial\Omega}(x-P)\cdot\nu(x)(\frac{\partial G(x,a)}{\partial\nu_{x}})(\frac{\partial G(x,b)}{\partial\nu_{x}})ds_{x}$

$=(2-N)G(a, b)+(P-a)\cdot\nabla_{x}G(a, b)+(P-b)\cdot\nabla_{x}G(b, a)$ ,

where $\nu(x)$ is the unit outer normal at $x\in\partial\Omega$ .

Note that in Lemma 16, we need not to assume the convexity of $\Omega$ .

Proof. We show a formal calculation here for describing the idea of the
proof. However, the standard approximating procedure for the delta function
as in Brezis and Peletier [4] will yield the rigorous proof. Denote $G_{a}(x)=$

$G(x, a),$ $G_{b}(x)=G(x, b)$ . For given $P\in \mathbb{R}^{N}$ , define

$w(x)=(x-P)\cdot\nabla G_{a}(x)$ .

Then we have

$-\Delta w(x)=2\delta_{a}(x)+(x-P)\cdot\nabla\delta_{a}(x)$ ,
-A$G_{b}(x)=\delta_{b}(x)$ .

Multiplying $G_{b}(x),$ $w(x)$ to these equations respectively, and subtracting, we
obtain

$\int_{\Omega}(\triangle G_{b}(x))w(x)-(\triangle w(x))G_{b}(x)dx$

$= \int_{\Omega}\{2\delta_{a}(x)G_{b}(x)+(x-P)\cdot\nabla\delta_{a}(x)G_{b}(x)-\delta_{b}(x)w(x)\}dx$
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Now, integration by parts gives

$LHS= \int_{\partial f?}(x-P)\cdot\nu(x)(\frac{\partial G_{a}(x)}{\partial\nu})(\frac{\partial G_{b}(x)}{\partial\nu})ds_{x}$

$RHS=2G_{b}(a)-w(b)+ \int_{\Omega}(x-P)\cdot\nabla\delta_{a}(x)G_{b}(x)dx$

$=2G_{b}(a)-w(b)+ \sum_{i=1}^{N}\int_{\Omega}(x_{i}-P_{i})\frac{\partial\delta_{a}}{\partial x_{i}}G_{b}(x)dx$

$=2G_{b}(a)-w(b)- \sum_{i=1}^{N}\int_{\Omega}\frac{\partial}{\partial x_{i}}\{(x_{i}-P_{i})G_{b}(x)\}\delta_{a}(x)dx$

$=2G_{b}(a)-w(b)- \sum_{i=1}^{N}\frac{\partial}{\partial x_{i}}\{(x_{i}-P_{i})G_{b}(x)\}|_{x=a}$

$=(2-N)G(a, b)+(P-a)\cdot\nabla_{x}G(a, b)+(P-b)\cdot\nabla_{x}G(b, a)$ .

This proves Lemma 16. $\square$

Proof of Main Theorem
Essential points of the proof can be seen when the function $K$ is constant,

so we give a proof for this case. We argue by contradiction and assume that
there exists $\{a_{1}, \cdots, a_{l}\}\subset\Omega(l\geq 2)$ satisfying

$\frac{1}{2}A\nabla R(a_{i})\Lambda_{i}^{2}-B\sum_{j=1,j\neq i}^{l}\nabla_{x}G(a_{i}, a_{j})\Lambda_{i}\Lambda_{j}=\vec{0}$ (2.1)

$P\in\Omega$ will be chosen later. Multiplying $P-a_{i}$ to (2.1) and summing up,
we obtain

$\frac{1}{2}A\sum_{i=1}^{l}(P-a_{i})\cdot\nabla R(a_{i})\Lambda_{i}^{2}$

$=B \sum_{i=1j}^{l}\sum_{=1,j\neq i}^{l}(P-a_{i})\cdot\nabla_{x}G(a_{i}, a_{j})\Lambda_{i}\Lambda_{j}$

$=B \sum_{1\leq j<k\leq l}\{(P-a_{j})\cdot\nabla_{x}G(a_{j}, a_{k})+(P-a_{k})\cdot\nabla_{x}G(a_{k}, a_{j})\}\Lambda_{j}\Lambda_{k}$
.
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By Lemma 16, we see that

$(P-a_{j})\cdot\nabla_{x}G(a_{j}, a_{k})+(P-a_{k})\cdot\nabla_{x}G(a_{k}, a_{j})$

$= \int_{\partial\Omega}(x-P)\cdot\nu(x)(\frac{\partial G(x,a_{j})}{\partial\nu_{x}})(\frac{\partial G(x,a_{k})}{\partial\nu_{x}})ds_{x}+(N-2)G(a_{j}, a_{k})$ .

The RHS is positive by the convexity of $\Omega$ and the positivity of Green’s
function:

$(x-P)\cdot\nu(x)>0,$ $\frac{\partial G(x,a_{j})}{\partial\nu_{x}}<0,$ $(x\in\partial\Omega)$ , $G(a_{j}, a_{k})>0(j\neq k)$ .

Thus

$\sum_{i=1}^{l}(a_{i}-P)\cdot\nabla R(a_{i})<0$ . (2.2)

Here, we recall the important fact that the Robin function is strictly
convex on a convex domain, see Theorem 15. Thus, all level sets of $R$ is
strictly star-shaped with respect to its unique minimum point $P\in\Omega$ :

$(a-P)\cdot\nabla R(a)\geq 0$ , $\forall a\in\Omega\backslash \{P\}$ .

In particular,

$\sum_{i=1}^{l}(a_{i}-P)\cdot\nabla R(a_{i})\geq 0$ . (2.3)

A contradiction is obvious from (2.2) and (2.3). $\square$
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